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Preface

This book grew out of our lecture notes for advanced undergraduate and
graduate students of mathematics and physics over the last several years
at the New Jersey Institute of Technology (Newark, NJ, USA), the AGH-
University of Science and Technology (Krakow, Poland), the Ivan Franko
State Pedagogical University (Drohobych, Ukraine) and T. Shevchenko Na-
tional University (Kyiv, Ukraine), as well as our recent research. We first in-
troduce readers to the standard modern backgrounds of dynamical systems
theory on finite-dimensional symplectic manifolds; in particular, the main
differential-geometric and Lie-algebraic aspects of the abelian Hamilton—
Jacobi and Liouville-Arnold integrability theories along with a modern
grounding in the non-abelian Mishchenko—Fomenko integrability aspects
of nonlinear Hamiltonian systems on Poisson manifolds with symmetries.
We have also devoted a chapter to a rather extensive introduction to the
differential-geometric properties of reduced canonically-symplectic mani-
folds with symmetry, and their relationship with structures on principal
fiber bundles. As natural applications, we analyze the Hamiltonian proper-
ties of classical electromagnetic Maxwell and Yang—Mills equations. Keep-
ing in mind the numerous applications of the results for studying quantum-
mechanical problems, we also describe some of Lie-algebraic aspects of in-
tegrable dynamical systems related to Hopf and quantum algebras.

Next, we provide a detailed introduction to the theory of infinite-
dimensional Hamiltonian dynamical systems on functional manifolds and
describe the formulation of their Lax type integrability analysis in the
framework of a new and very effective gradient-holonomic algorithm, and
present some typical examples of testing the integrability of nonlinear
infinite-dimensional dynamical systems. Of particular note is the integra-
bility analysis of a Whitham type nonlocal dynamical system describing the

vii
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nontrivial wave processes in a medium with spatial memory: its Riemann
hydrodynamical generalized regularization and related infinite hierarchies
of conservation laws are constructed, and the Lax integrability is proved.
In an effort to generalize the class of integrable dynamical systems, we
also develop a new parametric-spectral version of the gradient-holonomic
integrability algorithm for nonuniform and non-autonomous nonlinear dy-
namical systems on functional manifolds.

Also presented are some interesting and useful results on the versal de-
formation structure of a one-dimensional Dirac type linear spectral problem
on an axis. A whole section is devoted to an analysis of the classical integra-
bility in quadratures of Riccati and Riccati—Abel ordinary differential equa-
tions. By making novel use of Backlund transformations in the context of
a Lie-algebraic integrability scheme, we study integrable three-dimensional
coupled nonlinear dynamical systems related to centrally extended operator
Lie algebras.

The Lie-algebraic theory of Lax integrable nonlinear dynamical sys-
tems is used to thoroughly analyze the integrability aspects of differential-
difference nonlinear dynamical systems. We show how this approach can
be employed to obtain new results on tensor Poisson structures related to
factorized operator dynamical systems, and in the process give a detailed
Hamiltonian analysis of the systems and provide a complete description of
their integrability properties.

A chapter is devoted to modern aspects of a generalized de Rham—
Hodge theory related to the classical problem of describing Delsarte—Lions
transmutation operators in multi-dimensions within a spectral reduction
approach. This theory naturally gives rise to characteristic Chern classes,
which we show can be used to develop a new differential-geometric integra-
bility analysis of multi-dimensional differential systems of Gromov type on
Riemannian manifolds.

Developments over past century have clearly demonstrated that the
methods of quantum physics provide powerful tools for studying many
mathematical problems, so we also included some introductory material
that illustrates this by way of recent results obtained by means of quantum
mathematical approaches. In particular, we present a regularized approach
based on the classical Fock space embedding technique that allows a com-
plete linearization of a wide class of nonlinear dynamical systems in Hilbert
spaces. A brief description of how the geometric approach can be used to
obtain some relatively new results on quantum holonomic computing is in-
cluded as well. We also revisit in detail modern relativistic electrodynamic
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and hadronic string models using Lagrangian and Hamiltonian formalisms.

In order to make the overall treatment as self contained as possible,
we have included at the end a short Supplement covering the essential
differential-geometric preliminaries used throughout the text.

Many parts of the manuscript were discussed with our students and
colleagues, to whom we express our heartfelt thanks. Especially, we ex-
press our cordial appreciation to Maciej Blaszak, Nikolai Bogolubov (Jr.),
Vasyl Gafiychyk, Roy Glauber, Vladislav Goldberg, Roy Goodman, Lech
Goérniewicz, Ilona Gucwa, Petro Holod, Yuriy Kozicky, Vasyl Kuybida,
Chjan Lim, Mirostaw Lustyk, Anatoliy Logunov, Robert Miura, Ryszard
Mrugata, Thor Mykytyuk, Jolanta Napora-Golenia, Maxim Pavlov, Zbig-
niew Peradzyniski, Ziemowit Popowicz, Yarema Prykarpatsky, Mykola Pry-
tula, Anthony Rosato, Anatoliy Samoilenko, Roman Samulyak, Andrey
Shoom, Jan Stawianowski, Ufuk Taneri, John Tavantzis, Lu Ting, Xavier
Tricoche and Kevin Urban. Special thanks are due to Natalia Prykarpatsky
for her constant support and help in editing the bulk of the manuscript.
And last, but not least, we express thanks to World Scientific Publishing for
the opportunity of publish this book as part of their outstanding collection
of titles in mathematics and mathematical physics.

The contribution to this book by Denis Blackmore was supported in part
by the National Science Foundation (Grant CMMI-1029809) and Center for
Applied Mathematics and Statistics at NJIT.

The research by Anatoliy K. Prykarpatsky was supported in part by
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Chapter 1

General Properties of Nonlinear
Dynamical Systems

We begin in this chapter with a brief treatment of some elements of dy-
namical systems theory, mainly in finite dimensions, that are indispensable
for modern mathematical physics.

1.1 Finite-dimensional dynamical systems

1.1.1 Invariant measure

Let M be a finite-dimensional differentiable manifold of dimension n =
dim M, and 2 be a o-algebra of subsets of the manifold M on which the
normalized and complete measure p is defined, so that u(M) = 1 and all
subsets of measure zero belong to 2.

Suppose that there is a mapping ¢ : M — M with properties: 1) ¢ is
bijective; 2) if A € 2, then sets A, 1A € A and pu(pA) = p(p=tA) =
(A).

In this case the mapping ¢ is called an automorphism of the manifold
M with measure p, and the measure p is said to be @-invariant.

Let {¢'}, t € R, be a one-parameter group of automorphisms of M
with respect to a measure p, so that o o p* = ©!*¢ for all ¢, s € R and the
measure /i is p!-invariant for every member of the group. Then {p'}, t € R,
is called a finite-dimensional dynamical system on the manifold M, or a flow
if for any measurable function f : M — R the function fo ¢! : M — R
defined on the direct product M x R is also measurable.

The manifold M with measure p is called the phase space of the dy-
namical system.



2 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

1.1.2 The Liouville condition

There is a classical characterization of invariant measures for flows that can
be described in simple terms. Define F(M) to be the module of smooth
vector fields [3, 14] on a manifold M. Then a vector field X € F(M) defines

in local coordinates (z1, o, ...,z,) on M a system of ordinary differential
equations

dx;

d—;:Xj(xhxg,...,xn), j=1,...,n, (1.1)

which generates automorphisms ¢ : M — M, t € R, by means of the map-
ping o'z = z(t), where x(t) € M is the (unique) solution of the equations
(1.1) satisfying the initial condition or Cauchy data x(0) =z € M.

The set {¢'}, t € R, is obviously a one-parameter group if the manifold
M is compact, oriented and closed.

An invariant measure p on M can be (locally) determined in the follow-
ing way by means of the formula: p(dz) = p(x) dx1 Adza A. .. Adz,, where
the weight function p : M — R satisfies the Liouville condition [3, 14]

Z ai =0. (1.2)

Indeed, for the measure p to be invariant it is necessary and sufficient
that for all f € D(M), where D(M) = L'(M; p) is the space of integrable
functions on M, the following equation holds:

/ f@u(dz) = / F(ete)u(dne) (1.3)
M M
for all t € R.

To prove this it suffices to work locally (owing to the additivity of the in-
tegral) and assume that f is C'* (since such functions are dense in D(M)).
Accordingly we assume that f is C! and has the support supp f con-
centrated in some coordinate neighborhood U of a point x € M that is
diffeomorphic to an open ball V' C R™. Then by differentiating (1.3) with
respect to t € R for 0 < | ¢t | < § with ¢ sufficiently small, we obtain:

= [t p @w o= [ 3 X i@ @ae
Vv J
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where x = (z1,22,...,2,) € R?and d"x = dx; Adxs A ... A dx,. Hence
the Liouville condition (1.2) follows by virtue of the fact that f € D(M) is
arbitrary. [

Further details can be found in the fundamental papers by M.M. Krylov
and N.N. Bogolubov [55], [214] devoted to general problems of the global
theory of invariant measures for dynamical systems on metric spaces.

As an illustration, consider the case of system (1.1) where M = T" is
the n-dimensional torus and X;(z) =w; € R, j =1,...,n, are incommen-
surate (rationally independent) constants. Then p(d"xz) = d"x is clearly
an invariant measure for the flow, and it follows directly that the motion
of system (1.1) on T™ is almost periodic with the numbers wj, 1 < j < n,
playing the roles of the frequencies of motion.

1.1.3 The Poincaré theorem

One of the most important properties of a dynamical system is that of
recurrence as formulated by Poincaré. A point x € A C M is recurrent
(with respect to the set A) for a dynamical system {p?} if for any 7 € R,
there exists a t > 7 such that @'z € A.

Theorem 1.1 (Poincaré, [173, 205]). For any dynamical system {o'}
on M and for any A € A almost all points of A are recurrent (with re-
spect to the associated invariant measure ).

Proof. Denote by N the subset of A consisting of all non-recurrent points
of A. Then N := A () (s, ¥ “(M\ A)). Obviously, for all z € N and
for all t > 79 we have p~'x ¢ N.

Thus N N *(N) = @ for all ¢ > 79. It follows that ¢ *(N) N
e 2(N) = @ for all to > t1 + 79 > 2719 as ¢ (N) N 2(N) =
(N N~ h)(N)) = o711 (2) = 2.

Therefore, choosing a sequence of numbers {¢; € R;, j € Z;\{0}} such
that ;41 > t; + 79 we obtain,

o0 oo oo

=) 2 (e ) | = Do) = 3o ()

which can hold only if u(N) = 0. O
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1.1.4 The Birkhoff—-Khinchin theorem

Another important property of certain dynamical systems is that of ergod-
icity. We shall now formulate a general theorem on ergodicity that is one
of the most fundamental and useful in dynamical systems theory [205].

Theorem 1.2 (Birkhoff-Khinchin). Let f € L'(M;u) and {¢'}, t € R,
be a dynamical system on M. Then for almost all x € M the following
limits exist and are equal, i.e.:

lim = /fgpxdT—hm /f

*hmf/f ar = f(z)

t—oo 2t

with f(ptx) = f(x) if the value f(x) ewists, f € L*(M;pu) and
[ fewtaer= [ sto

The limit function f € L'(M;p) is called the time average along orbits
of a dynamical system.

A function f : M — R (which is measurable with respect to the measure
) satisfying f(z) = f(¢tx) for all z € M is called invariant with respect to
the dynamical system {p'}, t € R. Thus, the limit function f(z): M — R
is invariant owing to the above theorem.

The ergodicity property can as a result of the above be neatly formulated
in terms of invariant functions; namely, a dynamical system {¢'} is called
ergodic if any invariant function is almost everywhere constant.

An equivalent definition can be formulated in terms of invariant sets. A
set A € A is called invariant if its characteristic function x 4 is invariant.
Then obviously a dynamical system {¢’} is ergodic if and only if the mea-
sure u(A) = 0 or u(A) = 1 for any invariant set. As an invariant function
is constant on almost every orbit it follows from the Birkhoff-Khinchin
theorem that f(x =Julf M ) for almost all x € M, i.e. the time av-
erage of a functlon fe Ll(M ; u) is equal almost everywhere to its spatial
average, and this fact has a wide variety of applications in various physical
problems involving ergodicity.

There is another useful characterization of ergodicity that follows from
the Birkhoff-Khinchin theorem when the function f € L'(M;u) is taken
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as ya for a set A € . Then it is easy to see that a dynamical system
{¢t} is ergodic if and only if the relative period of time the orbit points
{¢tz : t € [0,T]} lie in the set A is asymptotically equal to the measure
wu(A) for almost all initial points € M. This can be formulated precisely
as

i TR o) (16)
where 7(T; A,z) = m ({t :t €[0,T], 'z € A}), x € M, where m is the
Lebesgue measure on R.

1.1.5 The Birkhoff-Khinchin theorem for discrete dynam-
ical systems

Let us consider a discrete dynamical system, i.e. a dynamical system on
M defined by iterations: "z = @(¢" lz), x+ € M,n € Z,, where
@ : M — M is an automorphism of M preserving the measure of any set
Ael

For a discrete dynamical systems there is an analogous theorem of
Birkhoff-Khinchin type. In this case the average value f(z) for almost
any x € M, f € L*(M;p), is defined as follows:

- (1.7)
. J
gy 2 )

The function f € L*(M;p) therefore satisfies the equation

| Fade= [ s

which in the case of ergodicity of a dynamical system {¢"}, n € Z, also
leads to the equality of the time average f(z) and the space average for
almost all x € M.

Another equivalent definition of ergodicity of a discrete dynamical sys-
tem {©"}, n € Z, is the following: as n — oo the average frequency of hits
of the orbit points {¢"x : n € Z} (with arbitrary initial point € M) in a
fixed set A € A is equal to the measure of the set A, i.e.

n—1
1 . i A a.e.
lim — E Xa(p’z) = lim Ln’ ) =

n—oo N 4 n—00 n
Jj=0

p(A).
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Example 1.1. Consider the distribution of first digits of numbers 2", n €
Z.. The first digit of number 2™ is obviously equal to k € [1,9] if

k10" < 2" < (k+1)107, (1.8)

where r € Z, . Denoting by {s} the fractional part of a number s € R from
(1.8) we get:

logk < {nw} <log(k + 1), (1.9)

where w = log2. Now consider a discrete dynamical system {¢©"} on the
one-dimensional torus T! =~ S' such that ¢ acts on z € T!, = € R, as
follows: ¢(x) = {z + w}. As w is irrational, the orbit {¢"x : t € Z,}
for any point x € T! is dense in torus T!, so the dynamical system {p"}
on T! is ergodic. From the Birkhoff-Khinchin theorem applied to the set
A = [log k,log(k + 1)] from (1.6) we obtain

lim 240 ) Z g <1 + ]16) : (1.10)

n—00 n
where £ is the Lebesgue measure on T!. It is easy to see that formula
(1.10) determines the average frequency of those sequence {2" : n € Z,}
elements, whose first digits are equal to k € {1,...,9}. For example, from
(1.10) it follows that the frequency of units as the first digits of the sequence
{2",n € Z } is far greater than that of the nines.

1.2 Poissonian and symplectic structures on manifolds

1.2.1 Poisson brackets

By requiring more (natural) structure on a dynamical system one generally
is able to deduce many additional properties important for applications.
One of the most ubiquitous and richest types of such structures is that
associated with dynamical systems that are Hamiltonian.

Let M be a smooth manifold of even dimension 2n = dim M < oo,
AM) = @IQ)QIA(?) (M) be the Grassmann algebra of differential forms on
M [3, 144, 173]. A closed nonsingular differential 2-form w® € A®) (M)
induces a symplectic structure on M.

The pair (M, w) is called a symplectic manifold and the 2-form w® €
AP)(M) is said to be symplectic.

Let a vector field X € F(M) on manifold M be such that the 1-form
ixw® € AW (M), where ix is the interior product of algebra the A(M), is
closed on M. Then the vector field X is called quasi-Hamiltonian.
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If the 1-form ixw? € AM (M) is exact and a function H € D(M) is
such that ixw® = —dH then the vector field Xz := X is said to be
Hamiltonian, and H is the corresponding Hamiltonian function.

Let the functions F, G, € D(M) and the vector fields Xp, Xg € F(M)
be defined by the formulas ix,w® = —dF, ix,w® = —dG. The Poisson
bracket {F, G}, of functions F, G is defined as follows:

{F,G}y, =w?(Xp, Xq). (1.11)
Let us consider on the manifold M the flow {¢? : t € R} generated by
the vector field Xg. For any point x € M,

%w(”(w%) = (ixyyd + dixy, )0 (') = d(ix,,w®) (') = —d*H =0,

so p(dz) = (w®)?(z) is an invariant measure.
The rate of change of a function F € D(M) along a trajectory of the
dynamical system {¢’}, by virtue of (1.11), can be written as follows:

dF/dt = {H,F},,. (1.12)

If {H,F}, =0, F is called a first integral, invariant or constant of
motion of the Hamiltonian system X . Obviously, H € D(M) is invariant
owing to the antisymmetry of the Poisson bracket.

The important property of a Poisson bracket (1.11) introduced above is

its closure with regard to the operation {-, -},. Namely, any three functions
F,G,H € D(M) satisty the Jacobi identity

{F{G,H},}o + {G,{H,F},}o + {H,{F,G}.}, = 0, (1.13)

and, in addition, {F, G}, = —{G, F'},, as mentioned above.
It means that over the field R the set D(M) forms a Lie algebra with
algebra operation {-, -},.

1.2.2 The Liouville theorem and Hamilton—Jacobi method

Let us consider in more detail a Hamiltonian dynamical system Xy on a
symplectic manifold (M,w(?) having first integrals. The functions F,G €
D(M) are said to be in involution if {F,G}, =0 on M.

The following theorem of Liouville guarantees the ergodicity of Hamil-
tonian system Xp.

Theorem 1.3 (Liouville). Let on the symplectic 2n-dimensional mani-
fold M the system of n functions P = {P; € D(M) : 1 < j < n} which
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are in involution, i.e. {Pj, Py}, =0, 1 < j,k <n, be given. Consider the
level set of the system P : My, ={x € M : Pj(x) =p;, j=1,...,n }. Sup-
pose that on M, functions P;, j =1,...,n are independent, i.e. 1-forms
dP;, j=1,...,n, are linearly independent at every point x € My,. Then:

(1) M, is a smooth submanifold, called Lagrangian, invariant with respect
to flow Xy with Hamiltonian function H = Py;

(2) if manifold M, is compact and connected then it is diffeomorphic to the
n-dimensional torus T™;

(3) the phase flow X with Hamiltonian function H determines on M, the
quasi-periodic motion;

(4) the canonical equations of the field Xg with Hamiltonian function H
are integrable by quadratures.

We omit a proof of this theorem because it is classic and is adduced in
many books and papers [3, 14, 205]. In the sequel, our main interest in
this result is primarily how it applies to a given dynamical system that is
integrable by quadratures.

An involutive system Q = {Q € D(M) : 1 < k < n} of functionally in-
dependent functions on M is canonically conjugated to the initial involutive
system P ={P; e D(M):1< j<n}if

{Pj,Qr}e = djk
for 1 <j,k<n.

In terms of such systems of functions on M, the Liouville’s theorem
states that the system Q = {Q; € D(M) : 1 < j < n}, canonically
conjugated to system P, can be constructed by quadratures.

Indeed, let us consider an arbitrary point « € M), and its coordinate
representation by the function system {P;, S; € D(M) : 1 < j < n} where
the choice of functions {P;,S; : 1 < j < n} is not important.

Let the 1-form o € AM (M) be such that da® = w® where the
form w® € A®)(M) is symplectic. It follows from Poincaré’s theorem
[3, 144, 173] that o) € AW(M) always exists because the 2-form w(®) is
closed.

The 1-form o!) can be written locally in coordinates {P;,S;:1<j<
n} as

Oé(l) = Zadej + ijde,
j=1 j=1

where a;,b; € D(M),1 < j < n, are some functions.
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As the functions P; € D(M), 1 < j < n, are involutive, we find that
on the manifold M, C M the 2-form w(2)|Mp = 0. Hence, the 1-form
o) € AM(M) on the submanifold M, will locally be a total differential of
a function Q € D(M), i.e. aM|y, = dQ. Consequently,

oD =40 + Z (aj - %) dp;, (1.14)
J

that is

Jj=1

= dS; = b;dS;.
8Sj J ; J J

When introducing the variables

0Q
Q‘ = —a; + ap
J J 8P]
j=1,...,n, the form a(!) according to (1.14) can be written in the form
al1) ==Y Q,dP; +dQ. (1.15)
j=1

Thus, for the form w® = da™ from (1.15) we obtain

w® =3 "dP; AdQ;. (1.16)
j=1
Because of the nondegeneracy of the symplectic form w® € A (M)
from (1.16), we find that all functions P;,Q; € D(M), j =1,...,n, are
functionally independent and obviously

{Pj, Qr}oe = djk, {Q),Qr}toe =0

for j,k=1,...,n.

The last relation means that the system of functions {Q; € D(M) : 1 <
J < n} is canonically conjugated to the system {P; € D(M) : 1 < j < n}.
As the initial dynamical system {p!} is generated by the Hamiltonian H =
Py, it follows from equations (1.12) that we have

dQ, _oH dp, __oH

dt  OP; dt  0Q;’
from which we find Q; = 0;1t+Qjo, P; = pj, 7 =1,...,n. Thus, the initial
dynamical system has been fully integrated in variables P;,Q; € D(M),
j=1,...,n. O

(1.17)
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Now we take a closer look at the invariant manifold M, when it is
compact. Then by virtue of Liouville’s theorem M, ~ T". Let o; €
H'(M,;Z),j = 1,...,n, be a set of cycles forming a basis of the one-
dimensional homology group H'(M,;Z) of the manifold M,. Consider the

integrals:
I = % ]{a(l), (1.18)
j=1,...,n, where da® = w® € A®)(M) is the symplectic structure on
M.

As the integrals I;,1 < j < n, are functionally independent, solving
the equations I; = I;(P1, P,...,P,),1 < j < n, with respect to variables
P; € D(M), 1 < j < n, we find that the torus M, is diffeomorphically
transformed by mapping P; = P;j(I1,I2,...,1,), 1 < j < n, into the torus
M7 corresponding to the set of functionals I; € D(M), j=1,...,n.

Let us introduce the following multi-valued mapping:

O(1,Q) = / o, (1.19)
a(Q,Q%)
where [ = (I1,I5,...,1,), Q@ = (Q1,Q2,...,Qn) and 0(Q, Qo) is a smooth
path lying on the torus M; with initial point Q° and end point Q.
Using the mapping 5([ ,Q) we construct a canonical transformation
b (I,p) — (P,Q), where

Y = (@17@27~-~7@n)7 pP= (PlaPQa"'7PH)7

and
9 9P
0Q," ¥~ oI
1 < j < n, under which the symplectic structure w® € A®) (M) remains
invariant, i.e. ®*w® = w2,

Using equations (1.19) and (1.20) we estimate variation of the functions
w; € D(M), 1 <j <mn, when changing the point € M; along the cycles
o, € H{(Mp;Z), k=1,...,n.

P = (1.20)

We have:
0 0 Ol
dp; = — ¢ d® = 21— =2r—— = 270, 1.21
7{ i< aljfg Wafjfa "or, ~ TR (121)
Ok Ok Ok
Jk=1,...,n, ie. the values {¢; : 1 < j < n} are the angle variables on

torus Mj.
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By virtue of the transformation ® being canonical, the equations for the
given dynamical system {¢'} can be written in terms of {I;, ¢; : 1 < j <
n}, according to (1.12), as follows:

dl; dp;  OH(I)

Mj_ o Wi _ 1.22
dt Todt or; (122)
from which we obtain I = I;(Py, Py, ..., P,), @; = Qt +¢9,1 < j < n,
where

OH, (1)
0, = .
! oI;
Taking into consideration the formula (1.21), from (1.22), we find that
Q; =Q;(t), 1 =1,...,n, are quasi-periodic functions in the variable t € R

with the set of frequencies {Q2; : 1 < j <n}.

The canonical variables {I;, ¢; : 1 < j < n} introduced above are
called the action—-angle variables. In these variables the given dynamical
system {p'} generated by the vector field Xy € F(M) with Hamiltonian
function H = P; can be exactly integrated.

This integration procedure of a Hamiltonian dynamical system by means
of canonical transformations is called the Hamilton—Jacobi technique.

1.2.3 Dirac reduction: Symplectic and Poissonian struc-
tures on submanifolds

We now consider some properties of Hamiltonian dynamical systems on
the manifolds with phase space restrictions on certain submanifolds. Let
(M ,w(2)) be a symplectic space with dynamical system Xy generated by
the Hamiltonian function H € D(M).

We suppose that on M 2m < 2n = dim M functions F; € D(M),
j=1,...,2m, are determined to be functionally independent on the sub-
manifold Mp = {& € M : Fj(z) =0, 1 < j < 2m} which is smoothly
imbedded into M. The set of functions {F; € D(M) : 1 < j < 2m} is
called the restrictions or the constraints.

The construction of the regular Hamiltonian formalism with respect to
the submanifold M is of great interest. In this connection we consider the
restriction of the 2-form w® € A®) (M) on the submanifold Mp and its
properties. Let the mapping ¢ : T*(M) — T(M) be inverse to the map-
ping w® : T(M) — T*(M), naturally related with the symplectic struc-
ture w® € A?(M). Then, the Hamiltonian vector field X = — grad H
satisfies the condition XHw(z) = —dH. Correspondingly, the commutator
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{H,F}, = (grad H, ¥ grad F) for any H, F € D(M). The following result
[173, 326] holds.

Lemma 1.1. The restriction wF e A®(Mp) of the symplectic form w®
on the submanifold Mg is nonsingular 2-form if and only if the matriz
({F}, Fx}w)jk=1,. 2m s nonsingular at every point x € Mp.

Proof. 1If the matrix f = ({F}, Fr}w)1<jk<2m is singular at point z €

M, then there exist numbers a;, j =1,...,2m, not all equal to zero, and
2m m

( grad Fj, ﬂZak grad Fj, ) = Zak{Fj,Fk}w =0 (1.23)
k=1 =

for all j = 1,...,2m, where (-,-) is the scalar product in R*" and 9 is a

nonsingular skew-symmetric square matrix of dimension 2n which defines
the initial Hamiltonian system by formula Xy = —9 gradH.
The equation (1.23) means that the vector
2m
v= ﬁZaj grad F; € T,(Mp),

j=1
where T,,(Mp) is the tangent to the space Mp at © € Mp. From this, we
conclude that for all vectors u,v € T, (M F) the value

w® (u,v) = —(u,97* Zaj grad Fj )

i.e. the form w® € A®)(Mp) is degenerate on Mp.

Conversely, let us suppose that for some nontrivial v € T,,(Mpg) 2-form
w® (u,v) = —(u, 9" ) = 0 for all u € T,,(MFp). Then

vl = Zaj grad F},
j=1
where a;,1 < j < 2m, are not all equal to zero. But in this case

2m

{ Zaka} ( gradFj, o Zaj gradFy, ) = (grad Fj,v) =0,

k=1
(1.24)

because of v € T,(Mp). From here it directly follows that matrix f =
({Fj, Fi}w)1<jr<am is necessarily singular if w(® is degenerate on Mpg.
The 2-form wg) on Mp is also closed because of dwg) = dw®|y, = 0.
Thus, if matrix f = ({F}, Fx}w)i<jk<2m is nonsingular, the 2-form
w;?) € A®) (M) determines a symplectic structure on M. O
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Let X € F(Mp) be the vector field on Mg generated by the Hamilto-
nian function H € D(Mp) C D(M) with respect to the symplectic structure

wg) on Mp. Obviously, in general Xy # Xg|ym,. The following lemma
[262, 326] holds.

Lemma 1.2. Xy = X |mp if and only if {H, F;}, = 0 on Mg for all
1 < j <2m. Moreover, if Hy € D(Mp) C D(M) and additionally

2m

a; = Z(f_l)jk{HOa Fi}o,

k=1

~ 2m
1<j <2m, then Xu, = Xu|m,, where H=Hy+ )" a;Fj.
j=1

Proof. 1If
{H,F;}, = (grad H,9 grad F;) =0
on Mp fqr all1 < j < 2m, then Xy = —¢ gradH € T,,(Mp) for allz € Mp,
so that X, = Xy, -
Vice versa, if
9 grad H = Xg, = Xg|amp € To(Mp), € Mp,
then
{H, F;}., = (gradH, v gradF;) =0,
1 < j <2m, for all x € Mp. Thus, the desired result follows from the
equalities
XHO =Xy = Xulup,
since {H, F;}, =0, j =0, and H = H,. O
The Poisson bracket on M for functions ®, G € D(Mp) with respect to

the symplectic structure wg) on My can be calculated using the following
Dirac rule [3, 54, 100, 104, 173], given by the following lemma.

Lemma 1.3. Let {®,G},, be the Poisson bracket of functions ®,G €
D(Mp) with respect to the symplectic structure wg) on Mp. Then
2m
{®,Glop = {2, G} — Z {2, Fj}w(fil)jk{Fh a» (1.25)
k,j=1

for all points x € Mg and the right part in formula (1.25) is calculated for
arbitrary smooth extension of functions ®,G € D(MF) to functions ®,G €
D(Mp) C D(M) where Mp is an open neighborhood of the submanifold Mp
in M.
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Proof. Suppose that {&),Fj}w =0= {G,Fj}w, j=1,...,2m. Then by
Lemma 1.2

{CI)’G}WF = wF (X<I>aXG) =w (X<1>aXG) - {(I) G}w

In general,

{(va}UJF = d 4 Z jk{(I) Fk}w G+ Z zl{G ﬂ}w i

7,k=1 i,0=1 wp
=42+ Z D@, FiluFy, G+ Z Ya{G, Fi}uF;
7,k=1 i,0=1 w
= {@ G}w + Z Jk{(I) Fk}w{ G}w
Jk 1
+ Z 1l{(p F}w{G Fl}w
i,0=1
2m
+ > (@, FdoA G Fibo fii
i,j,k,l:l
={F.G}. — Z {@, Fi}(f1w{F), Gl
J,k=1
(1.26)
Thus, the proof is complete. O

Upon placing constraints on the submanifold Mg, formula (1.26) turns
into formula (1.25) by means of calculating the Poisson bracket for the
extended functions F, G € D(M ) with respect to the symplectic structure
w® € A®(M), and this is easier to use on the whole phase space.

The constraints considered above are classified as integrable or holo-
nomic. There is another wide class of integrable constraints which also has
important applications. We shall deal with holonomic constraints only. As
to the theory of non-integrable constraints and their applications, see [212].
Important problems related to studying the topological structure of integral
submanifolds of a finite-dimensional Hamiltonian system are considered in
general case in [40, 41, 82, 205].



Chapter 2

Geometric and Algebraic Properties
of Nonlinear Dynamical Systems with
Symmetry: Theory and Applications

2.1 The Poisson structures and Lie group actions on man-
ifolds: Introduction

It has become increasingly clear in recent decades that many dynamical
systems of classical physics and mechanics are endowed with symplectic
structures [3, 14, 133, 134, 260] and associated Poisson brackets. In many
such cases, the structure of the Poisson bracket proves to be canonical and
is given on the dual space of the corresponding Lie algebra of symme-
tries, augmented in some cases with a 2-cocycle, and sometimes having
a gauge nature. These observations give rise to a deep group-theoretical
interpretation of these Poisson structures for many dynamical systems of
mathematical physics, especially for those that are completely integrable.

The investigation of dynamical systems possessing a rich internal sym-
metry structure is usually carried out in three steps: 1) determining the
symplectic structure (the Poisson bracket), and recasting the initial dy-
namical system into Hamiltonian form; 2) determining conservation laws
(invariants or constants of the motion) in involution; 3) determining an
additional set of variables and computing their evolution under the action
of Hamiltonian flows associated with the invariants.

In many cases the above program is too difficult to realize because of
the lack of regular methods for seeking both symplectic structures and
a system of the related invariants. Consequently, one seeks additional
structures that make the program more tractable; for example, of par-
ticular interest are those dynamical systems with a deep intrinsic group
nature [60, 216, 250, 295-297, 326, 407] that allows investigation of their
symmetry structure in exact form. The corresponding symplectic manifolds
on which these systems lie, in general, are pull-backs of the corresponding

15
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group actions, related to the coadjont action [162, 164-167, 206, 336, 355]
of Lie groups on the dual space g* to its Lie algebra g, together with the
natural Poisson structure upon them. In many cases these spaces carry
a principal fiber bundle structure and can be endowed with a variety of
connections, which play a very important role in describing the symmetry
structure of the related dynamical systems.

2.2 Lie group actions on Poisson manifolds and the orbit
structure

Let us recall some definitions. A Poisson structure on a smooth manifold
M is given by the pair (M, {-,-}), where

{,'}: DM)xD(M)— D(M), (2.1)

is a Poisson bracket mapping onto the space of real-valued smooth functions
on M, satisfying the conditions: 1) it is bilinear and skew-symmetric; 2)
it is a differentiation with respect to each of the arguments; 3) it obeys
the Jacobi identity. Any function H € D(M) determines the vector field
sgrad : H (symplectic gradient) for all f € D(M) via the formula:

sgrad : H(f) :={H, f}. (2.2)

The vector field sgrad : H : M — T(M) is called Hamiltonian, with
Hamiltonian function H € D(M).
A symplectic structure w® supplies the manifold M with a Poisson

bracket in a natural manner. For any function H € D(M), the vector field
sgrad : H: M — T(M) is defined via the rule:

isgrad.pe® = —dH, (2.3)

whence
{H, f} == —w®(sgrad : H, sgrad: f ) (2.4)

for all f € D(M), where iggy,q, ;0@ = —df.

The Poisson, or its associated Hamiltonian, structure comprises a wider
class than the symplectic types. It is not hard to convince ourselves that
any Poisson structure {-,-} on a manifold M is stratified by symplectic
structures.

The next class of Poisson structures is important for applications
[3, 9, 141, 338, 381, 385]. Let G be a connected real Lie group, g its
Lie algebra over the field R, and g* its linear space dual to g. To each
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element © € g* there is associated an endomorphism ad : z : g — g,
ad z(y) := [z,y], y € g, where [+, ] is the Lie structure of the Lie algebra g.
To each element X € G there is the associated automorphism Ad X : g — g
via the rule
Ad X : y—dix~odrx(y), (2.5)

where y € g, dlx and drx are the tangent maps for left and right transla-
tions on the Lie group G, respectively.

Denote by ad* and Ad* adjoint mappings to ad and Ad, respectively,
on g. Then for all « € g*, x,y € g the following identity obtains

<ad* m(a),y) = <a’ [1‘73/} >7 (26)
where (.,.) is the convolution of g* with g.
The representation ad* of the Lie algebra g and Ad* of the Lie group G
in the space End g* are called co-adjoint.
Let f € D(g*); then one can determine the gradient Vf : g* — g* via
the rule:

(m, V() = df{osm) = S flatem)co,  (27)

where (a;m) € g* x g 2 T(g*). The structure of the Poisson bracket on g*
is defined as

{f,9}e) :==(a, [Vf(a), Vg(a)] ) (2.8)
for any f,g € D(g*). A proof that the bracket (2.8) is a Poisson bracket,
is given below. The corresponding Hamiltonian vector field for a function
H € D(g*) takes the form

sgrad : H(a) = (osad™ : VH(o)(a) ) € T(g"), (2.9)
where o € g* is arbitrary. The vector field sgrad : H(«) is tangent to the
orbit O, (G) of the Lie group G through an element « € g under the Ad*-
action. These orbits are symplectic strata of the manifold M. For each
element u, := ((a;ad* x,(@)) € To(04) = Vo, v = 1,2, define

wal(ur,ug) == (a, [z1,22] ). (2.10)
Obviously w, is a symplectic structure on O, for all @ € g*. Thus, it
is clear that the symplectic stratification of the Poisson structure (2.1) is
realized by means of Ad* G - the expansion in orbits in the space g*. Notice
here that each orbit O, (G), a € g*, is a uniform symplectic submanifold in
g*; i.e., the action Ad* of the Lie group is symplectic and transitive. The
restriction of the vector field sgrad : H to an orbit O, is defined uniquely
via the restriction of the Hamiltonian function H € D(g*) to the orbit
0.(G), a € g*.
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2.3 The canonical reduction method on symplectic spaces
and related geometric structures on principal fiber bun-
dles

The canonical reduction method applied to geometric objects on symplectic
manifolds with symmetry turns out to be a very powerful tool; especially
for finding the effective phase space variables [3, 216, 251, 326, 338, 385]
on integral submanifolds of Hamiltonian dynamical systems on which they
are integrable [3, 14, 304] via the Liouville-Arnold theorem, and for in-
vestigating related stability problems [14, 176, 177, 370] of Hamiltonian
dynamical systems under small perturbations. Let G be a Lie group with
the unity element e € G and with corresponding Lie algebra g ~ T.(G).
Consider a principal fiber bundle M (N; G) with the projection p : M — N,
structure group G and base manifold NV, on which the Lie group G acts
[14, 3, 179, 326] by means of a smooth mapping ¢ : M x G — M. Namely,
for each g € G there is a group of diffeomorphisms ¢, : M — M, generating
for any fixed u € M the induced mapping: @ : G — M, where

i(g) = pq(u)- (2.11)
On the principal fiber bundle p : (M,p) — N there is a natu-
ral [179, 197, 198, 326] connection I'(A) associated to a morphism A :
( (M), pg,+) — (g,Ad,-1), such that for each u € M the map A(u) :
Tu.(M) — g is a left inverse of the map d.(e) : g — T, (M), and the map
A*(u) : g* — TX(M) is a right inverse of the map @*(e) : T (M) — g*;
that is,
A(u)ig(e) =1, a"(e)A"(u) = 1. (2.12)
As usual, let oy : T*(M) — T*(M) be the corresponding lift of the mapping
¢g: M — M atany g € G.If o)) € A}(M) is the canonical G - invariant
1-form on M, the canonical symplectic structure w(® € A%(T*(M)) given
by
w® = d priam (2.13)

generates the corresponding momentum map [ : T*(M) — g*, where

(o) (u) = @ (e)a'M (u) (2.14)

for all u € M. Observe that the principal fiber bundle structure p : M — N

subsumes, in part, the exactness of the following two adjoint sequences of
mappings:

0 g " 1) P T, (N) <0,
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0—g " 1, () "L T (V) — 0, (2.15)
that is
p()in(e) =0, *(e)p"(u) = 0 (2.16)

for all w € M. Combining (2.16) with (2.12) and (2.14), one obtains the
embedding
[1— A*(w)a*(e)]aV (u) € range p*(u) (2.17)
for the canonical 1-form a(!) € A'(M) at u € M. The expression (2.17)
means, of course, that
w*(e)[1 — A*(u)a* (€)™ (u) = 0 (2.18)
for all u € M. Now, taking into account that the map p*(u) : Ty, (V) —
T*(M) is injective for each u € M, it has the unique inverse mapping
(p*(uw))~! on its image p* ()T, (N) C T (M). Thus, for each u € M one
can define a morphism p4 : (T*(M), p;) — (T*(N),id) as
pa(u) : oV (u) — (p"(u)) 71 = A (Wi (e)] o (u). (2.19)
It follows directly from (2.19) that the diagram
T*(M) 2 T*(N)
prul lprn (2.20)
M 5 N
is commutative.

Let an element £ € g* be G-invariant, that is Ad;,lg =¢forall g e G.
Denote also by pi‘ the restriction of the map (2.19) to the subset Mg :=
I7Y(&) € T*(M), that is the mapping pi‘ : Mg — T*(N), where for all
ue M

P (u) t Mg — (p*(w) 7M1 — A* (u)a* (e)] M. (2.21)
Now, one can characterize the structure of the reduced phase space ./\;lg =
M /G by means of the following simple result.

Lemma 2.1. The mapping pi‘(u) : Mg — T*(N) is a principal fiber G-
bundle with reduced space Mg = M¢/G.

Denote by < -,- > the standard Ad-invariant nondegenerate scalar
product on g* x g. The next result follows directly from Lemma 2.1.

Theorem 2.1. Given a principal fiber bundle G with a connection I'(A)
and a G - invariant element & € g*, then every such connection T'(A) is
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a symplectomorphism v¢ : ./\;lg — T*(N) between the reduced phase space
M and the cotangent bundle T*(N). Moreover, the following equality

(r)(d pri8Y +priy OF) = d pria®) (2:22)
holds for the canonical 1-forms 31 € A(N) and oV € AV (M), where
Mg :=pryyMe C M, and the 2-form Qéz) € AA(N) is the & - component
of the corresponding curvature 2-form Q2 e A® (M) ® g.

Proof. In virtue of (2.19), one has on M C T*(M) the following equa-
tion:

P (Wps (@M () = p* () B (pr (u) = ot (u) = A* (w)i* (€)™ (u)
for any 1) € T*(N),a® ¢ M and v € Mg. Therefore, for such o e
M one obtains

aW(w) = (p5) 7 BN (px(w) = p* (W) BN) (pr () + < A(u), € >4
for all w € M. Recall now that owing to (2.20) one obtains for M, and M,
the relationships
peoprae =prac P P b= (00) prv
Consequently, for any u € M,
prig oV (u) = prigp* (w)BY (p(u) + prig, < A(u),& >
= (%) praBY (u) + priy, < Alu), € >,
so upon taking the exterior derivative, one obtains
d prigea ™ (u) = (%) d(pry M) (w) + priz, < d A(u),€ >
pA) pTNB(l U +p7”M <Q® (u)), € >

) (u
= ()" d( ) (u)

= (p0) " dlpryBY) (u) + priygp” < 3, £>( )
= (p5) d(praBN)(u) + (%) priv < Q2. € > (u)
_ 0

P50 dprBD) () + privQ? (u)].
In deriving the above expression, we made use of the following property
satisfied by the curvature 2-form Q) :=dA+ AN A€ A*(M)®g:

< dA(u), € >=<dA(u) + A(u) A A(u), £ >4
— < A®u) A Au), € >=< QP (), >,
=< Q¥ (u), Ad}¢ >g=< AdyQP) (u), & >4
=< Q®.€ > (p(u)g = p" Q7 (u)
at any u € M, since for any A,B € g, < [A, B],{ >g=< B,ad}¢{ >;3=10
holds owing to the invariance condition Ad;§{ = & for any g € G, which
finishes the proof. O
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Remark 2.1. As the canonical 2-form d pri,a®) € A®)(T*(M)) is G-
invariant on 7% (M) due to its construction, it is evident that its restriction
to the G-invariant submanifold M, C T*(M) is effectively defined only on

the reduced space Mg, which ensures the validity of the equality sign in
(2.22).

As a direct consequence of Theorem 2.1, one has the following result,
which is useful for applications.

7k

Theorem 2.2. Let a momentum map value [(a™M)(u) = @*(e)aV (u) =
& € g* have the isotropy group G¢ acting naturally on the subset Mg C
T*(M) invariantly, freely and properly, so that the reduced phase space
(M 7@22)) is symplectic. By the definition [14, 338|, of the natural embed-
ding mapping w¢ : Mg — T*(M) and the reduction mapping re : Mg — Mg
the defining equality

i) = mi(d prigaV) (2.23)
holds on M. If an associated principal fiber bundle p : M — N has a
structure group Ge, then the reduced symplectic space (./\;lg,@f)) s sym-

plectomorphic to the cotangent symplectic space (T*(N), aéz)), where

022) =d priysW —l—pr}‘\,Q@), (2.24)

and the corresponding symplectomorphism is given by a relation of the form

In the realm of applications, the following criterion can be useful when
constructing associated fibre bundles with connections related to the sym-
plectic structure reduced on the space /\;15.

Theorem 2.3. In order that two symplectic spaces (Mg,@éQ)) and
(T*(N),d pr}‘vﬂ(l)) be symplectomorphic, it is necessary and sufficient that
the element & € ker h, where for a G-invariant element £ € g* the map
h:¢&— [Qéz)] € H?(N;Z) with H*(N;Z) is the cohomology group of 2-
forms on the manifold N.

2.4 The form of reduced symplectic structures on cotangent
spaces to Lie group manifolds and associated canonical
connections

When one has a Lie group G, the tangent space T'(G) can be interpreted
as a Lie group G isomorphic to the semidirect product G ® 44 G ~ G of the
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Lie group G and its Lie algebra G under the adjoint Ad-action of G on G.
The Lie algebra G of G is the semidirect product of g with itself, regarded
as a trivial abelian Lie algebra, under the adjoint ad-action; therefore, it
has the induced bracket defined as [(a1,m1), (a2, m2)] := ([a1, az2], [a1, ma]+
[az, m1]) for all (aj,m;) € g ®qa G, j = 1,2. Take now any element £ € g*
and compute its isotropy group G¢ under the co-adjoint action Ad* of G
on g*, and let G¢ denote its Lie algebra. The cotangent bundle T*(G) is
obviously diffeomorphic to M := G x g*, on which the Lie group G¢ acts
freely and properly (due to its construction) by left translation on the first
factor and Ad*-action on the second. The corresponding momentum map
l:G x g" — g can be obtained as

I(h,a) = (2.25)
and has no critical points Let n € g* and n(§) := 17| . Then the reduced
space (I71(n(¢ ))/G77 » )) has to be symplectic due to the Marsden-

Weinstein reduction theorem [3, 14, 248-250, 338|, where GZ ©) is the
isotropy subgroup of the G¢-co-adjoint action on 7(§) € g, and the con-

o? = 7r*d pr*aM) naturally mduces the symplectic form wé ) on

dition r{w
the reduced space Mg = [71(n(¢ ))/G;7 from the canonical symplectic

structure on T™(G). Define for n(¢) € g¢ the 1-form ai}l()g) € AY(G) as

aliy(h) = Rin(©), (2.26)

where Rj, : G — G is right translation by an element h € G. It is easy to
check that the element (2.26) is right G-invariant and left Gg(g)—invariant,

thus inducing a 1-form on the quotient N¢ := G/ GZ(O. Denote its pullback
to T (Ne¢) by priy, a 571()5), and form the symplectic manifold (T (INVe), O’ég)),
where 0( ) = (dpry, Y + dpry, 77(g)) and dpry, 3 M e AP(T*(Ny)) is

the Canonlcal symplectlc form. This leads directly to the next result.

Theorem 2.4. Let £,n € g* and n(§) :=

Mgy be fized. Then the reduced

symplectic manifold (./\;lg,(uéz)) is a symplectic covering of the co-adjoint
orbit Or(&,n(€);G), which symplectically embeds into the subbundle over

¢ = G/GUY of (T*(Ne), o)), with w = d pry 8D + dpri oly),
€ A*(T*(Ng).

This theorem follows directly from Theorem 2.3 if one defines a connec-
tion 1-form A(g) : T4(G) — g¢ as follows:

< Al9), € >g:= Ryn(&) (2.27)



Nonlinear Dynamical Systems with Symmetry 23

for any g € G. The expression (2.27) generates a completely horizontal 2-
form d < A(g),& >4 on the Lie group G, which gives rise immediately to the
symplectic structure o’é2) on the phase space T*(N¢), where N := G/Gg(g).

2.5 The geometric structure of abelian Yang—Mills type
gauge field equations via the reduction method

If one studies the motion of a charged particle under an abelian Yang—Mills
gauge, it is convenient [141, 163, 216, 217, 370] to introduce a special fiber
bundle structure p : M — N. Namely, one can take a fibered space M such
that M = NxG N :=D C R", with G := R/{0} being the corresponding
(abelian) structure Lie group. An analysis similar to that above yields a
reduction on the symplectomorphic space Mg :=171(§)/G ~ T*(N), £ € g,
with symplectic structure crf)(q,p) =< dp,Ndq > +d < A(g,9),& >q,
where A(q,g) := < A(q),dq > +g~'dg is the usual connection 1-form on
M, with (¢,p) € T*(N) and g € G. The corresponding canonical Poisson
brackets on T*(N) are easily found to be

{¢.@}e=0, {pj,d'}e=05  {pi,pj}e = Fji(a) (2.28)
for all (¢,p) € T*(N) and the curvature tensor is Fj;(q) := 0A;/dq" —
0A;/0¢’, 1 <i,j < n. If one introduces a new momentum variable p := p+
A(q) on T*(N) > (g, p), it is easy to verify that 022) — 622) =< dp,N\dq >€
AP)(N), which gives rise to the following Poisson brackets [222] on T*(N):
if and only if for all 1 < 4,j,k < n the standard abelian Yang-Mills equa-
tions

8Fij/8qk + 8ij/8qi + 8Fkl/8qj =0 (230)
hold on N. This construction can be generalized to the case of a non-abelian

structure Lie group yielding a description of non-abelian Yang—Mills type
field equations covered by the reduction approach described above.

2.6 The geometric structure of non-abelian Yang—Mills
gauge field equations via the reduction method

We start by defining a phase space M of a particle under a non-abelian
Yang-Mills gauge field given on a region D C R? as M := DxG, where G



24 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

is a (not in general semi-simple) Lie group, acting on M from the right.
Over the space M one can define a connection I'(A) by considering a trivial
principal fiber bundle p : M — N, where N := D, with structure group G.
Namely, if g € G, and g € N, then a connection 1-form on M > (gq, g) can
be written [14, 89, 173, 326, 407] as

Algig) =g '(d+ ZaiA“) (2))g, (2.31)

where {a; € g : 1 < i < m} is a basis for the Lie algebra g of the Lie
group G, and A; : D — AY(D), 1 <i < n, are the Yang—Mills fields on the
physical n-dimensional open space D C R™. One can define a natural left
invariant Liouville form on M as

aM(q;9) =< p,dg > + < y,g"'dg >y, (2.32)

where y € T*(G) and < -,- >, denotes, as above, the usual Ad-invariant
nondegenerate bilinear form on g* x g, as obviously g~ 'dg € AY(G) ® g.
The main assumption we need in what follows is that the connection 1-form
should be with the Lie group G action on M. Accordingly the condition

R}, Algq; 9) = Ady-1 Alg; 9) (2.33)

is satisfied for all (q,¢9) € M and h € G, where Rj, : G — G is right
translation by an element h € G on the Lie group G.

Now we are ready to apply the reduction Theorem 2.4 to our geometric
model. Suppose that the Lie group G canonical action on M is naturally
lifted to the cotangent space T*(M) endowed, owing to (2.32), with the
following G-invariant canonical symplectic structure:

w?(q,p;9,y) = d pr*aV (g, p; g,y) =< dp, Ndg > (2.34)
+ < dy,Ag"tdg >4+ < ydg™', Adg >4

for all (q,p;g,y) € T*(M). Take an element £ € g* and assume that its
isotropy subgroup G¢ = G, that is Ad;§ = ¢ for all h € G. In general,
such an element ¢ € g* cannot exist unless it is trivial £ = 0, as it is in
the Lie group G = SLa(R). Then, owing to (2.22), one can construct the
reduced phase space M¢ := M¢/G symplectomorphic to (T*(N), 22)),
M :=171(&) € T*(M), where for any (g,p) € T*(N)

(2) (2)
o (q,p) =< dp,Ndg >+ (q) (2.35)

_<dp,Adq>+ZZ F(q)dg' A dg.

s=114,j=1
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In the above we expanded the element g 3¢ = Zf 1 e;a’ with respect
to the bi-orthogonal basis {a’ € g* :< a’,a; >4= 6 1 <45 < m with

e; € R, 1 <14 <mn, just constants, and we denoted by F( )( ), 1 <id,j<m,
s = 1,...,m, the (reduced on N) components of the curvature 2-form
0@ € A%(N) ® g as well; that is

0@ (g i zn: FP(q)dg" A dg’ (2.36)

at any point ¢ € N. Calculatlons smnlar to the above lead directly to the
following result.

Theorem 2.5. Suppose that a non-abelian Yang—Mills field (2.31) on the
fiber bundle p : M — N with M = D x G is invariant with respect to the
Lie group G action G x M — M. Suppose also that an element £ € G*
is chosen so that AdLE = €. Then for the naturally constructed momen-
tum mapping | : T*(M) — G* the reduced phase space M¢ :=171(€)/G,
is symplectomorphic to the space (T*(N),c), and is endowed with the
symplectic structure (2.85) on T*(N), having the following componentwise
Poisson brackets:

Wi dYe =00, {d, @} =0, {pipj}e= ZeF‘” (2.37)

forall1 <i,5 <n and (q,p) € T*(N).

Owing to (2.34), the extended Poisson bracket on the whole cotangent
space T*(M) amounts to the following set of relationships:

{Ysr Ukte = > i s {pis e = & | (2.38)
r=1

{ys;pjte =0={d",¢’}, {pispj}e = Zy Fi)(q

where 1 < 4,5 < n, c, € R, s,k,r = 1,...,m, are the structural con-
stants of the Lie algebra g, and we made use of the expansion A®)(q) =
> Ag-s)(q) dg’, as well as introducing alternative fixed values e; := y;,
(2)

ext

1 <i < n. The result (2.38) can easily be seen by making a shift 0(2) — ¢
within the expression (2.34), where oéi)t = 0(2)‘/10—»/1’ Ao(g) = g 1dg,
g € G. Whence, one concludes, by virtue of the invariance properties of the
connection I'(A), that

o (q,p;u,y) =< dp, Adg > +d < y(9), Ady-1A(g; e) >
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=<dp,Ndq > + < d Ady-.y(g), NA(g; e) >¢=< dp,\dq > +Zdy5 A du®

s=1
+ 3N AP (q)dy. A dg— < Ad;1y(g), Alg,€) A Alg, €) >
j=1s=1
+ Z Zyl by du A du® + Z Z ySFi(]fg)(q)dqz Adg’, (2.39)
k>s=11=1 s=1i>j5=1

where the coordinates (g, p;u,y) € T*(M) are defined as follows: Ag(e) :=
S dutoag, Ad;,ly(g) = yle) := Y " ys a® for any element g € G.
Hence, one immediately obtains the Poisson brackets (2.38) and additional
brackets connected with conjugated sets of variables {u® € R: 1 < s < m}
€grand {y; eR:1<s<m}ing:
o Yo =08 . 0'}e =0, {pju'}e = A7 (0), {w*,ut}e =0,
(2.40)

where 1 < j < n,1 < k,s <m, and g € N. Note here that the above
(2)

transition from the symplectic structure ¢(® on T*(N) to its extension o

on T*(M) just consists formally in adding an exact part to the symplectic
structure ¢(?, transforming it into its equivalent form.

Now we can immediately infer from expressions (2.39) that an element
€:=3 " exa® € g* will be invariant with respect to the Ad*-action of
the Lie group G if and only if

(o Unel,—. =D _Cher =0 (2.41)
r=1

holds identically for all 1 < s,k <m, 1 <j<n and g € N. In this
and only this case, the reduction scheme elaborated above will go through.
Returning our attention to expression (2.40), one easily obtains

n
W@ pruy) =@ (g, p+ >y A9 (q) 5u,y), (2.42)

s=1
on the phase space T*(M) > (¢,p;u,y), where for brevity we denoted
< AB)(q),dg > as Y2_, A;s)(q) dg?. A transformation like (2.42) was dis-
cussed in a somewhat different context in [222], which also contains a good
background for the infinite-dimensional generalization of symplectic struc-
ture techniques. Having observed from (2.42) that the simple change of

variable
m

pi=p+ > ys A¥(g) (2.43)

s=1
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of the cotangent space T*(N) recasts our symplectic structure (2.39) into
the old canonical form (2.34), one finds that the new set of Poisson brackets
on T*(M) > (q, p; u, y) satisfies

{ysouete =Y chpvr  {Bibite=0, {pi,d'} =06, (2.44)
r=1

{yquj}f =0 = {qi7qj}€7 {us7uk}€ =0, {ySJaj}f =0,

{u®,q'}e =0, {ys,u¥}e = 0, {u*,pj}te =0,
where 1 < k,s < m and 1 < 4,5 < n, if and only if the non-abelian
Yang—Mills field equations

OF [0q' + OF)) 0g' + OF" /0’ (2.45)

+ 3 e (FPAT + FPAD + FP AT =0
k,r=1

obtain for all s=1,...,m and,j,l =1,...,n on the base manifold N.
This method for complete reduction of gauge Yang—Mills variables using
the symplectic structure (2.39) is known in the literature [113, 141, 222]
as the principle of minimal interaction and is useful for studying different
interacting systems as in [251, 335]. In the sequel, we continue our inves-
tigation of the geometric properties of reduced symplectic structures con-
nected with infinite-dimensional coupled dynamical systems such as those
of Yang—Mills—Vlasov, Yang-Mills-Bogolubov and Yang-Mills—Josephson
[251, 335] as well as their relationships with associated principal fiber bun-
dles endowed with canonical connection structures.

2.7 Classical and quantum integrability

2.7.1 The quantization scheme, observables and Poisson
manifolds

A quantum mechanical system is a triple consisting of an associative al-
gebra with involution A called the algebra of observables, an irreducible
x-representation m of A in a Hilbert space ‘H and a distinguished self-
adjoint observable H called the Hamiltonian. A typical question involves
the description of the spectrum and the eigenvectors of 7(H). Quantum
mechanical systems usually appear with their classical counterparts. A
classical mechanical system is again specified by its algebra of observables
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Aq which is a commutative associative algebra equipped with a Poisson
bracket {-,-} (i.e., a Lie bracket which also satisfies the Leibniz rule

{a,bc} = {a,b}c+ {a,c}d, (2.46)

in other words, a Poisson bracket is a derivation of A° with respect to
both of its arguments), and a Hamiltonian H € A.. A commutative al-
gebra equipped with a Poisson bracket satisfying the Leibniz rule is called
a Poisson algebra. Speaking informally, a quantum algebra of observables
A arises as a deformation of the commutative algebra A, determined by
the Poisson bracket. We shall not be concerned here with the quantiza-
tion problem [207, 345] in its full generality. However, it will always be
instructive to compare quantum systems with their classical counterparts.

The algebraic language that starts with Poisson algebras makes the gap
between classical and quantum mechanics as narrow as possible; in practice,
however, we also need the dual language based on the notion of the phase
space. Roughly speaking, the phase space is the spectrum of the Poisson
algebra. The accurate definition depends on the choice of a topology in
the Poisson algebra. We shall not attempt to discuss these subtleties and
shall always assume that the underlying phase space is a smooth manifold
and that the Poisson algebra is realized as the algebra of functions on this
manifold. In the examples that we have in mind, Poisson algebras always
have an explicit geometric realization of this type. The Poisson bracket
itself is then as usual represented by a bivector field on the phase space
satisfying certain differential constraints which account for the Jacobi iden-
tity. This gives the definition of a Poisson manifold which is dual to the
notion of a Poisson algebra. The geometry of Poisson manifolds has numer-
ous obvious parallels with representation theory. Recall that the algebraic
version of representation theory is based on the study of appropriate ideals
in an associative algebra. For a Poisson algebra we have a natural notion
of a Poisson ideal (i.e., a subalgebra which is an ideal with respect to both
structures); the dual notion is that of a Poisson submanifold of a Poisson
manifold.

The classical counterpart of Hilbert space representations of an associa-
tive algebra is the restriction of functions to various Poisson submanifolds.
Poisson submanifolds are partially ordered by inclusion; minimal Poisson
submanifolds are those for which the induced Poisson structure is nondegen-
erate. (This means that the center of the Lie algebra of functions contains
only constants.) Minimal Poisson submanifolds always carry a symplectic
structure and form a stratification of the Poisson manifold; they are called
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symplectic leaves. The restriction of functions to symplectic leaves gives
a classical counterpart of the irreducible representations of associative al-
gebras. Let M be a Poisson manifold, H € C*°(M). A classical system
{M,H} is integrable if the commutant of the Hamiltonian H in A con-
tains an abelian algebra of maximal possible rank. (A technical definition
is provided by the well-known Liouville theorem.) Let us recall that the key
idea that started the modern age in the study of classical integrable systems
is how to bring them into Lax form. In the simplest case, the definition of
a Lax representation may be given as follows. Let {A4; M, H} be a classical
mechanical system. Let F* : M — M, t € R, be the associated flow on M
(defined at least locally). Suppose that g is a Lie algebra, g* is its linear
dual. A mapping ¢ : M — g* is called a Laz representation of {A; M, H},
if the following conditions are satisfied:

(i) The flow F* factorizes over g*, i.e., there exists a (local) flow f*
1 g* — g%, such that the following diagram is commutative:

ME M
(L Ll (2.47)

« *

g —9

(#4) The quotient flow f* on g* is isospectral, i.e., it is tangent to the
co-adjoint orbits in g*.

Remark 2.2. In the applications we have in mind, the Lie algebra g is
supposed to be endowed with a nondegenerate invariant inner product ren-
dering its adjoint and coadjoint representations identical. In a more general
way, we may assume that g is arbitrary and replace the target space of the
generalized Lax representation with its dual space g*.

Consider ¢(u) € g* for any u € M; hence we may regard ¢ as a matrix
with coefficients in A = C*°(M), i.e., as an element of g* ® A; the Poisson
bracket on A extends to g* ® A by linearity. Property (i4) means that there
exists an element p({) € g ® A such that {H,(} = ad 1.

Let (A, V) be a (finite-dimensional) linear representation of g. Then ¢y
= A®id (¢) € EndV ® A is a matrix-valued function on M; the coefficients
of its characteristic polynomial P(g) = det(¢y — ) are integrals of the
motion. One may replace in the above definition a Lie algebra g with
a Lie group G. In that case iso-spectrality means that the flow preserves
conjugate classes in G. More generally, the Lax operator may be a difference
or a differential operator. The case of difference operator is of particular
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importance, since the quantization of difference Lax equations is the key
element of the quantum inverse scattering transform [215] and a natural
source of quantum groups.

Nonetheless, concerning Lax integrability, the following fact holds mod-
ulo various approaches based on the Cartan—Picard—Fuchs type separabil-
ity equations and the gradient-holonomic algorithm to be discussed in later
chapters. There is no general way to find a Lax representation for a given
system (even if it is known to be completely integrable). However, there is
a systematic way to produce examples of such representations. An ample
source of such examples is provided by the general construction described
in the next section.

2.7.2 The Hopf and quantum algebras

The basic construction outlined in this section goes back to [121, 373] and
[1, 109] in some crucial cases; its relation with the R-matrix method was
established by [373]. We shall state it using the language of symmetric
algebras, which simplifies its generalization to the quantum case. Let g be
a Lie algebra over k (where k = R or C). Let S(g) be the symmetric space
of polynomial functions on g. Recall that there is a unique Poisson bracket
on S(g) (called the Lie—Poisson bracket), which extends the Lie bracket on
g. Namely, the natural pairing g* x g — k extends to the evaluation map
S(g) xG* — k, which induces a canonical isomorphism of S(g) with the
space of polynomials P(g*); thus, g* is a linear Poisson manifold and S(g) ~
P(g*) is the corresponding algebra of observables. Linear functions on g*
form a subspace in P(g*), which may be identified with g. The Lie—Poisson
bracket on g* is uniquely characterized by the following properties:

1. The Poisson bracket of linear functions on g* is again a linear func-
tion.

2. The restriction of the Poisson bracket to g* C P(g*) coincides with
the Lie bracket in g.

Besides the Lie-Poisson structure on S(g), we shall need its Hopf struc-
ture [1, 182]. In what follows we shall deal with other more complicated
examples of Hopf algebras, so we recall the general definitions. A Hopf
algebra is a set (A, m, A, ¢, ), consisting of an associative algebra A over k
with multiplication m : A ® A — A and the unit element 1, the coproduct
A:A— A® A, the counit € : A — k and the antipode v : A — A, which
satisfy the following axioms

a) mappings m: ARA — A, A: A— ARA, i:k—A (A= X 1),
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€: A—k are homomorphisms of algebras.

B) The following diagrams are commutative:

ADASA S 4o 4 A 2 AoA

m®id | lm , A} lA®id | (2.48)
AA 5 A AAER A AeA
(these diagrams express the associativity of the product m and the coasso-
ciativity of the coproduct A, respectively),

A AR A Ao A A A AZY Lo A

m | lm m | Im
A Loa Ao A <4 4
AARALE Ao A  AAALY koA
m ] lm m | lm (2.49)
A &g A A &L 4

(these diagrams express, respectively, the properties of the unit element
1 € A and of the counit € € A*).

) The antipode v is an antihomomorphism of algebras and the following
diagrams are commutative:

AL A A A0 A A A2 A A A AT A
eN /€ ) e\ /€ . (2.50)
k k

If (A,m,1,A e,v) is a Hopf algebra [1, 180], its linear dual A* is also a
Hopf algebra; moreover, the coupling < -,- >: A ® A* — k interchanges
the roles of product and coproduct. Thus we have
<m(a®b),w >=<a®b,Aw > .
The Hopf structure on the symmetric algebra S(g) is determined by the
structure of the additive group on g. Namely, let
S(g) x g* — k, (a,X) — a(X) (2.51)
be the evaluation map. Since S(g) ® S(g) ~ S(g ® g) ~ P(g* ® g*), this
map extends to S(g) ® S(g). We have
Aa(X,)Y)=a(X +Y), €(a)=0a(0), v(a)(X)=a(-X) (2.52)
(one can denote v(a) = a’ for brevity). It is important to notice that the
Lie-Poisson bracket on S(g) is compatible with the Hopf structure:
{Aa, Ab} = A{a,b}. (2.53)
Observe also that the coproducts in the universal enveloping algebra U(g)
and in S(g) coincide (in other words, U(g) is canonically isomorphic to S(g)
as a coalgebra).
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2.7.3 Integrable flows related to Hopf algebras and their
Poissonian representations

Consider, as above, a Hopf algebra A over C endowed with two special
homomorphisms called the co-product A : 4 — A® A and co-unit € : A —
C, as well as an anti-homomorphism (antipode) v : A — A such that for
any a € A

(id ® A)A(a) = (A @ id)A(a), (2.54)
(id®e)A(a) = (e ®id)A(a) = a,
m((id ® v)A()) = m((v @ id)Aa)) = e(a)],

where m : A ® A — A is the usual multiplication mapping, that is for any
a,b € Am(a®b) = ab. The conditions (2.54) were introduced by Hopf [182]
in a cohomological context. Since most Hopf algebras properties depend on
the co-product operation A : A — A® A and related Casimir elements, we
shall focus on the objects called co-algebras endowed with this co-product.

The most interesting examples of co-algebras are provided by the uni-
versal enveloping algebras U(g) of Lie algebras g. If, for instance, a Lie
algebra g possesses generators X; € g, 1 < i < n, n = dimg, the corre-
sponding enveloping algebra U(g) can be naturally endowed with a Hopf
algebra structure by defining

AX)=ToX,+X;®I, AI)=I®]1, (2.55)
€(X7) = O, Z/(I) = I, E(I) = 17 Z/(Xl) = 7XZ‘.

These mappings acting only on the generators of g can be readily ex-
tended to any monomial in ¢(g) by means of the homomorphism condition
A(XY) = A(X)A(Y) for any X,Y € g C U(g). In general an element
Y € U(g) of a Hopf algebra such that A(Y) = I ®Y +Y ® I is called
primitive, and the Friedrichs theorem [1, 307] ensures, that in U(g) the
only primitive elements are exactly generators X; € g, 1 <i: < n.

On the other hand, the homomorphism condition for the co-product
A: A — A® A implies the compatibility of the coproduct with the Lie
algebra commutator structure:

[A(X3), A(Xj)awa = A[Xi, Xj]a (2.56)

for any X;,X; € g, 1 < ,5 < n. After Drinfeld [109], the co-algebras
defined above are often called quantum groups due to their importance
[204] in studying many two-dimensional quantum models of modern field
theory and statistical physics.
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It has also been observed (see for instance [204]) that the standard co-
algebra structure (2.55) of the universal enveloping algebra U(g) can be
nontrivially extended using some of its infinitesimal deformations preserv-
ing the co-associativity (2.56) of the deformed co-product A : U,(g) —
U.(g) ®U.(g). Here U.(g) is the corresponding universal enveloping alge-
bra deformation by means of a parameter z € C, such that lil%uz(g) =U(g)

subject to some natural topology on U, (g).

2.7.4 Casimir elements and their special properties

Take any Casimir element C' € U,(g), that is an element satisfying the
condition [C,U,(g)] = 0, and consider the action on it of the co-product
mapping A :

A(C) = C{AX)}), (2.57)
where C := C({X}) with a set {X} C g. It follows trivially that for A :=
U-(g)

[A(C), A(Xi)laga = A([C, X;]a) =0 (2.58)
forany X; €g,1<i<n.

(N

+1)
Now we inductively define the co-product A®™) : 4 —  ® "A for any

N € Z,, where A® := A and A" :=id and
AW = ((ido)N 2@ A) - AN, (2.59)
or as
AWM = (A® (id2)N? @id ®id) - AN, (2.60)
One can easily verify that
AWM = (A @ ADV=m)) A (2.61)

(N+1)
for any 0 < m < N, and the mapping AM) : 4 —  ® A is an algebra

homomorphism; that is,
[AM(X), A(N>(Y)}<N§1)A = AN([X,Y]a) (2.62)
for any X,Y € A. In particular, if A = U(g), the expression
AM(X) = X (@id)N " @ id + id @ X (@id)N "t @ id + ... (2.63)
e+ (@idN T @id® X
holds for any X € g.
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2.7.5 Poisson co-algebras and their realizations

It is well known [304, 326] that a Poisson algebra P is a vector space en-
dowed with a commutative multiplication and a Lie bracket {-, -} including
a derivation on P in the form

{a,bc} = b{a,c} +{a,b}c (2.64)

for any a,b and ¢ € P. If P and @ are Poisson algebras one can naturally
define the following Poisson structure on P QQ) :

{a®b,c®d}pgo = {a,c}p ® (bd) + (ac) ® {b,d} o (2.65)

for any a,c € P and b,d € Q. We shall also say that (P ;A) is a Poisson
co-algebra if P is a Poisson algebra and A : P — P ®P is a Poisson
algebras homomorphism, that is

{A(a), A(b)}per = A({a,b}p) (2.66)

for any a,b € P.
It is useful to note that any Lie algebra g generates a Poisson co-algebra
(P; A) by defining a Poisson bracket on P via the following: for any a,b € P
{a,b}p;=< grad,dgradb > . (2.67)

Here P ~ C*(R™;R) is a space of smooth mappings linked with a base
variables of the Lie algebra g, n = dimg, and the implectic [137, 326]
matrix 9 : T*(P) — T(P) is given as

n
() ={> chap:ij=1,...,n}, (2.68)
k=1
where cfj, 1 <i,j,k <n, are the corresponding structural constants of the

Lie algebra g and = € R™ are the corresponding linked coordinates. It is easy
to check that the co-product (2.55) is a Poisson algebras homomorphism
between P and P ®P. If one can find a quantum deformation U.(g), then
the corresponding Poisson co-algebra P, can be constructed making use
of the naturally deformed implectic matrix ¢, : T*(P,) — T(P,). For
instance, if g = so(2, 1), there is a deformation U, (so(2,1)) defined by the
following deformed commutator relations with a parameter z € C :

[XQaXl] = X37 [X27X3] = _Xla (269)
- 1 -
[X3,X1] = - Sinh(ng),
z

where at z = 0 elements Xz‘ =X, € s0(2,1), i = 1,2,3, comprise a

z=0
base of generators of the Lie algebra so(2,1). Then, based on expressions
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(2.69), one can easily construct the corresponding Poisson co-algebra P,
endowed with the implectic matrix

0 —Z3 —1sinh(2%,)
V,(2) = T3 0 - (2.70)
%sinh(zﬁcg) 571 0

for any point & € R?, linked naturally with the above deformed generators

X;, i =1,2,3. Since the corresponding co-product on U, (so(2,1)) acts on
this deformed base of generators as

AXy)=I10X+Xo®1, (2.71)
5 Z 5 > 5 Z 5
A(Xy) = exp(—ng) X +X;® exp(§X2),
5 Z 5 - - Z 5
A(XZ) = eXp(—ng) X X3 + X3 & eXp(ng),
thereby satisfying the main homomorphism property for the whole de-
formed universal enveloping algebra U, (so(2,1)).
We now consider a realization [21, 330] of the deformed generators X; €

U.(g), 1 <i < n, that is a homomorphism mapping D, : U,(g) — P(M),
such that

D.(X) =&, (2.72)

1 <4 < n, are elements of a Poisson manifold P(M) realized as a space
of functions on a finite-dimensional manifold M, satisfying the deformed
commutator relationships

{éi, €} par) = V2,45(8), (2.73)

where [Xi,Xj] = 19z,ij()~(), 1 < 4,7 < n, generate a Poisson co-algebra
structure on the function space P, := P,(g) linked with a given Lie algebra
G. Making use of the homomorphism property (2.66) for the co-product
mapping A : P,(g) — P.(g) ® P.(g), one finds that for all 1 <i,j <n

{AE:), M) }p.@)ep.(a) = AUZi T} p. () = V245 (A(T)) (2.74)

and similarly for the corresponding co-product A : P(M) — P(M)® P(M)
one has

{A(&), AE) yranerar) = A&, €ty = V2, (A(€)), (2.75)

where {-,-}p () is an eventually canonical Poisson structure on the finite-
dimensional manifold M.
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Let u € M and consider its coordinates as elements of P(M). Then one
can define the following elements

uj = (I@) " tu(@)N 7 e (g)P(M), (2.76)

where 1 < j < N by means of which one can construct the corresponding
N-tuple realization of the Poisson co-algebra structure (2.75) as follows:

&M, ~<N>} ot =,.4;(6N), (2.77)

with 1 <4,5 < n and

(N)
(@ D) (AM (&) = ™ (uy, ug, .. un). (2.78)

For instance, for the U,(so(2,1)) case (2.69), one can take [21] the re-
alization Poisson manifold P(M) = P(R?) with the standard canonical
Heisenberg—Weil type Poissonian structure:

{a, d}pre) = 0= {p,p}pr2), P dpwe) =1, (2.79)

where (g,p) € R%. Then, expressions (2.78) for N = 2 give rise to

& (g1, 2, p1,12) = (D, ® D,)A(X;)
= 2%221“) cos qy exp(5p1) + 2exp(—§p1)w oS qa,
D (g piops) = (D, ®@D)AKS) = p1 +pa, (2.80)
&P (q,qepp2) = (D.®D.)A(X)

sinh( %pQ)

) ) + 2expl3p) I g

where the elements (qi, g2, p1,p2) € R? ® R? satisfy the Heisenberg—Weil
commutator relations induced by (2.79):

{6, 4 p@2er®2) = 0= {pi,pi}r®)er®2), {Pi ¢} p@2)0P®2) = dij
(2.81)

for any i,j =1, 2.

2.7.6 Casimir elements and the Heisenberg—Weil algebra
related structures

Consider a Casimir element C' € U, (g) related to an R 5 z-deformed Lie
algebra G structure of the type

[Xi, X;] = 9..0;(X), (2.82)

where 1 < i,j < n,n = dim g, and, by definition, [C, X;] = 0. The following
general lemma holds.
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Lemma 2.2. Let (U.(g9);A) be a co-algebra with generators satisfying
(2.82) and C € U,(g) be its Casimir element; then

[A(m) (0)7 A(N) (Xi)hzwl)

=0 (2.83)
® U.(g)

foranyl<i<nandl <m < N.

As a simple corollary of this lemma, one finds from (2.83) that

[A(C), A (O, =0
® U= (g)

for any k,m € Z,.

Consider now a realization (2.72) of our deformed Poisson co-algebra
structure (2.82) and check that the expression

[A(C(@), A (@), =0 (2.84)
® P(M)

too for any m = 1,...,N, N € Z4, if C(é) € I(P(M)), that is
{C(e),q}pary = 0 for any u € M. Since

(N)

H™M (q) == A (H(e)) (2.85)

(N)
are in general smooth functions on ® M, which can be used as Hamilto-

(N)
nians subject to the Poisson structure on ® P(M); the expressions (2.85)
mean that

m (m) , s
M (w) ;= AT (C(8)) (2.86)
are their invariants, that is

(7" (u), H

(N)

(w) } vy =0 (2.87)
® P(M)

for any 1 < m < N. Thus, the functions (2.85) and (2.86) generate, under
some additional but natural conditions, a hierarchy of Liouville integrable

Hamiltonian flows on the Poisson manifold (g)P(M ).

Suppose now that the Poisson manifold P(M) possesses its co-algebra
deformation P, (g). Then for any coordinate points x; € P(g), the following
relationships

{wia;} = cjay = Vi) (2.88)

k=1
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define a Poisson structure on P(g), related to the corresponding Lie algebra
structure of G, and there exists a representation (2.72), such that the ele-
ments &; := D, (X;) = &(x) satisfy the relationships {é;, Ei}p.(g) = V2,i5(€)
for which the limiting conditions

. ~ k .~
;%ﬂz,i]‘(e) = I;cijxk, ;%ei(x) =x; (2.89)

hold for all 1 < 4,5 < n. For instance, take the Poisson co-algebra
P,(so(2,1)) for which there is a realization (2.72) in the form

- sinh(3z2) -

él = Dz(Xl) = o 1, ég = Dz(XQ) = T2, (290)
2

N - sinh(£x2)

& = Do(Xy) = —— 2,
2

where z; € P(s0(2,1)), i = 1,2, 3, satisfy the so(2, 1)-commutator relation-
ships
{352,961}79(30(2,1)) = I3, {$2,$3}P(so(2,1)) = — T, (2-91)
{23, 21} p(s0(2,1)) = P2,
with the co-product operator A : U, (so(2,1)) — U,(s0(2,1)) @ U, (s0(2,1))
given as (2.71). It is easy to check that conditions (2.88) and (2.89) hold.
The next example is related to the co-algebra i, (7 (1, 1)) of the Poincaré
algebra 7(1,1) for which the following non-deformed relationships
(X1, Xo] = X3, [X1, X3] = Xo, [X3,X2]=0 (2.92)
hold. The corresponding co-product A : U, (w(1,1)) — U,(7w(1,1)) ®
U.(m(1,1)) is given by the Woronowicz [402] expressions
AX))=T0X + X1 ®1, (2.93)
A(Xz) = exp(=5X1) © X1 + X1 @ exp(5 K1),
A(Xs) = exp(—3 K1) © Ko + Xo © exp(5 K1),

where z € R is a parameter. Within the deformed expressions (2.93), the el-
ements X; € U,(m(1,1)), j = 1,2, 3, still satisfy non-deformed commutator

relationships, that is 192,2-]-()2) = ¥;j(X)|x_ ¢ forany z € R, i,j = 1,2,3,
given by (2.92). Accordingly we find that ¢é; := D,(X;) = é&(x) = z,,
where for z; € P(n(1,1)), i = 1,2, 3, the following Poisson structure

{1, 22}pra)) = 23, {71, 23} p(r1,1)) = T2, (2.94)

{z3, 22} p(r(1,1)) =0
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holds. ~ Moreover, since C = z3 — 23 € I(P(w(1,1))), that is
{C, 2} piz(1,1)) = 0 for any i = 1,2,3, one can construct using (2.85)

and (2.86), integrable Hamiltonian systems on (g)P(ﬂ'(l, 1)). The same
can be done subject to the above Poisson co-algebra P,(so(2,1)) realized
by means of the Poisson manifold P(so(2,1)), by taking into account that
C =23 — 2?2 — 23 € I(P(s0(2,1))) is a Casimir.

Now we consider a special extended Heisenberg—Weil co-algebra U, (hy),
also called the oscillator co-algebra. The nondeformed Lie algebra hy com-
mutator relationships take the form

[n,a4] =ay, [n,a-]=—a_, (2.95)

[a—7a+] =m, [mv ] = Oa
where {n,ay,m} C hy comprise a basis of hy,dimhy = 4. The Poisson
co-algebra P(hy) is naturally endowed with the Poisson structure similar

to (2.95) and admits its realization (2.72) on the Poisson manifold P(R?).
Namely, on P(R?) one has

ex = D(ax) = y/pexp(Fq), (2.96)
e1 = D(m) =1, eg = D(n) = p,
where (q,p) € R? and the Poisson structure on P(R?) is canonical and is
the same as (2.79).
Closely related to the relationships (2.95) is a generalized U, (su(2))
co-algebra, for which

[z3,24] = +24, [y+,-] =0, (2.97)

1
_|= sin (2 _cos(2
[z4, 2] = y4 sin(2zx3) + y— cos( zxg)sinz,

where z € C is an arbitrary parameter. The co-algebra structure is now
given as

A(r2) = ¢()€"™ @ ws + 24 @ 5,677, (2.98)
Alzy) =I@x3+a3 01, AlcF) =cf @ cf,
)
)

V(‘r:F ( 1(2 ) lefzzwsxiezzzs (C;t(l))717
+

( ) V(eiizxg) _ eq:izxg

with ¢ € U, (su(2)), i = 1,2, being fixed elements. One can check that
the Poisson structure on P,(su(2)) corresponding to (2.97) can be realized

v(c;



40 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

by means of the canonical Poisson structure on the phase space P(R?) as
follows:

[, 0] = 4, D.(x3) =g, D.(zg) = e="g.(q), (2.99)
9:(a) = (b +sinl=(s — )])(y sinl(g + 5+ 1] +y- coslz(g + 5+ D)2,

where k, s € C are constant parameters. Whence, by making use of (2.86)
and (2.87) one can construct a new class of Liouville integrable Hamiltonian
flows.

2.7.7 The Heisenberg—Weil co-algebra structure and related
integrable flows

Consider the Heisenberg—Weil algebra commutator equations (2.95) and
their related homogeneous quadratic expressions

_ o2
Riz :{ T1Ty — T2x1 — i = 0, (2.100)

13z — X3T1 = 0, Loy — 3Ty — 0,
where a € C, x; € A, i =1,2,3, are elements of a free associative algebra
A. The quadratic algebra A/R(z) can be deformed via

(o) = {

where z1, 2z € C\{0} are parameters.
Let V be the vector space of columns X := (z1, 22, 23)T and define the

T1To — 21T9T] — aa:% =0, (2.101)

—1
T1%3 — 297371 = 0, oz — 25 X372 =0,

following action

hr: V- (VeVH)aV, (2.102)
where for any X e Vand TeV®V,
hr(X)=T® X. (2.103)

It is easy to check that conditions (2.101) will be satisfied if the following
relations [33]

T Tss = TasTyy, TioTss = 25 *TssTho, TonTas = 21 T33To1,  (2.104)
TooTss = Ta3Toa, Ts1Ta3 = 22133751, TsoTss = 27 ' Ta3Ts2,
T11Tho = 21119101, TorTos = 21122701, 227111132 — 20132111

= z122T12T51 — T31 T2, TorTs2 — 212015210

= 21190151 — 20151102, T11T22 — T22T11

= 21 TioTor — 27 ' To1Tha, (ThiTae — 21T10To1)

= aTyy — Ts1 T2 + 2132 T
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hold. For convenience, we set 2; = 25 := 22 € C and compute the “quantum
determinant” D(T) of the matrix T : (A/R.(x))® — (A/R.(z))3 :
D(T) = (Ty1 T — 2~ *To1T12) T33. (2.105)

Note here that the determinant (2.105) is not central, that is

DTy, =Ty D', D7 'Tyy =275T,D7 (2.106)

D™ 'T33 =Ts3D™', 27D 'Ty =Ty D 7Y,

D'y =T D', 272D T3 = T3 D7,

D 1T5 = 2733, DL,
Taking into account properties (2.104) - (2.106), one can construct the

Heisenberg—Weil related co-algebra U, (h) as a Hopf algebra with the fol-
lowing coproduct A, counit ¢ and antipode v :

AT):=T®T, A(D™Y:=DteD™ (2.107)
e(T):=1, (DY :=1, v(T):=T7",
v(D):= D™

Using relationships (2.104), one can easily construct the Poisson tensor

{AD), AT pomer. iy = AUT, Thp.my) = 0-(AT)),  (2.108)

subject to which all of functionals (2.86) are mutually commuting and
Casimirs. ~ Choosing appropriate Hamiltonian functions HN)(T) :=
AW (H(T)) for N € Z, yields nontrivial a priori integrable Hamiltonian
systems. On the other hand, the co-algebra U, (h) constructed from (2.106)
and (2.107) possesses the following fundamental R-matrix [204] property:

RNT@DIST) = (I0T)(ToI)R(2) (2.109)

for a complex-valued matrix R(z) € Aut(C® @ C?), z € C. This property
is well known [204, 373], and gives rise to a regular procedure for con-
structing an infinite hierarchy of Liouville integrable operator (quantum)
Hamiltonian systems on related quantum Poissonian phase spaces.
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Chapter 3

Integrability by Quadratures of
Hamiltonian and Picard-Fuchs
Equations: Modern
Differential-Geometric Aspects

3.1 Introduction

Integration by quadratures [3, 14, 140, 310, 383] of a differential equation
in R™ is a method of seeking its solutions by means of a finite number of
algebraic operations (together with inversion of functions) and quadratures,
which are calculations of integrals of known functions.

Assume the differential equation is given as a Hamiltonian dynamical
system on a symplectic manifold (M?", w(2)), n € Z4, in the form

du/dt = {H,u}, (3.1)

where v € M?", H : M?" — R is a sufficiently smooth Hamiltonian func-
tion [14, 3, 326] with respect to the Poisson bracket {-,-} on D(M?3"),
dual to the symplectic structure w® € A?(M?"), and t € R is the evolu-
tion parameter. To set the stage for the investigation in this chapter, we
first summarize some fundamental results on integrability by quadratures.

More than 150 years ago French mathematicians and physicists, starting
with Bour and then Liouville, proved the first integrability by quadratures
theorem, which in modern terms [212] can be stated as follows.

Theorem 3.1 (Bour—Liouville). Let M?" ~ T*(R") be a canonically
symplectic phase space for a Hamiltonian dynamical system (3.1) with a
Hamiltonian function H : M?* xR — R possessing a Poissonian Lie algebra
g of n € Zy invariants H; : M?" x R — R such that

{HZaHj} = ZcfjHS7
s=1

and for all 1 <, j,k < n the cj; are real constants on M? x R. Suppose
further that

43
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M= {(u,t) e M xR :h(Hj) =h;,1 < j<nheg},

the integral submanifold of the set g of invariants at a regular h € g*, is a
well-defined connected submanifold of M?* x R. Then if

i) all functions of g are functionally independent on M,;L"H;
W) >, cijhs =0 for alli,j =1,...,n;
iii) the Lie algebra g = spang{H; : M* xR —R:1<j<n} is solvable,

the system (3.1) on M>" is integrable by quadratures.

As a simple corollary of the Bour—Liouville theorem, one has the follow-
ing result.

Corollary 3.1. If a Hamiltonian system on M?" = T* (R™) has just n
functionally independent invariants in involution, that is the Lie algebra g
1s abelian, then it is integrable by quadratures.

In the autonomous case when the Hamiltonian H = H; is a constant of
motion, and the invariants H; : M? - R, j=1,...,n, are independent
of the evolution parameter ¢ € R, the involutivity condition {H,;, H;} =0,
1 <4,7 < n, can be replaced by the weaker requirement {H, H;} = ¢;H
for some constants c; € R, j=1,...,n.

The first proof of Theorem 3.1 was based on a result of S. Lie that
follows.

Theorem 3.2 (Lie). Let the vector fields K; € I'(M?*™) be independent in
an open set U, € M?", generate a solvable Lie algebra g with respect to the
usual commutator [-,-] on T(M?") and [K;, K] = ¢;K for all 1 < j < n,
where the c; are real constants. Then the dynamical system

4 :=du/dt = K(u),
where w € U, C M?" is integrable by quadratures.

One of the first systems to be shown to be integrable by quadratures
is that of the governing equations for three point particles moving along a
line in the presence of a uniform potential field.

Theorem 3.3. The dynamics of three particles on a line R under a uniform
potential field is integrable by quadratures.

The motion of three particles on an axis R in a uniform potential field
Q(]|-]]) is described as a Hamiltonian system on the canonical symplectic
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phase space M = T*(R?) with the following Lie algebra g of invariants on
M2
3

(p}/2m;) + Z (lgi = a5l), (3-2)

I
<.
—_

3 3
HZZZijjv H3=ij,
Jj=1 j=1

where (¢;,p;) € T*(R), j = 1,2,3, are the canonical coordinates and mo-
menta, respectively. The commutation relations for the Lie algebra g are

{H,H3} =0, {H3,H3} = Hs, {Hy,Hy}=2H,, (3.3)

hence it is clearly solvable. Taking a regular element h € g* such that
h(Hj) = hj =0, for j = 1 and 3, and h(Hz2) = hy € R arbitrary, one
obtains the integrability in quadratures.

In 1974, V. Arnold proved [14] the following important result known as
the commutative (abelian) Liouville-Arnold theorem.

Theorem 3.4 (Liouville-Arnold). Suppose a set g of functions H; :
M?" — R on a symplectic manifold M 2™ is abelian, that is

{Hi Hy} =0 (3.4)

1,7 =1,...,n. If on the compact and connected integral submanifold M}} =
{u€e M? : h(H;) =h; €eR,j=1,...,n,h € g*} with h € g regular, all
functions H : M?" € R, 1< j <n are functionally independent, then My
is diffeomorphic to the n-dimensional torus T™ ~ M?" and the motion on
it with respect to the Hamiltonian H = Hy € g is a quasiperiodic function
of the evolution parameter t € R.

A dynamical system satisfying the hypotheses of Theorem 3.4 is called
completely integrable.

Mishchenko and Fomenko [259] proved the following generalization of
the Liouville-Arnold Theorem 3.4 in 1978.

Theorem 3.5 (Mischenko—Fomenko). Assume that on a symplectic
manifold (M2”,w(2)) there is a monabelian Lie algebra g of invariants
H; - M — R, 1< 5 <k with respect to the dual Poisson bracket on
M?", that is
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k
{Hi, H;} => ¢} H,, (3.5)
s=1

where all values ¢j; € R, 1 <4,j,s < k, are constants, and the following
conditions are satisfied:

i) the integral submanifold M} = {u € M®" : h(H); = h € g*} is com-
pact and connected at a regular element h € g*;

i) all functions H; : M*™ — R, 1 < j <k, are functionally independent
on M2n}.

iii) the Lie algebra g of invariants satisfies

dim g + rankg = dim M?", (3.6)

where rankg = dim gy, is the dimension of the Cartan subalgebra gp C g.
Then the submanifold M C M?" is r = rankg-dimensional, invariant with
respect to each vector field K € T'(M?") generated by an element H €
gn, and diffeomorphic to the r-dimensional torus T ~ M, on which the
motion is a quasiperiodic function of the evolution parametert € R.

The simplest proof of the Mishchenko—Fomenko Theorem 3.5 can be
obtained from the classical Lie-Cartan theorem [3, 85, 173, 344].

Theorem 3.6 (Lie—Cartan). Suppose that a point h € g* for a Lie alge-
bra g of invariants H; : M? - R, 1< j <k, is not critical, and the rank
of the matriz ({H;, H;} :1<14,j <k) = 2(n—r) is constant in an open
neighborhood Uy, € R™ of {h(H;) = h; € R : j =1,...,k} C R*. Then
in (h o H’l) (U)n, C M?" there exist k independent functions fs:g— R
such that Fs .= (fso H) : M*™ — R, 1 < s <k, satisfy

{F17F2} = {F37F4} = ... = {FZ(n—r)—laFQ(n—r)} = ]-7 (37)

with all other brackets {F;, F;} = 0, when (i,7) # (2s—1,25),1 < s < n—r.
In particular, (k+r —n) functions F; : M** - R, 1 < j <n—r, and
Fy: M?" - R, 1 <s<k—2(n—r), comprise an abelian algebra g, of
new invariants on M?", independent on (ho H)~Y(Uy) C M?".

As a simple corollary of the Lie-Cartan Theorem 3.6, one obtains
the following : in the case of the Mishchenko—Fomenko theorem when
rankg + dimg = dim M?2", that is » + k = 2n, the abelian algebra g,
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(not a subalgebra of g) of invariants on M?" is just n = (1/2)dim M?"-
dimensional, which implies its complete integrability in (h o H)~(Up,) C
M?" owing to Theorem 3.4. It is also evident that the Mishchenko—Fomenko
nonabelian integrability theorem 3.5 reduces to the commutative (abelian)
Liouville-Arnold case when a Lie algebra g of invariants is abelian, since
then rankg = dimg = (1/2)dim M?" = n € Z, - the standard complete
integrability condition.

All the cases of integrability by quadratures described above suggest the
following fundamental question: How can algebraic-analytical methods be
used to construct the corresponding integral submanifold embedding

w2 M] — M*", (3.8)
where r = dim g = rankg, thereby making it possible to express the solu-
tions of an integrable flow on M as quasiperiodic functions on the torus
T" ~ M;?

In the remainder of this chapter, we shall describe an algebraic-
analytical algorithm for resolving this question for the case when a sym-
plectic manifold M 2" is diffeomorphic to the canonical symplectic cotangent
phase space T*(R) ~ M?".

3.2 Preliminaries

Our focus will be differential systems of vector fields on the cotangent phase
space M?" = T*(R"), endowed with the canonical symplectic structure
w® € A2(M?"), where w® = d(pr*aM), and

n
oW =< p,dg >= ijdqj, (3.9)

j=1
is the canonical 1-form on the base space R™. If lifted naturally to the
space AY(M?*"), (q,p) € M?" become canonical coordinates on T*(R™),
pr : T*(R™) — R™ is the canonical projection, and < -,- > is the usual

scalar product in R™.

Assume further that there is a Lie subgroup G (not necessary compact),
acting symplectically via the mapping ¢ : G x M?" — M?" on M?", gener-
ating a Lie algebra homomorphism ¢, : T(g) —I'(M?") from the diagram

gxg = T(g) % T(Mm2n)
! ! (3.10)
g "pﬁ:) M2n



48 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS
where u € M?". Thus, for any a € g we can define a vector field K, €
L(M?") as

K, =@ -a. (3.11)

Since the manifold M?" is symplectic, one has for any a € g a function
H, € D(M?") as defined by

—ig,w® =dH,, (3.12)
whose existence follows from the invariance property
Lg,w® =0 (3.13)
for all a € g. The following lemma [3] is useful in many applications.

Lemma 3.1. If the first homology group Hi(g;R) of the Lie algebra g van-
ishes, then the map ® : g — D(M?") defined as

O(a) := H, (3.14)

for any a € g, is a Lie algebra homomorphism of g and D(M?*") endowed
with the Lie structure induced by the symplectic structure w® € A2(M2m).
In this case g is said to be Poissonian.

As the mapping ® : g — D(M?>") is linear in g, the expression (13.29)
defines a momentum map [ : M?" — g* as follows: for any u € M?" and
allaeg

(I(u),a)q = Hq(u), (3.15)

where (-,-)4 is the standard scalar product on the dual pair g* x g. The
following characteristic equivariance [3, 326] result holds.

Lemma 3.2. The diagram

M2n i) g*
g lAdZ,l (3.16)
M2n L g*

commutes for all g € G, where Ad;_1 1 g" — g* is the corresponding co-
adjoint action of the Lie group G on the dual space g*.



Integrability by Quadratures 49

Take now any vector h € g* and consider a subspace g, C g consist-
ing of elements a € g such that ad;h = 0, where ad} : g* — g* is the
corresponding Lie algebra g representation in the dual space g*.

The following lemmas can easily be verified.

Lemma 3.3. The subspace g;, C g is a Lie subalgebra of g, called a Cartan
subalgebra.

Lemma 3.4. Assume a vector h € g* is chosen such that r = dimgy, is
minimal. Then the Cartan Lie subalgebra gn C g is abelian.

In Lemma 3.4 the corresponding element h € g* is called regular and
the number r = dim gy, is called the rankg of the Lie algebra g.

Some 20 years ago, Mishchenko and Fomenko [259] proved the following
important noncommutative (nonabelian) Liouville-Arnold type theorem.

Theorem 3.7. On a symplectic space (MQ",w(Q)) suppose H; € D(M>"),
j =1,...,k, are smooth functions whose linear span over R comprises a
Lie algebra g with respect to the corresponding Poisson bracket on M?".
Suppose also that the set

MR ={ue M* :h(H;)=h; €R, j=1,....,k, heg'}

with h € g* reqular, is a submanifold of M>", and on M,f"_k all the func-
tions H; € D(M*™), j = 1,...,k, are functionally independent. Assume
also that the Lie algebra g satisfies the following condition:

dim g+rankg = dim M?". (3.17)

Then the submanifold M| := Mﬁ”_k is rankg = r-dimensional and in-
variant with respect to each vector field Kz € T(M?") with @ € g, C g.
Given a vector field K = Kz € T(M?") with @ € g, or K € I'(M?") such
that [K, K,] =0 for all a € g, then if the submanifold M} is connected and
compact, it is diffeomorphic to the r-dimensional torus T ~ M} and the
motion on it induced by the vector field K € T'(M?") is quasiperiodic.

The easiest proof of this result employs the [85, 173, 212] classical Lie—
Cartan theorem described above. Here we shall only sketch the original
Mishchenko-Fomenko proof that is based on symplectic theory techniques,
some of which we have already discussed.

Sketch of proof. Define a Lie group G as G = exp g, where g is the
Lie algebra of functions H; € D(M?"), 1 < j < k, in the theorem, with
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respect to the Poisson bracket {-,-} on M?". Then, for an element h € g*
and any a = 2521 cjHj; € g, where ¢; € R, 1 < j <k, the formula
k k
(hya)g = ¢;h(H;) = cjh; (3.18)
Jj=1 Jj=1
holds. Since the set of functions H; € D(M?"), 1< j <k, is independent
on the level submanifold M} C M2, it follows that h € g* is regular for the
Lie algebra g. Consequently, the Cartan Lie subalgebra g, C g is abelian.
This can be proved by means of simple straightforward calculations. More-
over, the corresponding momentum map [ : M?" — g* is constant on M}
and satisfies
I(Mp)=heg". (3.19)
Therefore, all the vector fields K ; € T'(M?"), @ € g, are tangent to
the submanifold M] C M?". Thus, the corresponding Lie subgroup G, :=
exp g, acts naturally and invariantly on M. If the submanifold M} C M?"
is connected and compact, it follows from (3.17) that dim M} = dim M?" —
dim g = rankg=r, and it follows from the Arnold theorem [14, 3, 173] that
M} ~ T7 and the motion induced of the vector field K € T'(M?") is a
quasiperiodic function of the evolution parameter ¢t € R, thus proving the
theorem. OJ
As a nontrivial consequence of the Lie—Cartan theorem and Theorem
3.7, one can prove the following dual theorem concerning abelian Liouville—
Arnold integrability.

Theorem 3.8. Let a vector field K € T'(M?™) be completely integrable via
the nonabelian scheme of Theorem 3.7. Then it is also Liouville—Arnold
integrable on M?™ and possesses, under some additional conditions, yet

another abelian Lie algebra gn of functionally independent invariants on
M?" for which dim g, = n = (1/2) dim M?>".

The available proof of the theorem above is quite complicated, and
we shall comment on it in detail in the sequel. We mention here only
some analogs of the reduction Theorem 3.7 for the case where M?" ~ g*,
so that an arbitrary Lie group G acts symplectically on the manifold, as
also proved in [153, 216, 250, 326, 370, 381, 407]. Notice here, that if the
equality (3.17) is not satisfied, one can, in the usual way, construct the re-

— om—k—
duced manifold M in "i=M 2n=F |G, on which there exists a symplectic

structure wf ) e A2 (Min_k_r), defined as

riw® = riw® (3.20)

3
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with respect to the following compatible reduction-embedding diagram:

k—
J7 PN Y E U VU (3.21)
_ In—k— _ .
where 7, : MZ" k Mhn "and 7, : Mi" K M2 are, respectively,

the correspondlng reductions and embedding maps. The nondegeneracy
of the 2-form @\") € A2(,), defined by (3.20), follows simply from the
expression

ker(mjw® (u)) = T (M%) N TH(MF) (3.22)

—2n—k—r

= spang { Kz(u) € T, (M, ) =M% /G) a € g}

for any u € MQ"_k, since all the vector fields Kz € T'(M?"), @ € gy,
—2n—k—r

are tangent to M = ME"*k/Gh. Thus, the reduced space is
—on—k—
M,Zln "= Mﬁ" k/Gh with respect to the orbits of the Lie subgroup

G, action on M7 F will be a (2n — k — r)-dimensional symplectic man-
ifold. Whence, it is clear that the number 2n — k —r = 2s € Z4 is even
as there is no symplectic structure on odd-dimensional manifolds. This ob-
viously is closely connected with the problem of existence of a symplectic
group action of a Lie group G on a given symplectic manifold (M?",w(?))
with a symplectic structure w® € A?)(M?") that is fixed.

From this point of view, one can consider the inverse problem of con-
structing symplectic structures on a manifold M?2" that admits a Lie group
G action. Namely, owing to the equivariance property (3.16) of the momen-
tum map [ : M 2n 5 g*, one can obtain the induced symplectic structure
o n M, h ~*" from the canonical symplectic struc-
ture Qi ) A(Q)(Or(h7 G)) on the orbit Or(h; G) C g* of a regular element
h € g*. Since the symplectic structure l*Q;f) € A%2(M}) can be naturally
lifted to the 2-form &) = (rf o l*)Qf) € A2(M7"~%), which is degener-
ate, M 2"_1“ can be non-uniquely extended on the whole manifold M?2" to
a symplectic structure w® € A2(M?"), for which the action of the Lie
group G is symplectic. Thus, many properties of a given dynamical system
with a Lie algebra g of invariants on M?" are intrinsically connected with
the symplectic structure w® € A?(M?") with which the manifold M?" is
endowed, and in particular, with the corresponding integral submanifold
embedding mapping 7, : M}%"_k — M?" at a regular element h € g*. The
problem of direct algebraic-analytical construction of this map is partially
solved in [310, 329] when n = 2 for an abelian algebra g on the manifold
M* = T*(R?). The treatment of this problem in [329] has been extensively
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based both on the classical studies of Cartan on integral submanifolds of
ideals in Grassmann algebras and on the recent Galissot—Reeb—Francoise re-
sults for a symplectic manifold (M?",w(?)) structure, on which there exists
an involutive set g of functionally independent invariants H; € D(M?"),
1 < j < n. In what follows, we generalize the Galissot—Reeb—Francoise re-
sults [135, 136] to the case of a nonabelian set of functionally independent
functions H; € D(M?"), 1 < j < k, comprising a Lie algebra g and satis-
fying the Mishchenko—Fomenko condition (3.17): dim g+rankg =dim M?".
This makes it possible to devise an effective algebraic-analytical method of
constructing the corresponding integral submanifold embedding and reduc-
tion mappings, giving rise to a wide class of exact, integrable by quadratures
solutions of a given integrable vector field on M?".

3.3 Integral submanifold embedding problem for an abelian
Lie algebra of invariants

We shall consider here only a set g of commuting polynomial functions
H; € D(M*"), 1 < j < n, on the canonically symplectic phase space
M?" = T*(R"). The Liouville-Arnold theorem [14] guarantees that any
dynamical system K € I'(M?") commuting with corresponding Hamilto-
nian vector fields K, for all a € g, is integrable by quadratures in case of a
regular element h € g*, which defines the corresponding integral submani-
fold M :={ue€ M?":h(H; )=h; €R, 1<j<n}, which is diffeomor-
phic (when compact and connected) to the n-dimensional torus T™ ~ M.
This, in particular, means that there exists an algebraic-analytical expres-
sion for the integral submanifold embedding mapping 7y, : M* — M?" into
the ambient phase space M?2", which one needs to find in order to properly
demonstrate integrability by quadratures.

The problem formulated above was posed and partially solved (as al-
ready mentioned) for n = 2 in [329] and in [203] for a Henon—Heiles dy-
namical system, which had previously been integrated [13] using other tools.
Here we generalize the approach of [329] for the general case n € Z and
proceed to solve this problem in the case of a nonabelian Lie algebra g of
polynomial invariants on M?2" = T*(R"), satisfying all the conditions of
the Mishchenko-Fomenko Theorem 3.4.

Define now the basic vector fields K € ['(M?"), 1 < j < n, generated
by elements H; € g of an abelian Lie algebra g of invariants on M 2 as
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follows:

—ig,w? = dH; (3.23)
for all j =1,...,n. It is easy to see that the condition {H;, H;} = 0 for
all 1 <4,j < n, yields also [K;, K;] = 0 for all 1 <4,j < n. Taking into
account that dim M?" = 2n one obtains the equality (w®)" = 0 on M?.
This leads directly to the following result due to Galissot and Reeb.

Theorem 3.9. Assume that an element h € g* is reqular and a Lie algebra
g of invariants on M?*" is abelian. Then there exist differential 1-forms
h§1) e AN UMPM)), 1 < j < n, where U(M}) is a neighborhood of the
integral submanifold M C M?" satisfying the following properties:

: 2 _\" AN
i) WO gy = Doy dH A By
i) the exterior differentials dhgl) € A2(U(M})) belong to the ideal Z(g)
in the Grassmann algebra A(U(M}')) generated by 1-forms dH; €
AN U(MP)), j=1,...,n.
Proof. Consider the following identity on M2":
(®7_yix,) (W) =0 =£(n+ DA dH;) A 0, (3.24)

which implies that the 2-form w® € Z(g). Whence, one can find 1-forms
h;l) e AN (UM)), j=1,...,n, satisfying the condition

<2>‘ =S "aH; AtV 3.25
w . :

U(Mp) ; T (8.25)
Since w® € A2(U(M})) is nondegenerate on M?", it follows that all 1-

forms h§-1)7 j=1,...,n,in (3.25) are independent on U (M]'), proving part
i) of the theorem. As dw® = 0 on M?", from (3.25) one obtains

S am; adnSY =0 (3.26)
j=1
on U(M;]'), hence it is obvious that dh;l) € I(g) C AUM])) for all
j=1,...,n, proving part i) of the theorem. O

Now we proceed to study properties of the integral submanifold M} C
M?" of the ideal Z(g) in the Grassmann algebra A(U(M]')). In general,
the integral submanifold M}’ is completely determined [173, 344] by the
embedding

T s MY — M (3.27)
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and using this, one can reduce all vector fields K; € L(M?*"),1<j<n,
on the submanifold M;' C M 2n_since they are clearly in its tangent space.
If K; € T(M}) are the corresponding pullbacks of the vector fields K; €
['(M?"), then by definition, the equality

Theo Kj = Kjom, (3.28)

holds for all 1 < j < n. Similarly one can construct 1-forms E;l) =

) h§1) € A'(M]?), 1 < j < n, which are characterized by the following
Cartan—Jost [173, 344] theorem.

Theorem 3.10. The following properties obtain:

i) the 1-forms h§ ) € Al(M}?), j=1,...,n, are independent on M]';
ii) the 1-forms h; Ve AL(MP), g

1) .
RY(R;) =65, 1<i,j <n.

1
i =1,...,n, are exact on M}’ and satisfy

Proof. As the ideal Z(g) vanishes on M]* C M?" and is closed on U(M]),
the integral submanifold M;' is well-defined in the case of a regular ele-
ment h € g*. This implies that the embedding (3.27) is nondegenerate
on Mj' C M?", or the 1-forms E;l) =m0 h;l), 1 < 5 < n, persist in
being independent if they are 1-forms h§l) e AM UMM, 1 < j < n,
proving part i) of the theorem. Using property ii) of Theorem 3.9, one
sees that on the integral submanifold M]" C M 2n - all 2-forms dﬁ;l) =0,
1 < j < n. Consequently, owing to the Poincaré lemma [144, 173], the
1-forms E;l) = dt; € A'(M}) for some maps t; : M — R, 1 < j <n,
defining global coordinates on a universal covering of M;'. Consider now
the following identity based on the representation (3.25):

n

. 2 1

iK; w! )’U(M’?) = —;hz(- )(Kj) dH,; :== —dH}, (3.29)
which holds for all 1 < j < n. As all dH; € A*(U(M}")), are independent,
from (3.29) one infers that hgl)(Kj) = 0;; for all 1 < 4,5 < n. Recalling
now that K; omp = mpy o K; for every 1 < i < n, one readily computes
that TtV (K;) = mi bV (K ) i= b (1 0 K;) = BV (K o ) = 85 for all
1 <i,7 < n, which proves ii). O

The following is a simple consequence of Theorem 3.10:
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Corollary 3.2. Suppose that the vector fields K; € T(M?"), 1 < j < n, are
parametrized globally along their trajectories by corresponding parameters
tj: M?* — R; that is, on the phase space M>"

d/dtj = Kj (330)

for all 1 < j < n. Then the following equalities hold (up to constant
normalizations) on the integral submanifold M]* C M?":

bl = (3:31)
for1 <j<n.

Consider a Liouville-Arnold integrable Hamiltonian system on the
cotangent canonically symplectic manifold (T*(R™),w®), n € Z, , possess-
ing exactly n functionally independent and Poisson commuting algebraic
polynomial invariants H; : T*(R") — R, 1 < j < n. Due to the Liouville-
Arnold theorem, this Hamiltonian system can be completely integrated by
quadratures in quasiperiodic functions on its integral submanifold when
taken to be compact. Equivalently, this compact integral submanifold is
diffeomorphic to a torus T, which makes it possible to formulate the prob-
lem of integrating the system by quadratures in terms of the corresponding
integral submanifold embedding j, : M] — T*(R™), where

MJ :={(q,p) e T*(R™) : H;j(¢,p) = h; € R, 1 <j <n}. (3.32)
Since M} ~ T™, and the integral submanifold (3.32) is invariant for all
Hamiltonian flows K; : T*(R™) — T(T*(R")), 1 < j <n, where
ix,w? = —dH; (3.33)
and there exist corresponding “action-angle”- coordinates (p,v) € (T%, R™)
on the torus T2 = M}, specifying the embedding m., : T — T*(R") by
means of a set of smooth functions v € D(R™), where
T = {(¢,p) € T*(R") : ~;(H) =7; €R, 1 <j <n}. (3.34)

The map induced by (3.34), v : R® 5 h — R"™, has many applications and
was studied by Picard and Fuchs subject to the corresponding differential
equations it satisfies:

9vj(h)/0h; = Fij(v; h), (3.35)

where h € R®* and F;; : R" xR* - R, 1 < 4,5 < n, are al-
most everywhere smooth functions. When the right-hand side of (3.35)
is a set of algebraic functions on C"*x C™ > (v;h), all Hamiltonian flows



56 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

K; : T*(R") - T(T*(R")), 1 < j < n, are said to be algebraically com-
pletely integrable in quadratures. In general, equations like (3.35) were stud-
ied in [93, 181]; a recent example can be found in [135, 136]. It is clear
that Picard-Fuchs equations (3.35) are related to the associated canonical
transformation of the symplectic 2-form w® € A%(T*(R™)) in a neighbor-
hood U(Mj}}) of the integral submanifold M} C T*(R™). More precisely,
set w(q,p) = dpr*aV(g; p), where for (q,p) € T*(R"™)

aD(g;p) :=> pjdg; =< p,dg >€ A'(R") (3.36)

j=1
is the canonical Liouville 1-form on R™, < -, > is the usual scalar product
in R™, pr : T*(R™) — R™ is the bundle projection. One can now define a

mapping
dSqy: R" — T/ (R"), (3.37)
such that dS;(h) € Ty (R") is an exact 1-form for all ¢ € Mj! and h € R",
yielding
(dS,)* (dpraM) = (dS,)*w® := d2S, = 0. (3.38)
Thus the mapping (3.37) is a generating function [3, 14, 132, 173] S, :
R™ — R, satisfying
prraW(g;p)+ < t,dh >= dS,(h), (3.39)

where t € R™ is the set of evolution parameters. It follows immediately
from (3.39) that

Sq(h) = / ' < p,dq > (3.40)

(0)

Mr
holds for any ¢,q® € M}'. One can define another generating function
Sy : R™ — R such that

dS, : R™ — T (M), (3.41)

where 1 € M « ?:18} are global separable coordinates on M}' owing
to the Liouville-Arnold theorem. Thus, we have the following canonical
relationship:

<w,dp >+ < t,dh >=dS,(h), (3.42)

where w; = w;(p;;h) € T, (S}) for every 1 < j < n. Consequently, it
follows readily that
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/ " w(\; h)dA, (3.43)

satisfying the following relationship on M} C T*(R™)

S, + dL, = dS,| (3.44)

9=q(p;h)
for a mapping £, : R™ — R. As a result of (3.43) and (3.44), one readily
finds that

ti = 0S,(h)/0hi, < p,0q/0p; >= w; + 0L, /Ou; (3.45)

for all ¢ =1,...,n. A construction similar to the above can be performed
subject on the embedded torus T2 C T*(R") :

dSy(v) = pidg; + > wudvi, (3.46)
j=1 i=1
where owing to (3.37) Sy (7) := Sq(€-y), &(h) = h, forall (¢;v) € U(M}).
For angle coordinates ¢ € T7, one obtains from (3.46) that

pi = 054(7)/0i (3.47)

forall 1 <i<mn. As ¢; € R/27Z, 1 <i <mn, from (3.48) one computes
that

! 19 5 19
2 ST 5 oy, = o5 4
21 J dp; = d;; 2 0; ifﬁ) dSq(v) 27 07, jz{,(") < p,dg > (3.48)

for all canonical cycles a;h) C Mj', 1< j < n, constituting a basis of
the one-dimensional (integral) homology group H;(M;';Z). Accordingly it
follows from (3.48) that for all 1 < ¢ < n “action”variables can be defined
as

1

21 Jom

i <p,dq>. (3.49)
Recall now that the My ~ T are also diffeomorphic to ®;7:1§}, where
the factors S} are all circles. The evolution along any of the vector fields
K; : T*(R™) — T(T*(R™) on M} C T*(R™) is known [3, 132] to be linear
and winding around the torus T7), and can be interpreted as follows: these
independent global coordinates on circles 8}7 1 < j < n, evolve quasiperi-
odically. Moreover, these (Hamilton—Jacobi) coordinates prove to be very
important for establishing complete integrability by quadratures by solving
the corresponding Picard—Fuchs equations.
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Let us denote these separable coordinates on the integral submanifold
Mj ~ @7 S} by p; € S}, 1 < j < n, and define the corresponding
embedding map mp, : M} — T*(R"™) as

q=q(;h), p=ph). (3.50)

There exist two important cases to consider for this embedding (3.50).

First case: This is when the integral submanifold M7 C T*(R"™) can be
parametrized as a manifold by means of the base coordinates ¢ € R™ of the
cotangent bundle 7*(R™), and can be explained as follows: the canonical
Liouville 1-form ") € A'(R"), in accordance with the diagram

*

T*( Mpp) ~ T*(@}_,S}) < T*(R")
prl prl prl (3.51)
My ~ ®§L:18} — R”
is mapped by the embedding m = pr - 7, : M;' — R"”, independent of the
parameters h € R™, into the 1-form

n

1 *
o) =7 =3 wj(us; h)dpy, (3.52)
j=1
where (u,w) € T*(®%_,S}) =~ ®_,T*(Sj). The embedding 7 : M — R"
sends the function £, : R” — R to zero, due to the equality (3.52), giving
rise to the generating function S, : R” — R, which satisfies

dS, = dSq‘q:q(Mh) ) (3.53)
where as before
Su(h) = pida; + Y t;dh; (3.54)
j=1 j=1

and det (0g(p; h)/Op) # 0 almost everywhere on M;® for all h € R™. As
with (3.45), one obtains from (3.54) that

t; = 0S,.(h)/Oh; (3.55)

for 1 < j < n. Concerning the second part of the embedding map (3.50)
we arrive, due to the equality (3.52), at the following simple result:

pi =Y wi(uj; 0)Op; /0gi, (3.56)
j=1
where ¢ = 1,...,n and the matrix (Ou/dq) is invertible almost everywhere

on 7(M}) due to the local invertibility of the embedding map 7 : M} — R™.
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Thus, we claim that the problem of complete integrability is solved if and
only if such an embedding 7 : M} — R™ C T*(R") is constructed. This
case was considered in detail in [329], where the corresponding Picard—Fuchs
equations were constructed using an extension of results of Galissot—Reeb
and Francois [135, 136]. More precisely, as in (3.35) the equations are
defined as
Ow; (s k) /Oy, = Prj(pj,wy; h), (3.57)

where Py, : T*( }‘:18}) x C" — C, 1 <k,j <n, are algebraic functions.

Second case: This is when the integral submanifold M;* C T*(R"™)
cannot be embedded almost everywhere in R” C T*(R"™), and one can-
not use the relationship (3.54). Thus, we are forced to consider the
usual canonical transformation from 7*(R™) to T*(R™) based on a map
ALy @ ®7,S; — T*R"), where £, : ®}_;S] — R satisfies for all
1€ ®Y_,S) = My 5 q the following relationship :

prra (g; p) ij dp; +dLg(p). (3.58)
j=1

In this case, for any u € ®§L:1S]1 the hereditary generating function L,
R" — T*(®%_,Sj) can be derived in the form

ac, = dlC |q a(ush) > (3.59)
which clearly satisfies the canonical transformation condition
= wi( py;h) dp; + > tidhj +dL,(h), (3.60)
— =
for almost all 1 € ®}_;S} and h € R". Then, using (3.60) we derive
L,.(h)/Oh; = < p,0q/0h; >|Mn (3.61)

forall j =1,2, pe®y_ Sl and h € R". Whence, the following important
analytical result

zn:/ (Ow; (0 h) /9 )dA
ij(m h)(9q;/0ps) = ws + AL, (h)/Ops (3.62)

holds for all s =1,2 and p,u® € ®§L:1S} with fixed parameters h € R™.
Thus, we have found a natural generalization of the relationships (3.56)
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subject to the extended integral submanifold embedding map 7, : M}' —
T*(R™) in the form (3.50).

Assume now that functions w; : C x C"— C, 1 < j < n, satisfy Picard-
Fuchs equations like (3.57), which have [93, 182, 181] algebraic solutions
of the form

n;j—1
w4+ Y eip(Ah)wl =0, (3.63)

k=0
where ¢, : CxC"—= C,0<k <n;j—1,1<j <n,are polynomials in A €
C. Each algebraic curve of (3.63) is known to be topologically equivalent,
owing to Riemann’s theorem [409], to a Riemannian surface F;f ) of genus
g; € Zy, 1 < j < n. Accordingly there exists a local diffeomorphism

p: M — ®}’=11"§f) mapping homology group basis cycles 0( ) ¢ M} into
homology subgroup H;(®}. ng ; Z) basis cycles o;(I'y) C F( 9 satisfying
(h) Zn]k O'k Fh (364)

where nj, € Z, 1 <k < jand 1 < j < n, are fixed integer coefficients.
Hence, it follows from (3.64) and (3.59) that, for instance, we have expres-
sions (3.49) such as

Vi = 27‘( Z zg% Fh) )\ (365)

where ¢ = 1,...,n. Subject to the evolution on M;" C T*(R"™), we readily
infer from (3.62) that
n
dt; =y (0w, (s h) /Ohs)du; (3.66)
j=1
at dh; = 0 for all ¢ = 1,...,n, which clearly gives rise to a global 7-
parametrization of the set of circles ®§L:1S; - ®§L:1F§lj ); that is, one can
define inverse algebraic functions to the Abelian integrals (3.59) in the form

p=p(t;h), (3.67)

where, as above, 7 = (1, t2, ..., t,) € R™ is a vector of evolution parameters.
Recalling now expressions (3.50) for the integral submanifold map , :
M} — T*(R™), we can finally write the expressions in quadrature for the
motions on M} C T*(R") as

q=q(p(t;h)) = q(m;h), p=p(u(r;h)) = p(r; ), (3.68)
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where it is obvious now that the solutions (¢,p) € T*(R™) are quasiperiodic
in each variable ¢; € 7, 1 < ¢ < n. Thus, we have essentially proved the
following result.

Theorem 3.11. Every completely integrable Hamiltonian system admitting
an algebraic submanifold M} C T*(R™) has a separable canonical transfor-
mation (3.60) that is described by differential algebraic Picard—Fuchs type
equations whose solution is a set of algebraic curves (3.63).

Therefore, the main ingredient of this scheme of integrability by quadra-
tures is finding the Picard—Fuchs equations (3.57) corresponding to the inte-
gral submanifold embedding (3.50), which depends, in general, on R" > h-
parameters for the case when the integral submanifold M} C T*(R™) can-
not be embedded in the base space R™ C T*(R™) of the phase space T*(R"™).

It follows from Theorem 3.9 that we can find 1-forms hg-l) € AY(T*(R™))
satisfying the following identity on T*(R™) :

W@ (q,p) =Y dp; ndg; =Y dH; AR (3.69)
j=1 j=1
The 1-forms h§1) € AY(T*(R™)), 1 < j < n, have the property described
above: their pullbacks to the integral submanifold (3.9) gives rise to the
global linearization

mph(Y =Y = at (3.70)
where E;l) e Al(M,’l‘) and mpd/dt; = Kj - mp, for all 1 < j < n. The ex-
pressions (3.70) combined with those of (3.66) lead directly to the formulas

(Y = i(awj(uj; h)/Oh;)du; (3.71)

j=1

at dhj = 0 on M}’ « ®;-L=1S} C ®;}=1ng) for all 1 < j < n. Since we require
that the integral submanifold embedding (3.47) be a local diffeomorphism
in a neighborhood U(M}') C T*(R™), the Jacobian det (Jq(u, h)/Oun) must
be nonzero almost everywhere in U(M}"). On the other hand, as proved in
[14], the set of 1-forms Bg-l) € AY(M]'), 1 < j < n, can be represented in
U(M}P) as

Z 1S (4. p)da v (3.72)
h,
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where ﬁﬁ) :T*(R") - R, 1< k,j <n, are algebraic functions of their
arguments. Consequently, it follows easily from (3.72) and (3.71) that

Owi(pi: h)/0hy = > B (q(us h), p(s 1)) (Oai (s ) JOp) - (3.73)

k=1
for all 1 < 4,5 < n. Subject to p-variables in (3.73) and owing to (3.62),
we must use the expressions

ij s h)(0q;/Ops) = ws + 0L, (h)/Ops, (3.74)

which are valid for s = 1,...,n and all u € ®§?:1§j, h € R™ in the neigh-
borhood U(M}) C T*(R™) chosen above. Whence, we have arrived at the
following form of equations (3.73):

8wl(ul,h)/8hj = Pji(u,w;h), (375)
where for all 1 <4, j < n each expression
Pji(, ws h) Z RS (a(ps: ), p(as 1) Oai /Ops (3.76)
depends respectively only on I‘gf) 3 (pi,w;)-variables for each 1 < i < n
and all 1 < j < n. This condition can obviously be written as
OP;i(p,w;i h)/Opk =0, OPji(u, w; h)/Owy, =0 (3.77)

for j,i#£ke{l,...,n}at almost all u € ®;’:18} and h € R™. The set of
conditions (3.73) induces a system of algebraic-differential equations subject
to the embedding pr -7, : M] — R™ defined analytically by (3.50) and the
generating function (3.59). As a result of solving these equations, we obtain,
by virtue of (3.75) and (3.77), the system of Picard-Fuchs equations

Owi(pi; h)/Oh; = Pji(pi, wis h) (3.78)
where the maps
P : TV xR" - C (3.79)

are all algebraic expressions. Since the set of algebraic curves (3.63) must
satisfy (3.78), we can retrieve this set by solving the Picard—Fuchs equations
(3.78). From this, (3.61) and (3.50), the integrability by quadratures of all
flows on M} C T*(R™) follows immediately, and this yields an important
theorem.
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Theorem 3.12. Let there be given a completely integrable Hamiltonian sys-
tem on the co-adjoint manifold T*(R™) whose integral submanifold M} C
T*(R™) is described by Picard—Fuchs algebraic equations (3.78). The cor-
responding embedding 7, : M — T*(R™) (3.50) is a solution of a compat-
ibility condition subject to the differential-algebraic relationships (3.77) on
the generating function of the canonical transformations (3.59).

To show that the scheme described above leads to an effective algorith-
mic procedure for constructing the Picard—Fuchs equations (3.78) and the
corresponding integral submanifold embedding 7 : M — T*(R"™) in the
form (3.50), we shall apply it in the sequel to some Hamiltonian systems
including a truncated Fokker—Planck Hamiltonian system on the canoni-
cal symplectic cotangent space T*(R™). Making use of the representations
(3.73) and (3.74) and equation (3.77), we have shown above that the set
of 1-forms (3.72) is reduced to the following purely differential-algebraic
relationships on M ﬁ'ﬁ_ :

Owi (153 ) [0 = Pi(aa, wis ), (3.80)
generalizing similar ones of [135, 136, 182, 181], where the characteristic
functions Pj; : T*(M}') — R, 1 <4,j < n, are defined as

Pji(pi,wis h) o= P, wih)| (3.81)
It is clear that this set of purely differential-algebraic relationships (3.80)
and (3.81) makes it possible to explicitly express first order compatible
differential-algebraic equations, whose solution yields the first half of the
desired embedding (3.73) for the integral submanifold M} C M?" in an
open neighborhood Mp" C M?". As a result of the above computations,
we have the following main theorem.

Theorem 3.13. The embedding (3.73) for the integral submanifold M} C
M?" (compact and connected), parametrized by a regular parameter h € g*,
is an algebraic solution (up to diffeomorphism) to the set of characteristic
Picard-Fuchs equations (3.80) on T*(M}'), and can be represented [93] in
the following algebraic-geometric form:

w;? + chs(/\; hyw;’ ™" =0, (3.82)
s=1

where cjs : R x g* = R, 1 < 5,5 < n are algebraic expressions, depending
only on the functional structure of the original abelian Lie algebra g of
invariants on M*™. In particular, if the right-hand side of the characteristic
equations (3.80) is independent of h € g*, then this dependence will be linear
in hegr.
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It should be noted here that an attempt was made in [93, 135, 136] to
describe the explicit algebraic form of the Picard-Fuchs equations (3.80)
by means of straightforward calculations for the well-known completely
integrable Kowalewskaya top. The idea suggested in [93, 135, 136] is in
some aspects very close to that devised independently in [329], which did
not consider the explicit form of the algebraic curves (3.82) starting from
an abelian Lie algebra g of invariants on a canonically symplectic phase
space M?".

As is well-known [158, 157], a set of algebraic curves (3.82), prescribed,
via the algorithm devised above, to an abelian Lie algebra g of invariants
on the canonically symplectic phase space M>?" = T*(R") can be realized
by means of a set of n;-sheeted Riemannian surfaces I Zj covering the asso-
ciated real-valued cycles S}, 1 < j < n, which generate the corresponding
homology group H;(T™;Z) of the Arnold torus T" ~ ;7:18}, which is
diffeomorphic to the integral submanifold M* C M?".

Thus, by solving the set of algebraic equations (3.80) with respect to
functions wj : S; x gt — R, 1 <j <n, from (3.62) one obtains a vector
parameter 7 = (t1,...,t,) € R™ on M]? explicitly described by means of the
following Abelian equations:

n Hs
H=Y" / L dws(h)fon,
s=1"Hs

Z/ s\, wg; h), (3.83)
0

where 1 < j <n, and (u°; h) € (®@_,T,”) x g*. Using the expression (3.83)
and recalling that the generating function S : M x R” — R is a one-
valued mapping on an appropriate covering space (M]'; Hy(M}*;Z)), one
can construct via the method of Arnold [14] the action-angle coordinates on
M7}’ Denote the basic oriented cycles on M} by o; C M}, 1 < j < n.These
cycles together with their duals generate the homology group Hi(M];Z) ~
H,(T";Z) =®}_,Z; and corresponding cohomology group HY(M!;Z). By
virtue of the diffeomorphism M7 ~ ®§L:1§; described above, there is a one-
to-one correspondence between the basic cycles of H1(M;?;Z) and those on

the algebraic curves I',”, 1 < j < n, given by (3.82):
p: Hi(M}:Z) — EB;—L:leO’h,j , (3.84)

where oy, ; C I‘Zj are the corresponding real-valued cycles on the Riemann
surfaces I',7, 1 < j < n.
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Assume that the mapping (3.84) is prescribed by
p(0i) == ®F_1nij oOn,; (3.85)
where n;; € Z, 1 < 14,5 < n, are integers. Then following the Arnold

construction [14, 135, 136, 173], one obtains the action-variables on M;* C
M?" in the form

1 n
e = ﬂf ds = g njsj{ dX\ ws(A; h), (3.86)
] s=1 Oh,s

where 1 < j < n. It is easy to show [14, 173, 344], that the expressions
(3.86) naturally define an almost everywhere differentiable invertible map

£:9g" =R, (3.87)

enabling one to treat the integral submanifold M;' as a submanifold M C
M?™, where

M2 :={ue M*:£(h) =~ €R"}. (3.88)

But, as was demonstrated in [114, 135, 136], the functions (3.86) do not
in general generate a global foliation of the phase space M?2", as they are
subject to both topological and analytical constraints. Since the functions
(3.86) are also commuting invariants on M?", one can define a further
canonical transformation of the phase space M?" generated by the following
relationship on Mp™.:

> widu; +Y ¢ dv; =dS(p;), (3.89)
j=1 j=1
where ¢ = (¢1, ..., pn) € T™ are the angle-variables on the torus T™ ~ M
and S : M7 x R™ — R is the corresponding generating function. Therefore,
it follows easily from (3.86) and (3.89) that

p; =08(1;7)/0; = Zasuv )/Ohs Oh /0 (3.90)

n
1
:E tswsi(7), o f der = 6,
s=1 gj

where Q = {w;; : R" — R, 1 < s,j < n} is the so-called [3, 14, 262]
frequency matrix, which is almost everywhere invertible on the integral
submanifold M C M?". An obvious consequence of (3.90) is that the evo-
lution of any vector field K, € I'(M?") for a € g on the integral submani-
fold M} C M 2n is quasiperiodic, with a set of frequencies generated by the
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matrix Q ‘€ Aut(R™). As examples showing the effectiveness of the pro-
posed method of construction of integral submanifold embedding for abelian
integrable Hamiltonian systems, one can check the Liouville-Arnold inte-
grability of many finite-dimensional Hamiltonian systems, amongst which
we mention the Henon—Heiles and Neumann systems described in detail in
[54, 48-53, 262, 326].

3.4 Integral submanifold embedding problem for a non-
abelian Lie algebra of invariants

We shall assume in this section that K € I'(M?") is a Hamiltonian vector
field on the canonical phase space M?" = T*(R™), which is endowed with
a nonabelian Lie algebra g of invariants satisfying the hypotheses of the
Mishchenko-Fomenko Theorem 3.7, that is

dim g + rankg = dim M?". (3.91)

Then, an integral submanifold M C M?™ at a regular element h € g* is
rankg = r-dimensional and diffeomorphic (when compact and connected)
to the standard r-dimensional torus T" ~ ®§:1S}. It is natural to ask
the following question: How does one construct the corresponding integral
submanifold embedding

T My — M (3.92)

which characterizes all possible orbits of the dynamical system K €
r(M?m)?

Using the experience gained in constructing the embedding in the
case of the abelian Liouville-Arnold theorem, we proceed to study
the integral submanifold M} C M?" by means of Cartan’s theory
[26, 44, 85, 173, 326, 344] of integrable ideals in the Grassmann algebra
A(M?™). Let Z(g*) be an ideal in A(M?") generated by independent dif-
ferentials dH; € A*(M?"), 1 < j < k, on an open neighborhood U (M) of
M7, where by definition, r = dimg. The ideal Z(g*) is obviously Cartan
integrable [44, 173, 344] with the integral submanifold M} C M?" (at a
regular element h € g*), on which it vanishes, that is 7}Z(g*) = 0. The
dimension dim M] = dim M?" — dimg = r = rankg due to the condition
(3.91) imposed on the Lie algebra g. It is useful to note here that owing
to the inequality r < k for rank g, one readily obtains from (3.91) that
dimg = k£ > n. Since each base element H; € g generates a symplectically
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dual vector field K; € I'(M?"), 1 < j < k, one can study the correspond-
ing differential system K (g) which is also Cartan integrable on the entire
open neighborhood U(M]) ¢ M 2n. Denote the corresponding dimension
of the integral submanifold by dim M} = dim K (g) = k. Consider now an
abelian differential system K(gp) C K(g) generated by the Cartan subal-
gebra g, C g and its integral submanifold M; C U(M}). Since the Lie
subgroup G, = exp gy acts on the integral submanifold M; invariantly and
dim M] = rankg = r, it follows that M} = M. On the other hand, the
system K(gp,) C K(g) by definition, so the integral submanifold M] is an
invariant part of the integral submanifold M} C U(M}) with respect to
the Lie group G' = exp g - action on MF. In this case one has the following
result.

Lemma 3.5. There exist exactly (n — r) vector fields F; € K(g)/K(gn),
1<j<n-—r for which

W (F Fy) =0 (3.93)
on U(M]) forall1 <i,j <n-—r.

Proof. Obviously, the matrix w(K) := {w®(K;, K;): 1 <i,j < k} is
of rank w(K) = k —r on U(M]), since dimgker(riw®) = dimg (7.
K(gn)) = r on M} at the regular element h € g*. Now we complexify
the tangent space T'(U(M])) using its even dimensionality. Whence, one
easily deduces that on U(M]) there exist just (n — r) vectors (not vec-
tor fields!) f(f € K%(g)/K®(gp) from the complexified [396] factor space
K®(g)/K®(g). To show this, let us reduce the skew-symmetric matrix
w(K) € Hom(R¥") to its selfadjoint equivalent w(KC) € Hom(C""),
having taken into account that dimg RF~" = dimg R¥t"=2" = dimg R2(?—7)
= dim¢ C"~". To this end, let fj(»C e C " 1< j<n-—r, beeigenvectors
of the nondegenerate self-adjoint matrix w(KC) € Hom(C"~7"), that is

w(K®) f7 =N 17 (3.94)
where S\j eR/1<j<n—r;andforalll1 <¢,j<n-—r, < féc,f}c >=0; .
Thus, in the basis {f;C € KSg)/K%gn) : 1 < j < n —r}, the matrix
w(K®) € Hom(C™") is diagonal and representable as

W& = S K e 1 (3.95)
j=1

where ®c is the usual Kronecker tensor product of vectors from C*~". Ow-
ing to the construction of the complexified matrix w(K®) € Hom(C"~"),
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we see that the space K€(g)/K®(g,) ~ C*™" carries a Kéhler structure
[396] with respect to which the following expressions

w(K)=Tmw(K), <-->p=Re<--> (3.96)
hold. Making use of the representation (3.95) and expressions (3.96), one
can find vector fields F; € K(g)/K(gn), 1 <j <n —r, such that

w(F) = Imw(F°) = J, (3.97)
holds on U(M7), where Im and Re denote, respectively the imaginary and
real parts of a complex expression and J € Sp(C"*™") is the standard sym-
plectic matrix satisfying the complex structure [396] identity J? = —I. By
virtue of the normalization conditions < ij, f]C >= 0;5, for all 1 < 4,
j < n—r, it follows immediately from (3.97) that w® (F;, Fj) = 0 for all
1 <14, 7 <n—r, where

Fj := ReFf (3.98)
for all 1 < 7 <n —r, and this proves the lemma. O

Assume now that the Lie algebra g of invariants on M?2™ has been split
into a direct sum of subspaces as

g=gn @ dn, (3.99)

where g, is the Cartan subalgebra at a regular element h € g* (which
is abelian) and g, ~ g /g5 is the corresponding complement to g;. Let
{H; € g, : 1 < i <7} be a basis for g;, where dimg;, = rankg = k, and
let {IZIj € gn ~g/gn: 1 <j<k—r} be the corresponding dual basis for
gn. Then, owing to the results obtained above, the following relationships
hold:

on the open neighborhood U(M}) C M*" forall 1 <4, j<rand 1 <s <
k —r. We have as yet had nothing to say of the expressions h({Hj, Hp})
for 1 < s,m < k —r. Making use of the representation (3.98) for our vector
fields (if they exist) F; € K(g)/K(gn), 1 < j < n —r, one obtains the
expansion

k—r
Fl‘ = chi(h)Kj 5 (3.101)
j=1

where if(jw(z) = —dﬂj, ci:g-—R, 1<i<n—r, 1<j<k-—r are
real-valued functions on g*, which are uniquely defined as a result of (3.101).
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Whence, it follows directly that there exist invariants f, : U(M}) — R such
that

k—r
—ipw® =3 cj(h) dH; = df, (3.102)
j=1

where f, = Z?;lr ¢js(h)Hj, 1 <5 <n—r, holds on U(MJ).
To proceed further, let us look at the following identity which is similar
to (3.24):

(@f1ig, (@11, )W) =0 = £(n+ DN dH;)(NZTd fo) Ao,

(3.103)
on U(M]). Then, the following result is easily proved using Cartan theory
[85, 173, 344].

Lemma 3.6. The symplectic structure w® € A?(U(M])) has the canonical
representation

w(z))

h

= Soain BV + 3T dfon B9 (3.104)
j=1 s=1

where Bgl),ﬁgl) eNUWM)),1<j<r,1<s<n-r.

The expression (3.104) obviously means that on U(M}) C M?" the
differential 1-forms i_zg.l), WY, e AY(U(M})) are independent together with
exact 1-forms de and dfs, for1<j<r, 1<s<n-r As dw® =0 on
M?" it follows from (3.104) that the differentials dﬁ;l), dhV e A2(U (M),
1<j<r 1<s<n—r belong to the ideal Z(g;) C Z(g*) generated by
exact forms d fs and dH, for all regular h € g*. Thus, we have the elements
of a proof of the Galissot—Reeb Theorem 3.9 discussed above.

Theorem 3.14. Let a Lie algebra g of invariants on the symplectic space
M?" be nonabelian and satisfy the Mishchenko—Fomenko condition (3.91).
Then, at o regular element h € g* on an open neighborhood U(M]) of
the integral submanifold M} C M?>" there exist differential 1-forms B§-1),

1<j<n, andﬁgl), 1<s<n-—r, such that

i) w(2)’U(M;) =3 dH; A B§1) + 30T dfs A AV where Hjeg, 1<
Jj <, is a basis of the (abelian) Cartan subalgebra g, C g, and fs € g,
1 < s < n—r, are invariants from the complementary space gn, ~ §/8n;
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ii) 1-forms b\ € ANU(M[)), 1< j <r, and h{" € AU ( M), 1<s<
n —r, are exact on M and satisfy the equations: h (K) 0i,5 f
alll1 <id,j<r, B§1)(FS) =0 and Bgl)(K )=0foralll <j<
s<n-—r, and Bgl)(ﬁm) =0s,m forall1 <s,m<n—r.

Proof. Obviously we need only prove statement ii). Making use of The-
orem 3.14, one ﬁnds that the differential 2-forms dﬁgl) e A2(U(M])),
1<j<r and dhl? e A2(U(M})), 1 < s < n —r, vanish on the in-
tegral submanifold M C M?". Thus, in particular, owing to the Poincaré
lemma [3, 14, 173, 344], there exist exact 1-forms dt,; € A*(U(M})),
1<j<r,and dlps € AL (UM])), 1 <s<n-—r, where t,; : M — R
and ¢, : Mj — R are smooth almost everywhere independent functions
on Mj; they are single-valued on an appropriate covering of the manifold
M} C M*" and supply global coordinates on the integral submanifold M.
Using the representation (3.104), one easily computes that

i <2>’ — i\ (K (M dH; 1
L . Z dH,h} Z dfs h i (3.105)
foralll1 <:<rand
i <2>‘ =S dA; h<1 dfhM(Ey) = dfy, (3.106
if, W o) Z )+ Z f Fn) f ( )

foralll <m <mn-—r. Whence, from (3.105) it follows that on U(M7}),

WK =60y, hID(K;) =0 (3.107)
forall 1 <i,j <rand1l<s<mn-—r, and similarly, from (3.106) it follows
that on U (M),

Py Ty

hi ' ( Fm) =0, hy!(Fm) =0 (3.108)
forall1 <j<randl<s,m<mn-—r. Thus, the theorem is proved. O

Using these global evolution parameters ¢; : M?" — R for the corre-

sponding vector fields K j =d/dtj, 1 < j <r, and local evolution param-
eters t; : M>"NU(M]) — R, 1 < s =n —r, of the corresponding vector
fields Fl . :=d/dts, 1 < s <n—r, we see directly from (3.108) that

h

tj‘U(M;;) = Ej’ tS|U(M;) = th,s (3109)

hold forall 1 < j <r,1<s<mn-—r, up to constant normalizations. This
can be used to develop a new method, similar to that devised above, for
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studying the integral submanifold embedding problem in the case of the
nonabelian Liouville-Arnold integrability theorem.

Before starting this development, it is interesting to note that the system
of invariants

gr = gn Dspang{fs €g/gn: 1 <s<n—r}

constructed above, comprises a new involutive (abelian) complete algebra
g-, to which one can apply the abelian Liouville-Arnold theorem on inte-
grability by quadratures and the integral submanifold embedding theory
devised above, in order to obtain exact algebraic-analytical solutions. This
proves the following result.

Corollary 3.3. Assume that a mnonabelian Lie algebra g satisfies the
Mishchenko-Fomenko condition (3.91) and M C M?", its integral sub-
manifold (compact and connected) at a regular element h € g*, is dif-
feomorphic to the standard torus T" ~ My’ . Assume also that the dual
complete abelian algebra g, (dimg, = n = (1/2) dim M?") of independent
invariants constructed above is globally defined. Then its integral subman-
ifold My C M?" s diffeomorphic to the standard torus T™ ~ My, and
contains the torus T" ~ M} as a direct product with a completely degenerate
torus T"™", that is My’ ~ My x T"™".

Thus, having successfully applied the algorithm developed above to
the algebraic-analytical characterization of integral submanifolds of a non-
abelian Liouville-Arnold integrable Lie algebra g of invariants on the canon-
ically symplectic manifold M?" ~ T*(R™), one can produce a wide class
of exact solutions represented by quadratures - which is just what we set
out to find. At this point it is necessary to note that up to now the (dual
to g) abelian complete algebra g, of invariants at a regular h € g* was
constructed only on some open neighborhood U(M]) of the integral sub-
manifold M] C M?". As we noted above, the global existence of the algebra
g, strongly depends on the possibility of extending these invariants to the
entire manifold M?2". This possibility is in one-to-one correspondence with
the existence of a global complex structure [396] on the reduced integral
submamfold M, 2(" =M ¥ /G, induced by the reduced symplectic struc-
ture 7 w® € AQ(M,’Z‘/Gh), where 7, : MF — M?" is the embedding for
the integrable differential system K (g) C I'(M?") introduced above. If this
is the case , the resulting complexified manifold M;'" ~ M, 2(" " is en-
dowed w1th a Kéahlerian structure, which makes it poss1ble to produce the
dual abelian algebra g, as a globally defined set of invariants on M?2™. This
problem will be analyzed in more detail in subsequent sections.
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3.5 Examples

We now consider some examples of nonabelian Liouville-Arnold integrabil-
ity by quadratures covered by Theorem 3.7.

Example 3.1. Point vortices in the plane.

Consider n € Z, point vortices in the plane R2, described by the Hamil-
tonian function

1 n
i#j=1
with respect to the following partially canonical symplectic structure on
M?" ~ T*(R"):
n
w® =" &dp; A da;, (3.111)
j=1
where (p;,q;) € R2, 1 < j < n, are coordinates of the vortices in R?. There
exist three additional invariants

PL=) &a, Pa=)Y &, (3.112)
j=1 j=1

1 n
P=32 &(@ +9),
j=1
satisfying the Poisson bracket conditions

{PlaP2}:—ifj7 {P,P}=—-P , {P,P}="P, (3.113)
{PH} =0 = {P;,H}.

It is evident that invariants (3.110) and (3.112) comprise on Z?Zl & =0
a four-dimensional Lie algebra g with rank g = 2. Indeed, assume a regular
vector h € g* is chosen, and parametrized by real values h; € R, 1 < j <4,
where

h(B;) = hs, h(P)=hs, h(H) = ha, (3.114)

and ¢ = 1,2. Then, one can easily verify that the element

Qn=0_&P-> hP (3.115)
j=1 i=1



Integrability by Quadratures 73

belongs to the Cartan Lie subalgebra g; C g, that is

h({@n, Pi}) = 0 = h({Qn, P}). (3.116)

Since {Qp,H} = 0 for all values h € g*, we claim that g, =

spang{H,Qp} - the Cartan subalgebra of g. Thus, rankg=dimg; = 2,
and it follows easily that the condition (3.91)

dim M*" = 2n = rankg+dimg = 6 (3.117)
holds only if n = 3. Consequently, the following result is proved.

Theorem 3.15. The three-vortex problem (5.110) in R? is nonabelian
Liouville-Arnold integrable by quadratures on the phase space MS ~ T*(R3)
with the symplectic structure (3.111).

As a result, the corresponding integral submanifold M7 C MY is two-
dimensional and diffeomorphic (when compact and connected) to the torus
T? ~ M7, on which the motions are quasiperiodic functions of the evolution
parameter.

In the matter of Corollary 3.3, the dynamical system (3.110) is also
abelian Liouville-Arnold integrable with an extended integral submani-
fold MSJ C MS | which can be found via the scheme described in this
chapter. Using simple calculations, one obtains an additional invariant
Q= (Z?:l &)P — Zle P? ¢ g, which commutes with H and P of g.
Therefore, there exists a new complete dual abelian algebra g, = spang
{Q, P, H} of independent invariants on M° with dim g, = 3 = 1/2dim M¢,
whose integral submanifold M, Q’T C M® (when compact and connected) is
diffeomorphic to the torus T3 ~ M? x S'.

Note also that the invariant () € g, can be naturally extended to the case
of an arbitrary number n € Z4 of vortices as follows: Q = (Z?Zl &) P —
>t P? € g,, which obviously also commutes with invariants (3.110) and
(3.112) on the entire phase space M?".

Example 3.2. A material point motion in a central potential field.

Consider the motion of a material point in the Euclidean space E? :=
(R3, < -,- >) under a central potential field whose Hamiltonian

3
=330+ Qldl), (3.118)
j=1

contains a central field @) : Ry — R. The motion takes place in the canon-
ical phase space M = T*(R3), and possesses three additional invariants:

Py =paq3 —pq,  Po=p3qi —p1g3, P3=piga — p2qi, (3.119)
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satisfying the following Poisson bracket relations:
{P,,P,} =P, {P;5,Pl} =P, {P, P} =P,. (3.120)

Since {H,P;} =0 for all j = 1,2,3, the problem under consideration has
a four-dimensional Lie algebra g of invariants, isomorphic to the classical
rotation Lie algebra so(3) x R ~ g. Let us show that at a regular element
h € g*, the Cartan subalgebra g, Cg has the dimension dim g, = 2 = rankg.
Indeed, one easily verifies that the invariant

3
Py=> h;P, (3.121)
j=1

belongs to the Cartan subalgebra gy, that is
{H,P.} =0, h({Pn,P;})=0 (3.122)

for all j = 1,2,3. Thus, as the Cartan subalgebra g, = spang{H and
P, C g}, one computes that dimg, = 2 = rankgp, and the Mishchenko—
Fomenko condition (3.6)

dim M® = 6 = rankg + dimg = 4 + 2 (3.123)

holds. Hence, one can prove its integrability by quadratures via the non-
abelian Liouville-Arnold Theorem 3.7 and obtain the following result.

Theorem 3.16. It follows from Theorem 3.7 that the free material point
motion in R is a completely integrable by quadratures dynamical system
on the canonical symplectic phase space MY = T*(R3). The corresponding
integral submanifold M? C MS at a regular element h € g* (if compact
and connected) is two-dimensional and diffeomorphic to the standard torus
T? ~ M?.

Making use of the integration algorithm devised above, one can readily
obtain the corresponding integral submanifold embedding 7y, : M 2 — MS
by means of algebraic-analytical expressions and transformations.

There are clearly many other interesting nonabelian Liouville-Arnold
integrable Hamiltonian systems on canonically symplectic phase spaces
that arise in applications that can similarly be integrated using algebraic-
analytical methods of the type describes in this chapter.
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3.6 Existence problem for a global set of invariants

We proved above that in an open neighborhood U(M}) C M 2 of the in-
tegral submanifold M; C M 27 one can find by algebraic-analytical means
just n — 7 independent vector fields F, ; € K(g)/K(gn) NT(U(M]) sat-
isfying the condition (3.93). Since each vector field F; € K(g)/K (gn) is
generated by an invariant H; € DU(M;), 1 <j <n—r,it follows readily
from (3.93) that

{H;, H;} =0 (3.124)

for all 1 < 4,5 < n —r. Thus, on an open neighborhood U(M]) there
exist just n — r invariants in addition to H; € D(U(M})), 1 < j < n —
r, all of which are in involution. We denote, as above, this new set of
invariants as g,, keeping in mind that dimg, = r+ (n—r) = n € Z;.
Whence, on U(M}) C M?" we have now the set g, of n = (1/2) dim M?>"
invariants commuting with each other, thereby guaranteeing via the abelian
Liouville-Arnold theorem its local complete integrability by quadratures.
Consequently, there exists locally a mapping m, : M,’;T — M?", where
M, [fﬁ := U(M}) N MF is the integral submanifold of the differential system
K(g), and one can therefore describe the behavior of integrable vector fields
on the reduced manifold MQ(n R M,’f /G

For global integrability propertles of a given set g of invariants on
(M3, w?)), satisfying the Mishchenko-Fomenko condition (3.6), it is neces-
sary to have the additional set of invariants H;€ D( U(MJ})), 1< j <n—r,
extended from U(M]) to the entire phase space M 2n_ This problem de-
pends on the existence of extensions of vector fields F; € T'(U(M})),
1 < j < n—r, from the neighborhood U(Mg) c M? to M?*. On
the other hand, as stated above, the existence of such extensions de-
pends intimately on the properties of the complexified differential sys-
tem KC(g)/K%(gs), which has a nondegenerate complex metric w(KC) :
T(M,i(f*r)) X T(MQ(" T))(C — C, induced by the symplectic struc-
ture w® € A?(M?"). This point can be clarified by using the notion
[3, 393, 396] of a Kahler manifold and some of its associated constructions.
Namely, consider the local isomorphism T(]\_{[i(ffr))c ~ T(“M;' "), where
M I, is the complex (n—r)-dimensional local integral submanifold of the
complexified differential system K©(g)/K(gy,). This space T(M,i(:_r)) is
endowed with the standard almost complex structure

J:T(MP" ) - T, g =1, (3.125)
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and it follows from our analysis that to extend the fields requires that the
2-form w(K) := Imw(K®) € A2(M 2(” ") induced from the above metric
on T(CM,T;’TT) be closed, that is dw(K) = 0. If this is the case, the almost
complex structure on the manifold T(M,f(f ~) is said to be integrable.
Define the proper complex manifold “M;' ", on which one can then define
global vector fields Fj € K (g)/K (gn), 1 < j < n—r, which we need for the
involutive algebra g, of invariants on M?2™ to be integrable by quadratures
via the abelian Liouville-Arnold theorem. In summary, we have proved the
following result.

Theorem 3.17. A nonabelian set g of invariants on the symplectic
space M** ~ T*(R"™), satisfying the Mishchenko—Fomenko condition
(3.91), admits algebraic-analytical integration by quadratures for the in-
tegral submanifold embedding m, : M) — M?*" if the corresponding
complezified reduced manifold CM” "o~ M, (n M= M}’fTT/Gh of the
differential system K©(g)/K%(gn) is Kahlerzan with respect to the stan-
dard almost complex structure (3. 125) and the nondegenerate complex met-
ric w(K®) : T(M,i(ffr)) X T(M 2(n— T)) — C induced by the symplectic
structure w® € A2(M?") is mtegmble, that is dImw(KC) = 0.

Theorem 3.17 shows, in particular, that nonabelian Liouville-Arnold
integrability by quadratures does not in general imply integrability via the
abelian Liouville-Arnold theorem; it actually depends on certain topolog-
ical obstructions associated with the Lie algebra structure of invariants g
on the phase space M?". Sorting this out is an intriguing problem that
definitely warrants further study.

3.7 Additional examples

Finally we consider further applications of the integral submanifold em-
bedding for abelian Liouville-Arnold integrable Hamiltonian systems on
T*(R?).

3.7.1 The Henon—Heiles system

This flow is induced by the Hamiltonian

1
¢ (3.126)

p§+qlq§+3

1 1
Hy = —p2 + =
1 2p1+2
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on the phase space M* = T*(R?) with the symplectic structure

2
w® = "dp; Adg;. (3.127)
j=1
There exists the following additional invariant that commutes with that
given by (3.126):

Hy = pip2 +1/363 + ¢ g, (3.128)

that is {Hy, Ha} = 0 on the entire space M*.
Take a regular element h € g := {H; : M* —R: j=1,2} with fixed
values h(H;) = h; € R, j =1,2. Then the integral submanifold

Mj == {(q,p) € M : h(Hj) = hj € R, j =1,2}, (3.129)

if compact and connected, is diffeomorphic to the standard torus T? ~
St x S! owing to the Liouville-Arnold theorem, and one can find cyclic
(separable) coordinates p; € S', j = 1,2, on the torus such that the
symplectic structure (3.127) takes the form

2
w® = "dw; Adp; (3.130)

j=1

where the conjugate variables w; € T*(S') on M? depend only on the cor-
responding variables u; € Sjl-, j = 1,2. In this case it is evident that the
evolution along M7 is separable and representable by means of quasiperi-
odic functions of the evolution parameters.

To show this, recall that the fundamental determining equations (3.26),
based on the 1-forms 7151) € A(MP), j = 1,2, satisfy

2 2
ZdHJ N;j ?Lil) = de]‘ Ndg; . (3131)
j=1 j=1
Here
2
—1 _
R =" hj(q. p)dar. (3.132)
k=1

where j = 1, 2. Substituting (3.132) into (3.131), one computes that

p1dq p2dgo AON p2dq p1dge

B —
oot opi-p3 P ph—p} o p? -3

(3.133)
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In addition, the following implication holds on M7? C M*:
2 2
1
o) =3 wi(pyshydpy =Y pidg; - = oV, (3.134)
j=1 j=1

where we have assumed that the integral submanifold M7? admits the local
coordinates in the base manifold R? endowed with the canonical 1-form
ag) € A(M}?) as given in (3.131). Thus, making use of the embedding

mn: ME — T*(R?) in the form

a4 =q;(w;h) ,  pj=piwh), (3.135)
7 =1,2, one readily finds that

2
pj =Y wi(uk;h) Opx/0q; (3.136)
k=1

hold for j = 1,2 on the entire integral submanifold M?.

Substituting (3.133) into (3.130) and using the characteristic relation-
ships (3.77), one obtains after simple but lengthy calculations the following
differential-algebraic expressions:

8q1/8u1 — 8q2/ap1 =0, 8q1/8,u2 + 8q2/8,uz =0, (3137)
with simplest solutions
@ = (1 +p2)/2, @@= (u—p2)/2. (3.138)

Using expressions (3.133), one finds that

p1=wi+w2, p2=wp—w2 , (3.139)

w1 = \/hl + hg - 4/3#?, Wy = h1 - hg - 4/3,11,% (3140)

Consequently, it is easy to obtain the separable [14, 54, 341] Hamiltonian
functions (3.126) and (3.128) in a neighborhood of the cotangent space
T*(M?) -
1 1 2 . 1 1 2
hy = 5’“’% + gwg + g(#? +143), hy= gwf - 5“’% + g(ﬂ? — p3), (3.141)

which generate the separable motions on M? C T*(R?)

d/.tl/dt = 8h1/8w1 =4/ hy + ho — 4/3/1:157 (3.142)
duz/dt = 8h1/3w2 = \/hl — hQ —4/3#%

where
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for the Hamiltonian (3.126), and

dul/dl‘ = 8h2/8w1 =/h1+ hy — 4/3#?, (3143)
dﬂg/dt = 8h1/8w2 = 7\/h1 — h2 —4/3#%

for the Hamiltonian (3.128), where z,¢ € R are the corresponding evolution
parameters.

Analogously, one can show that there exists [310, 341] an integral sub-
manifold embedding similar to (3.135) and (3.136) for the following inte-
grable modified Henon—Heiles involutive system:

1 1 16 .
H, = 51?? - 51)3 +q1q5 + gqi (3.144)

Hy = 9p; + 36019345 — 12p1p203 — 243(¢5 + 643)
where {Hy, H;} = 0 on the entire phase space M* = T*(R?).
Using reasoning similar to the above, it is easy to deduce that
3wy +wa .,

Q= —l(m + p2) — =(

3.145
1 Y y— (8.145)

6 = ~2v/ha/ (i — ), wr = \J2/308 — 4/3/ s — $hy

B 1 —9/hy
2¢/—6(u1 + po + 4q1) H1 — p2

P — papz + A + p2)ar + 3247,

P2 = VI + A1)/ (3(n—pz) w2 = \/2/303 +4/33/ Bz — Shy
thereby solving the problem of finding the corresponding integral subman-
ifold embedding 7, : M? — T*(R?) that generates separable flows in the
variables (u ,w) € T*(M?).

3.7.2 A truncated four-dimensional Fokker—Planck Hamil-
tonian system

Consider the following dynamical system, called a truncated four-
dimensional Fokker—Planck flow on the phase space T*(R?) :

¢ 1+ a(q + p2) (g2 + p1)
d q2 D2
— =K (q,p) := )
dt | m; 1(4:p) —(q1 4+ p2) — & [q2p1 + (1/2)(p} + p3 + ¢3)]

P2 —(q2 +p1)

(3.146)
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where K; : T*(R?) — T(T*(R?)) is the corresponding vector field on
T*(R?) > (q,p), and t € R is an evolution parameter. It is easy to ver-
ify that the functions H; : T*(R?) — R, j = 1,2, where

Hy = 1/2(p} +p3+47) + @12 + (g1 +p2)g2p1 +1/2(07 +p5 +¢3)] (3.147)

and

Hy =1/2(p} + p3 + 43) + @2p1 (3.148)

are functionally independent invariants with respect to the flow (3.91).

Moreover, the invariant (3.147) is the Hamiltonian function for (3.146);
that is

ig,w® = —dH, (3.149)

holds on T*(R?), where the symplectic structure w® € A%(T*(R?)) is
given as follows:

2
w® = d(pr*a(l = Z dp; A dg;, (3.150)
j=1

with a!) € A'(R?) the canonical Liouville form on R?:
2
p) =Y pidy (3.151)
j=1

for any (q,p) € T*(R?) ~ AY(R?).
The invariants (3.147) and (3.148) are obviously mutually commutative
with respect to the Poisson bracket on T*(R?) :
{Hy, Hy} = 0. (3.152)

Therefore, it follows from the abelian Liouville-Arnold theorem [14, 3, 173]
that the dynamical system (3.146) is completely integrable by quadratures
on T*(R?), and we can apply the scheme above to the commuting invariants
(3.147) and (3.148) for the symplectic structure (3.150). It is easy to verify
that

2
2 =N"dH; AR, (3.153)

i=1

where the corresponding 1-forms ﬁ;hgl) = Bgl) € AY(M?),i=1,2, are

h(l) p2dq1—(p1+q2)dge
p1p2—(p1+42)(q1+p2)—aha(pi+qz2)’
(3.154)
}_L(l) [(<h+p2)(1+C¥P2)+ah2]dlh+(;01+a[h2+(Q2+p1)(Q1+p2)])dqz
2 p1p2—(q2+p1)(aha+ qi1+p2)
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and an invariant submanifold M}? C T*(R?) is defined as
M7 = {(¢q,p) € T*(R*) : H;(¢q,p) = h; € Rji=1,2} (3.155)

for parameters h € R?. Using expressions (3.155) and (3.60), one can
readily construct functions Pjj(w;h), 4,7 = 1,2, in (3.29), defined on
T*(Mp) ~ T*(®3_,S]) for the integral submanifold embedding map
mn + MP — T*(R?) in coordinates u € S} @ S} C le) ® Ff), which we
shall not express in detail owing to their length. Applying the criterion
(3.31), we obtain the following compatibility relationships for the maps
q: (S ®S5) xR > R* and p: (S} ® S3) x R* — T (R?) :

0q1/0p1 — 0q2/0p2 =0, wi10L, /0w — wa0L, /0wy = 0,
02q1/Ou20hs + 0%ws /Ousdhs = 0,

Owr /Oh1(Dqr /Oh1) = Ouws /O (Dqs /Oh), (3.156)
w1 0wn /Oy — wsdws [Ohy = 0,

3(w18w1/6‘h2)/3h2 — 0423611/6;1,1 = O,

and so on, in the variables p € S{ ® S} and h € R%. Solving equations
(3.156), we immediately obtain

pP1 = Wi, P2 = w2,

@1 = c1 + 1 — wa(p2; h),
g2 = c2 + p2 — w1 (pa; h),
Eﬂ(h) = —wiwsa,

(3.157)

where c¢;(h1,h) € R, j = 1,2, are constant, hold on T*(M?), giving rise
to the Picard—Fuchs equations in the form

Ows (p1;h)/Oh1 = 1/w1,
311)1(#1; h)/6h2 = 012h2/w1,
8w2(u2;h)/8h1 =0
Owa(p2; h)/Ohe = 1/ws.

The Picard—Fuchs equations (3.158) can be easily integrated by quadratures
as

(3.158)

U}% + kl(,ul) - a2h2 - 2h1 = O,
(3.159)
w% + kz(,u,g) - 2h2 = O,
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where k; : S; — C, j = 1,2, are still unknown functions. For them to be
determined, it is necessarily to substitute (3.157) into expressions (3.147)
and (3.148), making use of (3.159), which amounts to the following result:

ki =pi, k2 =3 (3.160)

under the condition that ¢; = —ahz, co = 0. Thus, we have constructed
owing to (3.159) the corresponding algebraic curves Fgf), j=1,2,(3.63) in
the explicit form:

1—‘21) = {(\,wy) : w? + N2 — a®h} — 2hy = 0},
(3.161)
T = {(\ws) : w] + A2 — 2hy = 0},

where (A\,w;) € CxC, j = 1,2, and h € R? are arbitrary parameters.
Using expressions (3.162) and (3.157), one can construct in explicit form
the integral submanifold embedding map m;, : M? — T*(R?) for the flow
(3.146):

@ =p1—\/2ho — p3 —ah3,  p1=wi(p;h),

Q2 = po — \/2h1 — a?hd — p3, p2 = wa(ua; h),

where (u,w) € FS) ® I‘ELZ). Now, as mentioned above, formulas (3.162)

together with the expressions (3.158) imply directly that the truncated
Fokker—Planck flow (3.146) is integrable by quadratures.

(3.162)



Chapter 4

Infinite-dimensional Dynamical
Systems

4.1 Preliminary remarks

Let M be an infinite-dimensional manifold, which in many cases is a sub-
space of the smooth vector-function space C(>)(S;R™) on a closed set
S C R™ where n,m € Z are positive integers.

As in the case of finite-dimensional manifolds a one-parameter group
{¢'}, t € R of the phase space M of automorphisms of the infinite-
dimensional manifold M is called the dynamical system on M.

Some of the general results concerning the dynamical systems on the
finite-dimensional phase spaces mentioned in Section 1.1 carry over read-
ily to the infinite-dimensional case. However, the theories of ergodicity
and complete integrability of infinite-dimensional dynamical systems are
far more complicated than in the finite-dimensional case and so are not
nearly satisfactorily completed.

An infinite-dimensional dynamical system on a function space can be
written locally in the form (usually a partial differential equation)

du/dt = K[u], (4.1)

where u € M, and K : M — T(M) is locally Fréchet smooth on M [14].

In general, K : M — T(M) can be represented as K : J®)(S;R™) —
T(J®)(S;R™)), where K is a smooth map of the jet space J@)(S;R™)
[132, 114] into T'(J®)(S;R™)).

4.2 Implectic operators and dynamical systems

The construction of a Hamiltonian formalism for infinite-dimensional dy-
namical systems is intrinsically more difficult than for finite-dimensional

83
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systems. The difference is most pronounced when determining the sym-
plectic structure w® on the cotangent bundle T*(M) for M as well as
when treating vector fields that determine the flow (4.1). The problem of
constructing an invariant measure p for the flow (4.1) is also [121] very
complicated. Later in the sequel, in fact, we shall find the Poisson formal-
ism to be more convenient and tractable for analyzing infinite-dimensional
Hamiltonian dynamical systems.
Consider the bilinear form

(a,b) = / (a, byda, (4.2)
s
where a € T*(M), b € T(M), which defines an inner (scalar) product
structure on T*(M) x T(M).
An operator ¢ : T*(M) — T(M) is called skew-symmetric with respect
to the bilinear form (4.2) if the following holds for all (a,b) € T*(M) x
T*(M):
(a,9b) = —(Ya,b). (4.3)
Let D(M) be the Fréchet smooth functional space on M. We define for
any F' € D(M) the operator grad : D(M) — T*(M) by formula grad F' =
F’* . 1. In particular,
grad F' = 0F/du,
where F € D(J®)(S;R")) and §/u is the Euler variational derivative.

For any F,G € D(M) their Poisson bracket is the functional {F,G}y €
D(M) determined by the formula

{F, G}y = (gradF, ¥ gradG). (4.4)
It obviously follows from (4.3) that for all F,G € D(M) we have
{Fv G}ﬂ = _{Ga F}ﬁ (45)

If, in addition, the operator ¥ introduced above satisfies
(a, (9 '9b)c) + (b, (¥ "Ie)a) + (e, (9 "Pa)b) =0 (4.6)

for any a,b and ¢ € T(M), and a fortiori the Jacobi identity
{FAG HYoto +{G.{H,F}oty + {H,{F,G}lo}y =0 (4.7)

for all F,G, H € D(M), it is called implectic or inversely symplectic.
Furthermore, if the inverse operator ¥ ! exists, the operator ¥ is
called co-symplectic and ¥~ is symplectic. Many important algebraic
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properties of the Poisson bracket and their applications are considered in
[176-178, 218-221, 373]. Note that the condition (4.6) in each particular
case must be separately checked because the operator 9 is in general an
operator-valued functional on the manifold M. Obviously, if ¥ as a func-
tional on M is constant, it implectic.

Now we construct evolution equations for a functional F' € D(M) mak-
ing use of the given dynamical system (4.1). We have:

dF/dt = {H, Fly, (4.8)

where H € D(M) is the Hamiltonian function which determines the system
(4.1) by the formula:

du/dt = —v gradH, (4.9)

i.e. K =—9 gradH.

Let an implectic operator 9 generate the dynamical system (4.1) by
means of formula (4.9). We call such an operator ¢ Nétherian if it is skew-
symmetric and satisfies

Lgd=10"K -9K"™ — K9 =0, (4.10)

where the asterisk means the ordinary conjugation and L is the Lie deriva-
tive with respect to a vector field K : M — T(M).

Here for any local functional ® on M taking values in a linear space F,
the expression @ denotes the Fréchet derivative [19, 190], which is

d
o'y = E‘p[us”szoa (4.11)

where u. € M, ¢ € R, and for v € T,,(M)

du,
de

= .
e=0

In case of a linear functional space M, from (4.11) we obtain
d
&' [ulv = d—gfb[u + ve]|e=o, (4.12)

where v € T,,(M), uw € M.

By virtue of (4.11), the Fréchet derivative @’ is a linear operator in the
tangent space T'(M) taking values in a linear space E. Making use of the
notation introduced above, we formulate the following result [137].

Lemma 4.1. Let 9 : T*(M) — T(M) be a skew-symmetric operator. Then
the following statements are equivalent:
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(1) ¥ is implectic;
(2) 9 is Nétherian for the system (4.9)
(8) for any a,b € T*(M) the identity
(Va) (9b) — (9b) (Va) = ¥(a, 9b)"" - 1 (4.13)
holds.

Proof. Leta,b,c e T*(M). Then, by straightforward calculations we find
that equation (4.9) implies

(b, (¥ ' (9e) — I(Ic)"* — (Ye)'9)a)
= (b, (¥ "9e)a) + (¢, (9 "Ya)b) + (a, (¥ "9b)c) — (b,9c — c)da), (4.14)

owing to the definition of the conjugate operator ¢'* : T*(M) — T(M) for
a mapping ¢ : M — T*(M) according to the formula:

(a,c'b) = (d*a,b), (4.15)

for any a € T*(M) and b € T(M).

Setting ¢ = grad H, it follows from relations (grad H) = (grad H)""
and (4.14) that operator ¢ is Notherian, because the condition ¢/ = ¢'* is
necessary and sufficient by virtue of the Volterra criterion for the existence
of a conservation law H € D(M) generating equation (4.9).

As H € D(M) is a conservation law for system (4.9), gradH € T*(M)
satisfies the Lax equation

d *
Ligrad H = Egrad H+ K grad H =0, (4.16)
or by virtue of (4.1), the equation
(grad H)'K + K'"grad H = 0. (4.17)
In view of relation (4.17), we note that formula (4.10) turns into identity,
i.e. the operator ¥ is Nétherian, so (1) = (2).
The converse, (2) = (1), is obtained from the conditions (4.10), (4.6)
and (4.14) assuming a = grad F, b = grad G for F'; G € D(M).

The equivalence of conditions (1) and (3) is obtained by (Fréchet) dif-
ferentiating formula (4.13), so the proof is complete. O

From identity (4.14) we also obtain as a simple corollary that a local
functional ¢ : M — T*(M) has the representation ¢ = —gradF, where
F € D(M), is a conservation law of dynamical system (4.1) if and only if
the operator ¢ is Nétherian and ¢ : M — T*(M) satisfies

Lxc=cK+K*c=0, d=c".
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Let an operator n : T*(M) — T(M) be implectic and Notherian. The
dynamical system (4.1) is bi-Hamiltonian if there exists a function H €
D(M) such that the following two representations hold:

du/dt = K[u] = —9 grad H = —n grad H. (4.18)

An operator (9, n)-pair is called compatible if the sum ¢ + Ay is also an
implectic operator.
Let a,b,c € T*(M). Introducing the bracket

la,b,c| = (b, (¥ "na)e) + (b, (n'da)c), (4.19)
we have the following simple statement (see [137, 326]).

Lemma 4.2. The implectic operator (9,n)-pair is compatible if and only if
the bracket (4.19) satisfies the modified Jacobi identity.

It follows directly from Lemma 4.2 that the operator 9 + An is implectic for
all A e R.

The operator A = 9~ exists if ¥ is co-symplectic, and it generates the

following hierarchy of dynamical systems on M:
du/dt = Kpu] = —9A"grad H, (4.20)
where n € Z .

According to (4.18), the functional H € D(M) is a conservation law
for the dynamical system (4.1), and from (4.16) and (4.20) it follows that
operator A : T*(M) — T*(M) satisfies

LgA=NK—[AK"]=0, (4.21)
where [, ] is the usual operator commutator.

The map A : T*(M) — T*(M) satistying condition (4.21) for the
given dynamical system (4.18) is called a recursion operator. If an op-
erator A is also a recursion for the hierarchy of dynamical systems (4.20),
then A is called a hereditary recursion operator. Next we have a result

that establishes the hereditary recursion conditions for an operator A (see
(137, 173, 326)).

Theorem 4.1. Let A = 9710 be a hereditary recursion operator. Then the
following two conditions are equivalent:

1) the oper ator i —pai7 8 compati e and the oper ator CIiStS;
11) the bilinear oper ator s , where = acts via the formula
s a,c) = a)c — a)c, .
A*/ A* A*/A* A* A*/ 4 22
or a,c € T(M N s symmetric.
f Y
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Proof. Consider

A=(b,(n'A*a)9 " c) — (b, (1 A*c)9 " a)
— (b, A* (@) e) + (b, A*(n'c)9 a)
— b, A* (¥ 'A*a)9 " e) + (b, A* (9 'A*c)da)
+ (b, A*A* (9 "a)9 ™ c) — (b, A*A* (¥ 'c)0 ™ ta),

(4.23)

where a,c € T(M),b € T*(M). It is easy to verify that for any a,c € T*(M)
and b e T*(M)

A= (ba [A*I7 A*](a7 C)) - (ba [A*/7 A*](Ca a)) (424)
Comparing the expressions (4.23) and (4.19) one can find that
l, (4.25)

where @ = 9~ ta, ¢ =9 "¢, b= A*b.

Taking into account (4.24), (4.25) and that the operator (1, n)-pair is
compatible, from Lemma 4.2 we conclude that conditions (i) and (ii) are
equivalent. Thus, the proof is complete. O

Theorem 4.1 leads directly to the following result.

Theorem 4.2. Let a pair (9,n) of co-symplectic operators be compatible.
Then all operators 9(9~'n)",n € Z, are co-symplectic.

Proof. As the operator M+ is also implectic, the operator (A\J+n) ! as
A — {0, 00} is certainly symplectic. Expanding (A\J+n)~!
in A € C as A — {0, 00}, we conclude that all operators n~!(d9n=1)", n € Z,
are symplectic and their inverses are co-symplectic, which is the desired
result. O

in a Taylor series

So, the dynamical bi-Hamiltonian system (4.1) with a hereditary re-
cursion operator A, factorized by two implectic operators ¥ and 7, obvi-
ously possesses an infinite hierarchy of nontrivial conservation laws v; €
D(M), j € Z,, which can be found using the recursion

grad v;+1 = A grad v, (4.26)

starting at v € D(M) according to (4.18).
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4.3 Symmetry properties and recursion operators

We now consider symmetry properties of dynamical systems (4.1), which
are in a sense dual to conservation laws. A local functional oo : M — T(M)
is a symmetry of the dynamical system (4.1) if it satisfies

LoK=dK—-K'a=0. (4.27)

If system (4.1) is bi-Hamiltonian, it follows from (4.18) that the operator
A* introduced in Theorem 4.1 has the symmetry recursion property:

Na=p, (4.28)

where the local functional 5 : M — T(M) is also a symmetry of the dy-
namical system (4.1).
From (4.27), we readily find that the operator A* satisfies

LA = A'K — [K',A*] =0. (4.29)

Moreover, it follows directly from (4.26) that when the recursion operator
A exists, the conservation laws «; € D, j € Z,, for which

aj = —19 grad 7,

correspond to all the symmetries of the dynamical system (4.1). Thus,
according to (4.20) all these symmetries o; € T'(M) have the canonical
representation:

a; = —9N gradyo. (4.30)

The conservation laws v; € D(M) are naturally related via

1
/ grad v;[u; A, u) dA (4.31)
0

to the corresponding grad v; € T*(M), j € Z,. Furthermore, the conser-
vation laws (4.31) are in involution, i.e.

{’ij’Yk}ﬁ =0= {’Yjalyk}n (432)

for all j, k € Z,. Consequently, it is natural to suspect that the dynamical
system (4.1) is completely integrable in the sense of Liouville. This in fact is
often true for such systems by virtue of the existence of a Lax representation
[128, 326], which will be considered in the sequel.
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4.4 Backlund transformations

Now we consider an important equivalence property for the two given dy-
namical systems related to their symmetries. Let two infinite-dimensional
dynamical systems on functional manifolds M; and My, respectively, be

du/dt = K[u], dv/dt = G[v], (4.33)

where u € My, v € Ms.

A smooth mapping B : M; x My — (@, where Q) is an infinite-
dimensional linear space, is called admissible if for any pair (u,v) € My x My
satisfying the equation Blu,v] = 0, the linear maps Bl : T,,(M;) — Q and
B! : T,(Ms) — @ are invertible. In this case, the admissible mapping
B : My x My — @ is called a Bdcklund transformation for two flows
(4.33) if the relation Blu(t),v(t)] = 0 holds for almost all ¢ € R when
Blu(0),v(0)] = 0.

To study the properties of Bécklund transformation of two systems
(4.33), let us introduce the linear operator R : Tp,(M7) — T,(M>) defined
as

R=DB''B), Blu,v]=0. (4.34)

Suppose the operator ¥ : T*(M;) — T(M;) is implectic. Identifying
the tangent spaces T, (M;) and T, (Mz), (u,v) € My x Ma, with the corre-
sponding functional spaces, we write

¥ = ROR, (4.35)
making use of operator (4.34). The following theorem [137, 326] is a fun-

damental result.

Theorem 4.3. The operator U defined by formula (4.35) is implectic if and
only if operator ¥ is implectic.

Proof. The skew-symmetry of  follows from the skew-symmetry of
because the map (4.35) obviously preserves this property. We now verify
that the Jacobi identity holds for the operator . Indeed,

(a,? grad (b, d¢)) + (circle) = (a, (9 ' Je)b) + (circle)
= (a, R,V ¢)IRD) + (a, RI(R'*c)b)
+ (a, R(0, Dc)R*b) + (circle) = (a, (9),9¢)b) + (circle)
= (a, ¥ grad (b,9¢)) + (circle) = 0,
where a,b,c € T*(Ms), a = R*a,b = R*b,¢ = R*c € T*(M,).

(4.36)
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In obtaining the relations (4.36), we made use of the following easily
proved identities:

(RLa)b = (R.Rb)R 'a,
(R'za)b,c) = (R':Re)b, R 'a) = (b(R,Rc)R ta) = (b, (R, a)c), (4.37)
9 a=—9 R "a,
for all a,b,c € T*(Ms). Thus, the proof is complete. O
The following result [137, 262, 326] is also basic.

Theorem 4.4. If dynamical systems (4.33) admit Backlund transforma-
tion Blu,v], (u,v) € My x Ma, then formula (4.35) defines the Nétherian
operator ¥ if and only if operator ¥ is Notherian.

Proof. First, we show that operator U is Notherian. To this end, we
calculate the following values:

Glu] = —RK[u], K,=-K,R™" (4.38)
It follows from (4.38) that
(G'la)=—(Rla)K + R(K/ R 'a) (4.39)
for all a € T*(Ma).
Using (4.39) and (4.37), it is easy to verify the identity
0! G)a—0G "Fa—G ' da
= (R,G)IR*a+ RV ,G)R*a+ RIR";G)a
+J[(RLa)K]* — d(RK,R~")*a (4.40)
+ (RLa)Ka — RK' R~ a
=R[W !, K)—-VIK": — K/J|Ra
for all a € T*(Ma).
As the operator ¥ : T*(M;) — T(M;) is Notherian, from (4.15) we find

that expression (4.40) is identically equal to zero. Hence, the operator 0 of
the form (4.35) is also N6therian, which is the desired result. O

Theorems 4.3 and 4.4 are of great importance for solving the difficult
problem of describing all equivalent infinite-dimensional dynamical systems.
If the dynamical system (4.33) has a Béacklund transformation B : M; x
Ms — @Q, the equation

A=907' =R AR, (4.41)
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is true if the recursion operator A exists.

Assuming the formula (4.41) is the transformation rule of the recursion
operators for the pair of dynamical systems (4.33), which are not necessarily
Hamiltonian, one can then define a hierarchy of conservation laws 4; €
D(Ms) for the transformed dynamical system using the operator 0.

Similarly, by introducing the symmetry recursion operator

A =RA R, (4.42)
we obtain an operator A* generating a hierarchy of symmetries for the
second (Bécklund transformed) dynamical system.

4.5 Properties of solutions of some infinite sequences of dy-
namical systems

Let us begin an investigation of integrability of a Hamiltonian infinite-
dimensional dynamical system under condition that it has an infinite hi-
erarchy of nontrivial functionally independent conservation laws. As the
Liouville integrability criteria for finite-dimensional dynamical systems are
not quite applicable in the infinite-dimensional case, the problem of Li-
ouville integrability for a general infinite-dimensional Hamiltonian system
remains largely unresolved, even though substantial progress has been made
over the last several decades.

One can show that the conditions of the finite-dimensional Liouville
integrability theorem are necessary for the infinite-dimensional case. How-
ever, the sufficiency of the integrability conditions has only been proved for
a number of concrete examples.

Consider the dynamical system (4.1) having the Hamiltonian form (4.9)
with implectic operator ¥ : T*(M) — T(M) and Hamiltonian function
H € D(M). Suppose that dynamical system (4.9) also has an infinite
hierarchy of smooth conservation laws v; € D(M), j € Z,, which are
functionally independent and in involution, i.e.

{viw}o =0 (4.43)
for all j,k € Z4 and v = H.
Taking into account formula (4.43), we obtain the following infinite
sequence of dynamical systems:
du/dt; = —9 grad v;, (4.44)
t; € R, j € Z,, for which all functionals v; € D(M) are obviously conser-
vation laws.
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Now, let Tj(t) : M — M, j € Z, t € R, be the operators solving the
Cauchy problem for the dynamical systems (4.44) on M, i.e. for all ug € M

Tj(t;)uo = ult;) (4.45)

is the solution of systems (4.44) with the initial value u(0) = ug € M for
all j e Zy.

Let us suppose that Cauchy problem for all equations (4.45) on M is
well-posed, i.e. the operators Tj(t;) are continuous on M for all values of
parameters t; €R, j € Z,.

By virtue of (4.43), the identity

Tj(t5) Tk (te) = Ti(te)T5(t5) (4.46)

holds for all j,k € Zy, i.e. Tj(t;), j € Z4, are mutually commutative.

Let the functional yy11 € D(M) take the value yy1+1 = hnyy1 € R such
that this value is minimal under the condition that the values of functionals
v; = h; € R, 0 < j < N, are fixed. Then, obviously, by virtue of the
minimality,

N
grad Yn41 = Z cpgrad vy (4.47)
k=0

is satisfied, where ¢, € R, 0 < k < N, are constants.
Let ug € M be a solution of equation (4.47). Then we have the following
lemma [227, 262, 326].

Lemma 4.3. The expression
N-1
H Tj(tj)uo = u(to, t1,- -, tnN-1) (4.48)
§=0

for all parameters t; € R, 0 < j < N —1, is also a solution of the equation
(4.47).

Proof. Consider the functional

N
F= ZCWk — IN+1,
k=0
which is obviously a conservation law for all flows (4.44). As the critical
points of the conservation laws form [227, 262] an invariant set, the oper-
ators T;(t;), 0 < j < N —1, map the solution of (4.47) into itself, and this
completes the proof. |
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Let us consider all functionals v; € D(M) having the following canonical
representation:

v = /'yj [u]dv, (4.49)
s
where v; : M — R, j € Z,, are smooth mappings, and v is the Lebesgue
measure on the set S,u € M.

Thus, equation (4.47) is an ordinary differential equation of the 2N-th
order whose solution is uniquely determined by the Cauchy (initial) data
{u(zo), u®(zp), ... uBN=V(zg)} € JEN=D(S;R™), where ul¥) () is the
k-th derivative of function v € M at point xg € U.

For convenience we denote the N-parameter set of functions (4.48) by
Mpy. The set My can be considered as embedded (via the Cauchy data)
in the jet space J(QN*U(S;R’”). In addition, we consider the functionals
7v; € D(M) to be such that the set My is bounded in JEN=D(S;R™), i.e.
the operators Tj(tg), 0 < j < N — 1, are bounded on M. If the values
v; = h; € R, 0 < j < N, are such that the grady; are linearly independent,
then the following theorem [227, 262] holds.

Theorem 4.5. The set My is an N-dimensional immersed manifold in
JEN=D(S;R™).

Proof. Let u = u(to,t1,...,tn—1) be an arbitrary point of My. It was
shown in Lemma 4.3 that v;[u] = ~v;[ug] = h; for all 0 < j < N. Hence,
the vector fields o; = —1 grad~y; are linearly independent on My C M.
By virtue of (4.46), we have

N-1
u(to +co,t1 + 1, tvo1 +eno1) = [ Tiles)ulto, - tn), (4.50)
j=0

where £; € R, 0 < j < N — 1, are sufficiently small real numbers.

It follows from the linear independence of the vector fields «; =
—d grady;, 0 < j < N—1,on My C M that the set of points of type (4.50)
forms an open subset of the N-dimensional manifold smoothly embedded
in JEN-1(8;R™). Thus the proof is complete. O

Observe that the tangent manifold T, (My) at u € My is generated by
the vector fields a; = —9 grad~y;, 0 < j < N—1. By virtue of the continuity
of functionals v; € D(M), j =0,..., N, the equation v, [u] = v;[ug] obtains
not only for points u € My, but also for points u € My, where My is the
closure of M.
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Thus, owing to Theorem 4.5, for all u € My, the set of points of type
(4.50) forms an open N-dimensional manifold which is smoothly embedded
in JEN-D(U;R™).

Let us now study the dynamical system of type (4.33) when the func-
tionals v; € D(M), j € Z,, are defined on a manifold M consisting of
smooth periodic functions u : R — R of period 27. Then it is easy to show
from condition (4.43) that we have

0

for all j,k € Z, where Fj;, are smooth local periodic mappings of the space
M into R.

Suppose u € M is a solution of equation (4.17). When multiplied by
9 grad ~g, this equation makes it clear that the quantities

(grad ~;, v grad i)

N
fk = ch]:jk - fN+1,k, (4.52)
§=0
k € Z4, do not depend on the variable z € R.
If function u € M depends on parameters t,,, € R, m € Z, it follows
from the form of he dynamical systems (4.44) that

N
8}} Z jafjk B OFN+1.k — (0" )k — (e, an), (4.53)

O,

where a = —9 grad v, k € Z,, and

N
Y =—YNt1+ ch ¥j, ;= grad v;.
§=0

By virtue of Lemma 4.3, the value of 4 is equal to zero for all ¢,, € R,
m € Z4, so from equations (4.53) we find that the 7, 0 < k < N,
are invariants of dynamical systems (4.44) on the submanifold My C M.
Whence, owing to the functional independence and formulas (4.49) for the
conservation laws v; € D(M), j € Z4+, we conclude that conservation
laws Fj, € D(JEN-D(R;R)), 0 < k < N, are functionally independent on
JON-1(R; R).

Let fr € R be the values of the conservation laws Fplu] €
D(JEN-D(R;R)), 0 < k < N, at point ug € My. Denote by V C
JEN-1(R;R) the set satisfying the conditions: u € V if Fylu(x)] = fi,
0 < k < N. In view of the functional independence of the Fj €
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D(JEN-D(R;R)), 0 < k < N, the set V is an N-dimensional smooth sub-
manifold of JZN=1)(R;R), and we have nearly proved the following result
[227, 262).

Lemma 4.4. The closure My C V is invariant with respect to flows (4.44)
and is compact.

Proof. The continuity of the operators (4.45) Tj(¢;), t; € R, j € Z4
implies that the set My is invariant with respect to the flows (4.44).
From the continuity of the conservation laws Fj, € D(JZV~D(R;R)),
0 <k < N, it follows directly that My C V. Hence, the assumed bound-
edness of My implies that My is compact, which finishes the proof. O

Next, we consider the point set My (u;e) defined by
N-1
My (u;e) = [] T(t;)u, (4.54)
3=0

where u € My; |t;| <&, 0<j < N-—1,and ¢ is a sufficiently small positive
number. This set is an open subset of the N-dimensional manifold smoothly
embedded in JZN-1(R;R), and the following lemma [72, 227, 262] holds.

Lemma 4.5. The set My (u;e) defined by (4.54) contains a neighborhood
of u € My.

Proof. Let us assume the opposite. Then there is a sequence of elements
U, € My, n € Zy, such that u, — u, u, ¢ My(u;¢). Now, according
to Lemma 4.4 the set My (u,;¢) C My. Hence, the sets My (un; %E) and
My (u; %5) are disjoint for all n. Indeed, if they had an intersection point,
it would follow from the representation (4.54) that

N-—1
H Ti(t; — th)u = up (4.55)
§=0

for some t;, t, 0 <j < N —1, with |t;] < 3¢, [tj] < 3e.

But equation (4.55) is equivalent to membership of u,,n € Z4, in the
set My (u; ), which contradicts our initial assumption.

Now, we construct a subsequence u, ), n € Z4 such that w1
does not belong to each of sets My (upry;€), 0 < k < j. As every set
Mn (unjy;€), j € Zy, has a positive distance from point v € My, the
points uy;), n € Z4, can be chosen arbitrarily close to u € My.

Again, we can select the sets My (un(j); %6), J € Z4, to be mutually
disjoint. It follows from Lemma 4.4 that the sets My (un(j); %5) C My C
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V, j € Z4. But this is absurd, since smooth manifold V' cannot have such
a complicated structure with an infinite number of fibers, so our initial
assumption must be false, and the proof is complete. O

Accordingly it follows from the definition of My that every neighbor-
hood of an element u € My contains points from Mpy. Thus, some points
from My (u;e) belong to My, i.e. they have the form

N-1
H T; (tj)uo’
J=0

where ug € My.

However, because of the commutativity of the operators T}(¢;), 0 < j <
N — 1, u € My has the same form as any element from My. This means
that My = My, which is the basis of a proof of the next result.

Theorem 4.6. The set My is a compact, connected and open-closed subset
of the manifold V, and each point of My is regular.

Proof. We shall show that the manifold My is diffeomorphic to the N-
dimensional torus TV, which clearly serves to establish the existence of a
number ¢y € R, such that the manifold My C My (uo;to).

Indeed, as My is compact then there are points u; € My such that the
collection of sets { My (u;;¢€), 1 < j < m} covers the whole manifold My .
Now, any pair of points in the neighborhood My (uj;¢), 1 < j < m, can be
connected by the mapping

N-1
I @), 1)< 2,
j=0

j=0,...,N—1. As every point can be connected with the base point ug €
My by a chain of no more than m arcs, it follows that My C My (ug;to),
where ty = 2me.

As an immediate corollary, we deduce that there must be nonzero num-
bers t; € R, 0 < j < N — 1, such that

N-1
I 7t =1 (4.56)
7=0

Let (to,t1,t2,...,tn—1) € RN, t; € R, 0 < j < N — 1, be such that

formula (4.56) holds. The collection of all such sets forms the modulus ¢ in
RY over the ring of integers.
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As Theorem 4.5 excludes the possibility of satisfying equation (4.56) for
values |t;| < € when ¢ > 0 is sufficiently small, if ¢; # 0,0 < j < N —1, we
conclude that the modulus ¢ is discrete, i.e. it can be represented as

m
t= anwj:njEZ, 1<j<my,
j=1
where m < N is its dimension and w; € Ry, 1 < j <'m, is a basis.

Now, it follows from Lemma 4.4 that the set My can be represented as
My ~ RN /t. Hence, owing to the compactness of My we conclude that
m = N, ie. RN/f ~ TV so My is diffeomorphic to the N-dimensional
torus. Thus, the proof is complete. O

The proof of this theorem actually leads rather directly to the following
important result that is proved in the literature [227, 262].

Theorem 4.7. The mapping
N-1
I 7tts) - RN /) = My c JEND(R; R) (4.57)
j=0

is an injective map of the torus TV ~ RN /t onto the set My.

In particular, My ~ TV, ie. My is diffeomorphic to the N-
dimensional torus and the flows generated by dynamical systems (4.44) in
variables of RN /t are quasiperiodic.

Theorem can be viewed as an infinite-dimensional version of the Liou-
ville theorem on integrability; applicable to Hamiltonian dynamical systems
having an infinite involutive hierarchy of functionally independent conser-
vation laws. For many particular cases, the construction of the invariant
tori TN can actually be carried out explicitly by employing different math-
ematical techniques.

4.6 Integro-differential systems

Most of the infinite-dimensional dynamical systems arising in mathematical
physics are in the form of partial differential equations. However, there
are several important cases in which the dynamics is governed by integro-
differential equations. We shall briefly consider two such examples here.

Example 4.1. Dynamics of a closed vortex filament in an ideal fluid
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Consider a closed vortex filament moving in an ideal fluid in R3. A good
model for the dynamics can be derived from the Biot—Savart law combined
with a standard desingularization procedure [36, 38, 39]; it has the form

= Oy (1,1) / V(o (Jle(r,t) — p(s, D)) A ws(s,t)ds, (4.58)

where T is the vortex strength, which is assumed to be a positive constant
over the filament, S' is the unit circle in the complex plane C,

peM={peC™(S'x[0,00),R?) : (-, t) is injective for every ¢t >0},

V and A are the usual gradient and wedge (cross) product in R?, respec-
tively, and o is a desingularizing function, which mimics flow in a slender
vortex ring in a real fluid, such that the right-hand side is smooth (= C*°)
whenever ¢ is smooth.

Equation (4.58) can be shown to be a Hamiltonian dynamical system
[36, 38, 81, 252], and there is a simplification called the linear induction
approximation that was proved by Hasimoto [170] to be equivalent to the
standard nonlinear Schrédinger equation - and therefore completely inte-
grable, with soliton solutions. It is easy to show [38] that the Hamiltonian
system is completely integrable if the initial filament is a perfect circle.
More precisely, the circular symmetry allows reduction to a one-degree-of-
freedom Hamiltonian dynamical system. In this vein, it remains an open
problem to determine just how wide is the class of initial filament con-
figurations leading to completely integrable systems in which the filament
exhibits soliton like variations in the course of its motion.

Example 4.2. Continuum approximation of granular flows

There are several methods for finding continuum approximations of
granular flow equations. One is the long-wave limit (used, for example,
in the derivation of the KdV equation from the Fermi—Ulam—Pasta system
of nonlinear oscillators). Using this approach, Nesterenko [276] was able
to obtain completely integrable partial differential equation models for per-
fectly elastic one-dimensional particle flows, having soliton solutions that
were in good agreement with experimental results.

An interesting alternative to this approach [45] produces integro-
differential continuum approximations that can be written as

ut+u~Vu:e+/P(ym(x,t),u(y—{—x,t))dy, (4.59)
R
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where u is the velocity (vector) in a region R of the appropriate one-, two-
or three-dimensional space, e is the external force (such as gravity) and
P is a smooth kernel, having support in a small compact neighborhood of
x € R, derived from the standard Mindlin—Walton—Braun particle-particle
and particle-boundary (wall) interaction models [45, 276] and an assumed
particle distribution [47]. If the particle-particle and particle-boundary
interactions are perfectly elastic and the external force e has a smooth
potential, it is not difficult to show that (4.59) is an infinite-dimensional
Hamiltonian system [47], which is completely integrable in certain cases.
For example, it was shown in [37] that for horizontal, perfectly elastic mo-
tion of a string of particles, (4.59) is equivalent to the completely integrable
Burgers equation. The problem of finding other examples (especially in
higher dimensions) of completely integrable (approximate) particle dynam-
ics in the context of (4.59) and other continuum models is currently of
considerable interest in the granular flow community.



Chapter 5

Integrability Criteria for Dynamical
Systems: the Gradient-Holonomic
Algorithm

5.1 The Lax representation

5.1.1 Generalized eigenvalue problem

Consider an infinite-dimensional dynamical system
u = Ku], (5.1)

where u € M C C52(R; R™), belonging to a subspace of smooth 27-periodic
functions on R, n € Zy, K : M — T(M) is a local functional on M of the
fixed jet-order m € Z,, which is smoothly Fréchet differentiable and takes
values in the tangent space T (M) of the manifold M. We also consider a
linear differentiable operator L[u;\] acting in the space H := L*°(R;CF),
and also a local functional on the manifold M depending on a parameter
reC.

Define the following generalized eigenvalue problem for the operator
Llu; \] : H — H as follows: a number A € C belongs to the spectrum o (L)
of the operator L{u; A\] when a solution y € H of the equation

Llu; AJy(z; A) = 0, (5.2)
r € R, is bounded, i.e.

sup [ly(z N < oo,

z€R
where || - || is the standard norm in C*.

Let us suppose that the spectrum o (L) undergoes iso-spectral deforma-
tion for the dynamical system (5.1), i.e.,

—o(L) =0

7o)

for all t € R. As, in general, the spectrum o (L) is a functional on M, for
the case being consideration it is invariant on the manifold M.

101
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A sufficient condition for such iso-spectrality for the dynamical system
(5.1) is the existence of a parameter dependent matrix operator P(L) :
‘H — 'H that a local matrix functional on M, such that for all values of the
parameter A € C, the following equation holds:

dL/dt = [P(L), L), (5.3)

where [+, -] is the standard operator commutator. We note that the dynam-
ical system (5.1) is the compatibility condition for the operator equation
(5.3) for all A € C. A representation of dynamical system (5.1) in the form
of (5.3) is called a Laz representation.

5.1.2 Properties of the spectral problem

We now perform a detailed analysis of the spectral properties of problem
(5.2) for the dynamical system (5.1). To do this, we assume that the oper-
ator L[u; A] : H — H can be represented in the canonical form
Ll N = -~
dx

where [[u; A] is a matrix functional on the manifold M. Equation (5.2) can
be rewritten in the form of a linear matrix differential equation in the space
H as

dy/dx = lu; Ny. (5.4)

Let Y (z,z0; A) be the fundamental matrix solution of equation (5.4)
normalized at a point z = 2y € R, i.e., Y(z,z9;\) = 1 for any zy € R,
A € C. Obviously, any solution of equation (5.4) can be represented in the
form

y =Y (z,20; Ao, (5.5)

where yg € CF is an initial value at z¢ € R.
Consider the value y(z,zp; \) at = 29 £ 27N, N € Z,. By virtue of
periodicity in the variable € R of the matrix /[u; A], we have

y(vo £ 27N, 205 A) = SN (20; \)yo, (5.6)

where S(xo;A) = Y(xg + 2m,20; A) is called the monodromy matriz of
the differential equation (5.4). Let £(A) € C be an eigenvalue of the
matrix S(zo;A), o € R, A € C. Then from (5.6) it directly follows
[111, 128, 232, 233, 247, 262, 406] that the solution y € H is bounded
if and only if all eigenvalues £(A\) of the matrix S(zo;A) lie on the unit
circle in C, i.e., [£(N)]| = 1.
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We now show that the eigenvalues £(A) € C do not depend on the point
zo € R. With this purpose, we consider the corresponding differential
equation for the matrix S(xg; A) :

dS/dzo = [I[u; \], S). (5.7)

From equation (5.7), we conclude that the values trS™(zg; A), n € Z4, do
not depend on the point zy € R. Consequently, the eigenvalues () of the
matrix S(zg; A), A € C, do not depend on zy € R, i.e.,

d
—&(N) =0.
Lew

Let § € H be the eigenfunction of problem (5.4) satisfying the Bloch
condition [232, 247, 262, 406]

gla 4 2w, x0; A) = EN)G(z, o3 ) (5.8)

for all x € R, i.e. § € H is an eigenfunction for the monodromy operator
S:H — H, S(x;Ny(z,z0; A) = E(N)F(x,x0; A) for all 2,29 € R. Under
the assumption that the matrix l[u; A] depends analytically on parameter
A € C, we infer that the matrix Y (z, zo; A) is also analytic in A € C.

As the function £ : C — C is in general algebraic on a Riemann surface I"
of infinite genus, the vector § € H is the same as the parameter A € I'\{co},
where we have denoted its essentially singular points on the surface I' by
{o0}.

The values A € C for which [£(A\)] = 1 belong to the spectrum o (L),
which has zone-structure [406] in the complex plane C. For more detail
on the spectrum o(L), it is necessary to specify the form of the operator
Llu; ] : H — H and to determine its dependence on the parameter A € C.

5.1.3 Analysis of a generating function for conservation
laws

Assume equation (5.3) is a Lax representation for the dynamical system
(5.1). We shall show that £()\) as a functional on the manifold M, depending
on the parameter A € C, does not depend on the temporal variable ¢t € R by
virtue of the dynamical system (5.1). Equation (5.3) is clearly equivalent
to the system of differential equations

%zj = lu; AJy, %ﬂ = p(1)y, (5.9)
where § € H is the Bloch eigenfunction of the operator L[u; ] defined
above.
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Hence, taking into consideration property (5.8), we find that

e+ 15N — conpyg. (5.10)

from which, by virtue of (5.9), it follows that

d
ZE0) =0, (5.11)

i.e. the functional {(A\) € D(M), X € C, is a generating function of conser-
vation laws for the dynamical system (5.1).
Consider equation (5.4) for the Bloch function § € H,

dy/de =1y (5.12)

and construct the new function z := /(j, ¢) € H, where a vector ¢ € C* is
chosen to be constant. Then one finds easily from (5.12) that

dz/dx =1z — (IZ,¢)Z, (5.13)

for which the constraint (Z, ) = 1 holds for any x € R. This last condition
implies that the vector Riccati type equation (5.13) possesses a solution
Z € 'H, which has the following asymptotic expansion as |A\| — oo

Az A) ~ Y ZluAI T (5.14)
JELy
where 5 € Z; and z; : M — CF, j € Z,, are local functionals.
Making use of expansion (5.14) and the condition (z,¢) = 1, one can

construct a hierarchy of conservation laws naturally related to the dynam-
ical system (5.1).

5.2 Recursive operators and conserved quantities

5.2.1 Gradient-holonomic properties of the generating
functional of conservation laws

Consider equation (5.4) for the fundamental solution Y (z, zg; A) :

dy
N 4 1
7y = Uw Y, (5.15)

where Y (zg,zo; A) = I for all 2,29 € R and A € C. Since the fundamental
solution Y (zg,xo;A), A € C, is a functional on the linear manifold M, it
follows from (5.15) one obtains an equation for the variation 0Y of the
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fundamental solution when the value u € M changes to (u + du) € M;
namely,

d

—0Y =16Y +41Y, 5.16

T +aly, (5.16)
where [[u; A] := [ and evidently §Y (zg,xzo; A) = 0 for any zp € R and all
reC.

The solution of equation (5.16) is

§Y = Y/Y‘lélY dz. (5.17)
o
Taking into account that S(zo; \) = Y(xzo+2m,20;A), A € C, 29 € R, from
relation (5.17) we readily compute that
zo+2m
59 =S5 / Y51Y da. (5.18)
zo

Consider now the functional
A(X) = trS(zo; A),

where S(zg; \), o € R, A € C, is the k x k-dimensional monodromy matrix
considered above. By virtue of (5.11), A()) is a generating functional of
conservation laws for the dynamical system (5.1).
From a calculation of the trace functional tr S, we readily obtain from
(5.18) the following:
xo+2m
SA(N) = tr(S / Y-ly da:). (5.19)
zo

Making use of the formula (5.19), we find that

gradA(\) = tr (IS) , (5.20)
or
radA(A\) = tr S’zl (5.21)
g - au ) .

provided that the matrix [ does not explicitly depend on the derivatives of
function u € M.

If the matrix I[u;A] depends on derivatives (u,ugz,...,Umz) €
JQ(Wm)(R; R¥), then formula (5.19) will lead to an expression for gradA(\) €
T*(M) slightly complicated than (5.21), which is necessary to calculate
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separately, making use of equation (5.15). For example, if | = l(u, uy; ),
from representation (5.19) we find that

gradA()) = tr (su L] — sdizux + szu) , (5.22)
T

where [, is the usual partial derivative with respect to the variable u, € M
of the matrix [ and [, is its partial derivative with respect to the variable
u € M.

Obviously, in general there exists a matrix-valued vector A : A[l] €
(Hom C¥)™, which is a local functional on M such that

gradA(\) = tr(I'5S) = tr(SA). (5.23)

Suppose that the matrix-valued vector A € Hom CF*™ in (5.23) is
nontrivial. Then using the system of differential equations (5.7) for the
functional S : M — Hom C* together with the relation (5.23), one can
obtain the following determining expression gradA(\) € T*(M):

AfulgradA(X) = AgradA(N), (5.24)

where Afu] is an integro-differential operator parametrically depending on
A€ Cand u e M, g €7 is an integer.
Now, define

k
SpS(x; ) = AN) =) explip; (V)] (5.25)
j=1

where ¢;(\) € D(M) are such that &;(\) = explig;(N)], 1 < j < k, are
eigenvalues of the monodromy matrix S(xg; A), A € C.

If the parameter \ € C tends to the singularity {co} € C in some special
way, the expression gradA(\) € T*(M) in an asymptotic series in powers
of the parameter §(\) € C, giving rise to the relation

Alujgrady; = grady;q, (5.26)

where functionals v, € D(M), j € Z,, are suitable conservation laws for
the dynamical system (5.1).

It is easy to check that the recursion operator A : T*(M) — T*(M)
satisfying the relationship (5.26), also satisfies the determining equation
(5.24) for the dynamical system (5.1).



Integrability: The Gradient-Holonomic Algorithm 107

5.2.2 Involutivity of conservation laws

We have now shown that the operator A = Afu] : T*(M) — T*(M), acting
according to the rule (5.26), is hereditarily recursive. Assume now that
there exist two implectic operators ¥, n : T*(M) — T(M) that are com-
patible and factorize the operator A as

A=v"1n. (5.27)

Thus, the operators ¥ and n are Notherian and the dynamical system
(5.1) is bi-Hamiltonian, that is

u; = —dgrad H = —ngrad H, (5.28)

where the conservation laws H and H € D(M), in general, are linear com-
binations of a finite number of the conservation laws v; € D(M), j € Zy,
of the form

m m
=D e H=) ¢ (5.29)
j=—q j=—q
where ¢; € R, —g < j < 'm, are constants.

Therefore, by virtue of equations (5.28), two Poisson brackets {-, -}y
and {-, -}, are defined on the functional space D(M) with respect to which
two generating functions A(\) and A(u) of conservation laws with A\, u € C
being arbitrary parameters, are in involution. Indeed,

{AN), A(u) o = (gradA(A), 9 gradA(u)) = (gradA(A),n gradA(p))p™?
—(n gradA(A), gradA(p))u™*
—(9 gradA(N), gradA(p)) (A1)

— (grad A(N), 9 grad A(u)) ()7
={AM), A(w)}s (A™h)
(5.30)
Whence, we find that
{AM), A} 1= ™)1 =0, (5.31)
that is, by virtue of arbitrariness of the parameters A\, u € C we obtain:
{AMN), Aw)to = 0= {AN), A(p) }y- (5.32)

From (5.32) it follows that the hierarchy of conservation laws v; €
D(M), j € Zy4, is in involution with respect to both Poisson brackets
introduced above, namely for all j, k € Z, we have

{7t = 0={v, 7}y = 0. (5.33)
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The relationships (5.33) can be obtained in a more formal way by making
use of formula (5.26). To this end, we determine the extended hierarchy of
conservation laws {v; € D(M) : j € Z} by the rule

grady; = A grady; 44, (5.34)

j € Z_, where A~! is the inverse operator equal to the operator =19 by
(5.27) under the assumption that operator n=* : T(M) — T*(M) exists.
Then from calculations analogous to (5.30), we obtain

{vimoll = A=) =0 (5.35)

for all j,k € Z and A\, u € C.
By virtue of arbitrariness of the parameters A\, € C, from (5.35) we
find that

{vi o = 0= {7, 7}y, (5.36)

for all j,k € Z. Thus, according to the Lax Theorem 4.5, the dynamical
system (5.1) on the integral manifold My C M determined by equation
(4.50) is completely integrable in the sense of Liouville and the motion on
My is quasiperiodic in the variable ¢ € R.

To obtain the most effective formulas for the motion of the dynamical
system (5.1) on a torus TV ~ My, we shall find necessary conditions for
the existence of a Lax representation (5.3), which is equivalent to equa-
tion (5.1). The existence of such a representation allows us to integrate
by quadratures by means of the inverse scattering approach [406] a given
nonlinear dynamical system in a regular way that is especially important
for applications.

5.3 Existence criteria for a Lax representation

5.3.1 The monodromy matriz and the Lax representation

Again we consider the dynamical system (5.1), and assume that a Lax type
representation (5.3) exists with operators L[u; A] and p(L) : H — H whose
form is to be determined. We describe the gradient-holonomic technique
[62, 173, 262, 308, 309, 326] for solving the direct problem of determining
the Lax operator Lu; A] : H — H starting from the form of the dynamical
system (5.1).

Let H € D(M) be an arbitrary conservation law of the dynamical sys-
tem (5.1). Then gradH € T*(M) satisfies the Lax equation of Section 5.1.
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Consider the generating function A(X), A € C, of conservation laws which a
priori exists for the dynamical system (5.1) by the assumption made above
and which satisfies equation (5.24) with an unknown recursion operator
A. Then the element gradA(A) € T*(M) obviously satisfies the same Lax
equation (5.1) for all values of the parameter A € C, that is

%gradA()\) + K"gradA()) = 0. (5.37)

If S(zo;A), A € C, is the corresponding monodromy matrix for the
operator Lu,A] : H — H, then it follows from (5.23) that the equation
(5.37) takes the form

d
atr(S.A) + K"tr(SA) =0 (5.38)
where the matrix-valued vector A € (Hom CF)™ is defined according to

(5.29).
Some explicit formulas for the matrix-valued vector A € (Hom CF)™
can be obtained from expressions (5.21) and (5.22). For example,

All] = 1, (5.39)

if the matrix {[u; A] depends only on function u € M and not its derivatives
with respect to variable x € R, and

d
=1, ——I Ll 5.40
Alll g bus [l ] (5.40)
if lu; A] = U(u,ug; N), ie., if the matrix [[u; \] depends only on function

u € M and its derivative with respect to variable € R, and so on.

In many cases, if the Fréchet derivative K’ : T(M) — T(M) of a vector
field K : M — T(M) is not in integro-differential form, the matrix {[u; ]
in the operator L[u; A] : H — H can often be chosen independent of the
derivatives of the function u € M.

5.3.2 The gradient-holonomic method for constructing con-
servation laws

Let Y(x,20;\), z,70 € R, X € C, be the matrix Bloch solution to equation
(5.15) satisfying

dY /dx =1Y, Y(z+2m,20;)) =Y (2,20;)) Q(N), (5.41)
with diagonal matrix

QA) ={&(N) by 1<4,5 <k}
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where £;(A) € D(M), 1 < j < k, are the eigenvalues of the monodromy
matrix S(xo; A).

Clearly, the matrix S = YCY ™1, where C = {C;; : 1 <i,j < k} is an
arbitrary constant matrix, satisfies the same differential equation (5.7) as
does the monodromy matrix S, that is

dS/dx = [, 5], (5.42)

where the matrix | = [[u; A], u € M, is the same as in (5.41).
Hence, by choosing the matrix C' = {C;; : 1 <¢,j < k}, the monodromy
matrix S(z; \) can be identified with the matrix S(z; \), that is

S(z;\) =YCYy ! (5.43)

forall x € R, A € C.
Since the column ¢, of the matrix ¥ = {g, : 1 < n < k} has as
A — {00} an asymptotic expansion of the form

x

Un (@, 20; A) ~ 0™ (25 \) exp [/ o™ (z; \) dx], (5.44)
Zo
where
B (@A)~ D0 B 6, o (N~ D o ] (),
JELy JELy

for some s,, € Z4, then, according to (5.38) and (5.43), the Lax equation
de/dt + K™ ¢ =0, (5.45)
where ¢ = gradtr S(z; \) € T*(M) admits the following asymptotic solu-
tion as () — {oo}:
© =b(x; \) exp[/ o(z; A) dz + w(A; t)). (5.46)
xo
Here the vector-function b € T*(M) is normalized by making its first com-

ponent unity, o € C(°)(R;C) and we have the following asymptotic expan-
sions

b(a; A) ~ Y bl 6TI(N), o(m A ~ Y o[u]d (), (5.47)
JELy JEL+
if §(\) — oo.
The function w : C x R — C takes into account the part of the
asymptotics (5.46) explicitly depending on the dynamical variable ¢ € R,
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and the expansion (5.46) is fundamental for determining conservation laws
v; € D(M), j € Z, via the invariance of the expression
o427
YO = / oz \) da (5.48)
zo
for any 2o € R and A € C subject to dynamical system (5.1), as follows
from expression (5.44). This, in particular, leads to the relationships
o427
on(x; N) de = &, (N), (5.49)
o
where &,(\) € C, 1 < n <k, are the eigenvalues of the monodromy matrix
S(x; A); this follows directly from equation (5.45) owing to the periodicity
of functions b(z; A) and o(x;\) in z € R for all A € C.

Expanding the right-hand side of (5.48) in asymptotic series according
to (5.47), we find that

YA ~ Yy 6N, (5.50)
JELy

where owing to (5.48), the functionals

To+2m
V= / ojlu] dz,
xr

0

j € Z,, are conservation laws of the dynamical system (5.1). To calculate
them in explicit form we have as usual to substitute solution (5.46) into
equation (5.45). The recursion relations for the local functionals o; : M —
R and b; : M — R, j € Z,, appearing after the substitution, are always
solvable in explicit form. Thus, we have sketched an effective algorithm for
constructing conservation laws for a dynamical system (5.1).

5.3.3 Construction of compatible implectic operators

Suppose a recursive operator A : T*(M) — T*(M) for dynamical system
(5.1) exists and acts on the hierarchy of conservation laws (5.50) by the
rule (5.26):

Agrad v; = grad V44, (5.51)

where j € Z, and q € Z is fixed.
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To determine such an operator A, we represent the dynamical system
(5.1) in Hamiltonian form as

du/dt = —dgradH = K|[u], (5.52)
where
H= ¢+
Jj=—q

and ¢; € R, —¢ < j < m, are constants.

To define an unknown implectic operator ¢ : T*(M) — T(M) by means
of the known conservation laws v; € D(M), j € Z4, we shall use the
algorithm described in what follows. Consider on a functional manifold M
a Hamiltonian system

du/dt = —dgrad H = Klul, (5.53)

where H € D(M) is its Hamiltonian function and ¢ : T*(M) — T(M)
is the corresponding co-symplectic structure on M. Assume now that an
element o € T*(M) satisfies the invariance conditions

Lxo=0K+K"0c=0, o #0o"™". (5.54)
Then, from (5.53) and (5.54) one easily computes that
(o) —0™K + 0" K+ K*0 =97 'K +grad (0, K) =0, (5.55)
if the Hamiltonian function H € D(M) allows the representation
H=(0,K), Lgo=0, (5.56)
and the symplectic structure on M is given as
vl =0 — o' (5.57)
Taking into account that the R > z-shift vector field
du/dr := uy, (5.58)

always commutes with the vector field (5.53), it is easy to see that the
vector field (5.58) is also Hamiltonian, namely

du/dz = —vgrady (5.59)
for a functional v € D(M). Assuming that the representation
v=(0u), o #o", (5.60)

holds, upon substituting K = du/dx we readily obtain from (5.56) and
(5.57) the symplectic structure on M if the additional condition Lxo =0
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is satisfied. Note here that the condition L a0 = 0 is satisfied identically
for any o € T*(M).

Thus, using the hierarchy {y; € D(M) : j € Z;} of conservation laws
for the dynamical system (5.53), one can construct the corresponding co-
symplectic structures on the manifold M. In particular, if ¥ = (5,u,) €
D(M), where Lgd = 0, is another conservation law of dynamical system
(5.53), the expression

nti=¢—-a" (5.61)
defines on M a second co-symplectic structure n : T*(M) — T(M) with
respect to which the following representation

du/dt = —ngradH = K|u], (5.62)

holds, where H := (o, K) is the corresponding Hamiltonian function.
Let the obtained operator ¥ satisfy equation (5.24), so that it is
Notherian. It follows from (5.27) and (5.51) that

¥ gradyjq = 7 grady; (5.63)

holds for all j € Z,, so by a straightforward calculation one can find the
implectic operator 7.

Here, in general, we are looking for the operator n in the class of
Notherian, skew-symmetric integro-differential operators. As a result of
formulae (5.62) and (5.63), we find that the dynamical system (5.1) is bi-
Hamiltonian, that is

du/dt =9 grad H = —n gradH, (5.64)

where

m

,H: Z Ej’)/j.
J

=—9q

The method developed above for obtaining the implectic operators
and 7, by factorizing the operator A, is quite effective in practice. Another
technique for obtaining the operator A = 915, which is based on the small
parameter expansion [84, 262, 264, 326], Fourier transforms and solving
the Notherian equations LY = 0 = Lgmn, shall also be treated in this
chapter.
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5.3.4 Reconstruction of the Lax operator algorithm

Let operators ¢ and 7 obtained above be implectic and Né&therian. By
virtue of Theorem 4.3, the operator A = 9¥~'5 is hereditarily recursive if
the operator [A*, A*'] is symmetric, where A* = n~1. Then all dynamical
systems du/t; = —dgrady;, t; € R, j € Z,, associated with the dynamical
system (5.52), possess a common system of conservation laws which are in
involution, namely

i vete = 0= {75k }ns (5.65)

j,k € Zy. The expressions (5.65) are valid if there exists a generating
function y(A),\ € C, for which the general relation of the form (5.63)
holds:

A9grady(A) = ngrady (). (5.66)

Owing to relations (5.48), (5.50) and (5.53), such a function exists and
can be taken as the expression (5.48). Upon comparing equations (5.66),
(5.24) and (5.25), one sees that the generating function y(A\) € D(M), A €
C, can be identified with

A(N) = trS(ao; N),

where S(zo; \), o € R, is the monodromy matrix of an operator L{u; ] :
‘H — 'H which is assumed to exist.
Thus, from (5.23) and (5.66) we obtain

A9tr(SA) = ntr(SA) (5.67)

forall A\ e C and u € M.

The equation (5.67) is fundamental partly because it contains only dif-
ferentiation and integration operations with respect to the variable x € R.
The differentiation operation @ = 9/0x, = € R, is determined in the usual
way. The integration operation (indeterminate) in the case of a periodic
functional manifold M is defined here as

o) :% /x(-)daz— 7277(-)(1:5 : (5.68)

where zg € R is arbitrary. Obviously, in the class of periodic functions the
operation (5.68) has the desired property 90~1 =1, but 9719 =1+ d,,,
where §,, is the Dirac delta-function with support at the point =y € R.
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Thus, by eliminating in (5.67) the integration and differentiation oper-
ations of the monodromy matrix S by means of equation (5.7), one can
transform (5.67) to the functional trace-form:

tr(SB) =0, (5.69)

where the matrix-valued vector B := Blu; \|l] € (Hom CF)™ is defined
uniquely by the matrix l[u; A] for u € M, X € C.

Owing to the arbitrariness of the monodromy matrix as a solution to
the differential equation (5.7), we conclude that equation (5.69) holds if
and only if the matrix-valued vector B is identically zero, that is

Blu; A\[1]=0 (5.70)

forallue M, X e C.

The size of the matrix I[u; A] - some number k € Z, - is determined
uniquely both by the orders of the integro-differential parts of operators
¥ and 7 and by the size of matrices representing them - the number m €
Z. Namely, according to (5.67) one can show that, after transformations,
the first component of the matrix-valued vector tr(S.A) satisfies a linear
differential equation of the minimal order v for the operator ¥/. Then, the
order k € Z, of a matrix [[u; \] satisfies the equation v < k? — 1, where
we have taken into consideration that the quantity trS(xg; A) is obviously
a linear invariant of equation (5.7).

As the matrix-valued vector Blu; A | I] explicitly depends on the matrix
I[u; A], the system of equations (5.70) can be solved algebraically and the
components of this matrix {[u; A] can be explicitly determined [69, 326] as
local functionals of u € M. Accordingly the problem of finding an explicit
Lax representation for the given dynamical system (5.1), under assump-
tion that such a representation exists, has been solved here by means of
the gradient-holonomic technique devised in [173, 262, 308, 326, 389]. Its
efficiency for applications to particular systems will be presented in the
sequel of this chapter. Another approach, employing methods from differ-
ential geometry, to finding Lax representations for an integrable dynamical
system is considered in [326].

5.3.5 Asymptotic construction of recursive and implectic
operators for Lax integrable dynamical systems

Consider a smooth dynamical system

up = Klul, (5.71)
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where a function v € M C C$2(R;R™) - the smooth 2w-periodic functions
in the variable x € R, m € Z;..
If the dynamical system (5.71) admits an infinite hierarchy

{7 €eDM):jeZy}

of quasi-local conservation laws, then according to formula (5.48), the gen-
erating function

A= At
€Ly
satisfies the Lax equation
Ligrady(\) = %grad’y()\) + K" grady(\) = 0. (5.72)
Denoting ¢ := grady(A), A € C, we rewrite equation (5.72) as
Lo =dp/dt+ K™ p=0. (5.73)
Equation (5.73) has as A — {oo} an asymptotic solution in the form
1 @
oo tin) = | PEEN o o + /U(x,t; Ndd,  (5.74)
bim—1(x,t; \) o

where zg € R is fixed, w(t; A) is the temporal dispersion function of the
linearized dynamical system (5.72) in a neighborhood of 2 = 0 € M, and
the quantities o and by, 1 < k < m, are local functionals on M having the
asymptotic representation

oz, t; \) ~ Z oiulATITE, (x,t;\) Z b(k) NI (5.75)

JE€ELy JEZy

for u € M, as |\| — oo for some s € Z .

From formula (5.74) and equation (5.73), we readily find that the func-

tional
xo+27m

y(A) = / o(z,t; \) de,
zo
as |A\| — oo is a generating function of conservation laws
zo+27
= ojlu} d,
zo

Jj € Z4, for the dynamical system (5.71).
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5.3.6 A small parameter method for constructing recursion
and implectic operators

Assume that for the conservation laws v; € D(M), j € Z4, the equations
(5.51)

Agrady; = grady; 14, (5.76)

obtain, where ¢ € Z is a fixed integer uniquely defined by the condition

gradyj, = 0 = gradyj, 44, Jo € Z4.
From (5.76), in particular, it is easy to see that a recursion operator
A:T*(M) — T*(M) satisfies equation (5.35),
LA =dA/dt —[A, K] =0. (5.77)
To find the operator A in explicit form, as a solution of equation (5.77),
we apply a small parameter expansion technique [173, 264, 326]. Let a
function u = eu™) € M, where ¢ € R is a small parameter. Then [173, 326]

the dynamical system (5.71) can be written with accuracy up to first order
in € € R in the form of the linear dynamical system

du® /dty = KL[0]ulV, (5.78)
where we took into account that

d/dt := d/dto + ed/dt, + e*d/dts + ..., (5.79)
KleuM] = e KW [uW] 4 P K@ [y W] 4 SKEE W] 4.

K'[eutV] = Ky[0] + eK{ [ulV] + 2 Ky [uM] +

A solution to (5.78) can obviously be represented by the Fourier series:

(1) Zuk explw;(, to)], (5.80)

JEZ

where uéj) € C are constant Fourier coefficients, and wyj, 1 < k < m,
j € Z, are the corresponding dispersion functions of solutions to equation
(5.78). Also, at the zero order in € € R from (5.73) we obtain the linearized
dynamical system

dp® Jdty + K50 = 0. (5.81)
The solution to equation (5.81) has the Fourier representation

cp,(fo) Zcpkj exp g ;(x,t), (5.82)
JEZ
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where ¢(©) := (<p,(€0) 1 <k <m)' € T*(M), @,(f; € C are Fourier
coefficients, and wy;, 1 < k < m, j € Z, are the corresponding dispersion
functions of the primary Fourier solutions to equation (5.81).
Let us suppose now that
A[E’u,(l)] ~ Z emA(m) [u(l)}
meZy

is an asymptotic series expansion of a recursive operator A in the small
parameter ¢ € R. The operator K'* : T*(M) — T*(M) has the similar
expansion
K/* ~ Z €pK/;7
PEL4

where K'§ := K'*[0].

The form of the operator A() is easily obtained from relation (5.76).
To obtain the coefficients A™), m € Z, , we make use of equation (5.77) in
the following form:

(dA/dt)p® + [A, K™ ]p® = 0; (5.83)
whence, we find a series of equivalent equations:
dAOG®) /dty + K'5(AD ) =0,
AV ) /dtg + KAV + K1 (A6) = AO (K1) = 0,
AAD ) ity + K5 (AP %) + K'{(AV0) + K5 (AO)
— A(O)(K’§<p(°)) — A(l)(K”{<p(°)) =0,...,
(5.84)

these equations can be solved inductively using the Fourier transform; thus,
we obtain the operators A(") [u(l)], m € Z4, and so also the desired recur-
sive operator A.

The same scheme can be applied to the problem of finding exact ana-
lytical expressions for implectic structures related to integrable dynamical
system (5.71). More precisely, the determining Nétherian equation for a
suitable implectic operator ¢ : T*(M) — T'(M) has the form

dy/dt —IK"™ — K'Y = 0. (5.85)
Then, from (5.85) and (5.79) one readily obtains
d¥o/dty — 90K’y — K{do = 0,
dvy/dty — 91K’y — 9K’} — K\ — K{09 =0, (5.86)
d¥s/dty — 9o K's — 9 K'T — 92K’ — Ko — K101 — K92 = 0,
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where we took into account the expansion
Y =199 +eth + 82192 + ... (5.87)

at a point u := euV € M as ¢ — 0.

Now, it follows directly from equations (5.81), (5.86) that

d(9op?)/dto — KG(9op ) =0,

(019 ) /dto — K (919 ) = K1 (009'”) = 9o(K'7¢°) =0,

(920 Jdto — Ko(929'") — K (919'7) = K590 ?) — 01 (K'56”) =0,
(5.88)

and so on.

Now that we have solved the Fourier transform equations (5.88) for the
actions 19j<p(0) € T(M), j € Z4, and extracted the exact expressions for
components ¥; : T*(M) — T(M), j € Zy, we obtain from (5.87) the
desired implectic operator ¥ : T*(M) — T(M) for the dynamical system

(5.71). We shall next illustrate the effectiveness of the above approach by
applying it to several well-known examples.

Example 5.1. The Korteweg—de Vries (KdV) equation

The Korteweg—de Vries equation is
du/dt = K[u] := —Ugzy — 6uty, (5.89)
where u € M C C52(R;R), t € R. Since the operator K'*[u] = 93 + 6ud,
equation (5.73) has the form

dp/dt = —6up, — Praz, (5.90)

which has the solution

o(x, ;) = exp[Ax — N3 + /o(as, t; A) dz], (5.91)
where A € C, zg € R is fixed and
oz, t; A) ~ Z oi[ulA™? (5.92)
JELy

is an asymptotic expansion of the local functional o on M as |\ — cc.
From (5.90)—(5.92) we find the following recursive relationships for the
local functionals o; : M — R, j € Z:
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x

d
% /O’j[’u} dr = —611,6]",1 — 6’U,O'j — Ojzx — 3Uj+1’w -3 Z O0j—kOk,x
zo keEZy
- 30’j+2 -3 Z Oj+1-k0k — Z Oj—k—nOkOn- (593)
keZ 4 kn€Zy

Observe that

j = Z, are conservation laws for the dynamical system (5.85), and they can
all be determined recursively from (5.93). The first six of these conservation

laws are
To+27m

Y = 0, "= —2 / dea

Zo

xro+27
Y2 = 07 Y3 = -2 / Udev

0

xo+2m Tro+2m xo+2m
Y4 =0, v5=-—12 / Ulgzdr — 10 / uide — 4 / wdde,. ...
xo o o

(5.94)
According to (5.94), the expressions for grady; € T*(M), j € Z, are:
radyy = gradyy = gradvys = 0,

gradryp = gradryz = gradyy , (5.95)

grady; = —2, gradys = —4u, gradys = —4[ug. + 3u], ...,
and so on.

As Agrady, = grady, = gradyo+q = 0, the number ¢ = 2 and the
operator A satisfies

Agradyzj1 = gradyzj+s (5.96)

for all j € Z,. Tt follows from equations (5.95) and (5.96) that the recursion
operator A at v = eu’) € M has the finite expansion

A=AO 4 AWg, (5.97)

where A® = 92, A similar expansion holds for the operator K'* :
T*(M) — T(M), namely

K" = K, + Kle, (5.98)
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where K} = 03, K| = 6u)d. Here the functions u") € T(M) and ¢®) €
T*(M) can be represented in Fourier series as

u® = 3" aWexp(je - 721, 0@ = 3 W exp(ja — 531), (5.99)
JE2TIZ JE2TIZ

where ¢ := /—1.
Substituting expressions (5.97)—(5.99) into (5.84), we find that the result
of action of the operator A" on the function ¢(® is

ADGO = 5 (2 + 2—]) Pt expl(j+k)z — (52 + k), (5.100)
j,k€2miZ itk
or equivalently
AW O = 24D O 1 257141 ), (5.101)
Thus, owing to (5.101), the recursive operator (5.97) has the form
A= 0%+ 2u+ 20" tuo, (5.102)

where it was taken into consideration that v = eu() € M. By straightfor-
ward calculations, one can readily verify that the operator A of form (5.102)
satisfies the characteristic equation (5.77). As the dynamical system (5.85)
possesses the Hamiltonian form

du/dt = —dgrad H, (5.103)

where H = 15 and 9 = 9 : T*(M) — T (M) is an implectic and Nétherian
operator, it follows directly from the representation (5.102) that the oper-
ator A factorizes as A = ¥~ 11, where

n=9A =0+ 2(ud + Ju). (5.104)

The operator n is obviously implectic and Notherian, and the pair
(9,m) is compatible because the operator [A*, A*'] is symmetric, where
A* = n9~'. Hence, A is also hereditarily recursive. Analogously, one
can determine suitable implectic operators ¥ and n : T*(M) — T(M) fac-
torizing the recursive operator A : T*(M) — T*(M).

Example 5.2. The modified Korteweg—de Vries (mKdV) equation
This equation is
du/dt = K[u] := —6u*uy — Ugppe, (5.105)
where u € M C C2(R;R), t € R.
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Taking into consideration the form of the operator K'* = 03 4+ 6u20, we
obtain from (5.73) the following functional equation
d(p/dt = —Prrx — 6u290x7 (5106)
whose solution ¢ € T*(M) is

o(x, t; \) = exp[Az — A3t + /a(x,t; A) dz], (5.107)
xo
where A € C, 2,29 € R. As |\| — oo, the local functional o : M — R has
the asymptotic expansion

oz, t; \) ~ Z ojlulA, (5.108)
JEL+
where the local functionals o; : M — R, j € Z,, satisfy the recursion
relations
d [* =
at J,,” [uldz = —6u® (8j,-1 + 0}) = Ojaw = 304410 — 3I;Uj—k0k,x
—30j42 =3 > (0j11-k + Oj—k-nTn) Ok (5.109)
k,n=1

The relationships (5.109) enable us to determine the whole hierarchy of
local functionals o, j € Z, in explicit form, the first five of which have
the following form:

op=0, o1 = —21127 o9 = duu,, o03= —2ui — duug, — 2u4, (5.110)
04 = Mgy + duzug, + 16uSu,. .
These local functionals produce the conservation laws
To+2m
Vi = o;[u] dz,
Zo
for all j € Z4, the first five of which are
xo+2m
Yo = 07 "= -2 / u2d$a Y2 = 07
To
xTo+2m xTo+2m To+27m
vz = —2 / uldr — 4 / g dr — 2 / u'da, (5.111)
o o xo
ro+27

Y4 = / [AUppe + Aplyy + 16u3u,] da.

0
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Making use of (5.111) we find the corresponding expressions for
grady; € T*(M), j € Z4 :
rad 7o = grad v, = grad 4 = 0,
g T =8 T2 =8 4 \ (5.112)
grad v1 = —4u, grad v3 = —4dug, —8u’, ...,

and so on.
By virtue of formula (5.112) for the operators A and K'* : T*(M) —
T*(M) when u = eul”) € M, we compute the asymptotic formulae

A=A 42\ K™ = K} + 2K}, (5.113)
where A®) = 92, K} = 03, K} = 0, K} = 6[u(")]?0. In obtaining formulae

(5.113), we took into account that by virtue of (5.112) the recursive operator
A satisfies the equations

Agrad Y2541 = grad Y2543 (5114)

for all j € Z,, that is one immediately determines that ¢ = 2.
Using the formulae (5.84) and Fourier series expansions for u(") € T'(M)
and ¢ € T*(M) in the form

u® = 3" aMexpir -2, @ = 3 @l exp(jx — j71), (5.115)

je2miZ jE2mi.

for the result of the action of the operator A on the function ¢(© €
T*(M), we readily compute that

AV = %" <kfm + ki;) aMaD ot expl(k + j +m)z
J.k,me2miZ
— (K + 72+ m)t] = Vo tuMap® . (5.116)
Hence, the operator A is given as
A = 0 + 4ud~'uo, (5.117)

where we took into account that u = su(®) € M for all &€ — 0. Straight-
forward calculations show that the recursive operator A of (5.117) satisfies
equation (5.77). Owing to the explicit formulae for the conservation laws
(5.111), it is easy to verify that the dynamical system (5.105) admits a
Hamiltonian representation in the form

du/dt = —YgradH, (5.118)

where H = 173 and ¢ = 40 is an implectic operator for (5.105).
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Considering the factorization of the operator A in the form A = ¥~ 'y,
we immediately find that

1
n=9A=0%+ §(u28 + 0u?) — u, 0 tu,. (5.119)

It is a simple matter to verify that the operator 7 is implectic and is
Nétherian along with the operator ¢. Moreover, the pair of operators (¢, 7)
is compatible, so the operator A : T*(M) — T(M) is hereditarily recur-
sive. The same procedure can also be applied for finding the corresponding
implectic operators 1 and 7 factorizing the recursion operator A = 9~ !n.

Example 5.3. A nonlinear Schrédinger model (NLS equation)

This dynamical system is defined as
di/)/dt = 1y — 21#%“%;
dy*/dt = —itpg, — 20Ty,

where ¢ € M C C$2(R;C) and the operator K'* for dynamical system
(5.120) is represented as

e _ (107 + 2009 =29y
K _( o —i82+21/)*8w*)' (5.121)

(5.120)

The corresponding solution ¢ € T*(M) to equation (5.73) according to
the representation (5.74) is

oz, t;A) = <b(w,1t; )\)) exp[ Az — iA%t + /J(x, t; \) d], (5.122)

Zo

where as |A\| — oo the local functionals o,b : M — C have the asymptotic

expansions
0(%, t; >‘) ~ Z g W, w*])‘ija
Iet } (5.123)
b(a, i A) ~ Y bi[w, AT
JELy
for any = € R.

Substituting formulae (5.77) into equations (5.73) with the operator K'*
in the form of (5.121), we find for the local functionals ¢;,b; : M — C,



Integrability: The Gradient-Holonomic Algorithm 125

J € Z, the following recursion relationships:

x

d . ,
il [, ") dx = —i | 2041 + Z OkOj—k + Oj
kEZ

zo
= 293050 — 20" by — 290" (6541,0 + 05)

xT

. 0
— 2ibj 40 + Z %/dem bj_r+bj+

kEZ .

= =2y 050+ |2 Z Orbjr1—k + Z 0kOnbj—k—n

kel k,n€Z4

+ Z O—k,mbjfk + 2bj+1,a: +2 Z Ukbjfk,m + bj,a:x
k‘EZ+ ’CGZ+

— 2 by — 2079 | bjs1 + > okbjk +Dje
k:EZ+
(5.124)

These (5.124) allow us to determine local functionals o; : M — C,
Jj € Z, in the explicit form

oo = pY*, o1 =i(Pr — P Yy),
02 = l(W/}fm - %1/};) — Pp* (W/JZZ - %W)’ R

and so on. Taking into consideration that the functionals

(5.125)

xTo+2m
v = / o[, 9] de,

Zo

j € Z, are conservation laws for dynamical system (5.120), from (5.125)
we obtain expressions for the first gradients grady; € T*(M), j € Zy,

namely
wp* 20}
= () = (25

O . (5.126)
gradsy — < 20t + 40y %) -

—205e + APYPTYP;

and so on.
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Making use of formulae (5.126) for the gradients of conservation laws,
we conclude that the recursive operator A, if it exists, must satisfy

Agrady; = gradvy;4+1 (5.127)
for all j € Z., which shows that ¢ = 1. Now, upon setting ¢ = eq(1), ¢* =

eq), from formulae (5.126) and (5.127) we obtain asymptotic expansions
for the operators A and K'*:

A=AO 420 K™ = K5+ 2K'3, (5.128)
where AU, K'%, j = 0,2, are

d 0 0% 0
(0): Ik
A (o-a)’ Ko < 0 —182)’

A =0, K'5=0, (5.129)
e _ [ 240940 —2qMg;”

Writing the Fourier series expansions for functions (¢, g")T € T(M)
and @(O) eT*(M), as

¢M = 3" ¢Vexp(iz+i?), V= > @V expljz+ist),

JE2TIZ JE2mIZy
0 0
P = > oexp(iu+ig?t), ¢ = Y @F) exp(jz +ijt),
JE2TIZ JE2TIZ

(5.130)

from equations (5.84) and (5.128)- (5.130) we find the following expressions
for action of the operator A® on the function ¢(® € T*(M):

ADO =i 3 mtk m.m ©

Vo1 T G G P el ke (57 — B = m?)t],
Jjm,ke€2miZ
. -k J—k\ _ (0)
A(Z)ga(o) = —1 <2 + L + > ( s )90
e j,m,kZGQﬂ'iZ J + k m+ k “

x exp[(j +m + k)z +1i(j% +m? — k)],
—k | — k
M =i S (2 TR R )
Jm,kE2miZ J
x exp[(j +m + k)x +1i(j% +m? — k)],
. Jtk . L
MDY =—i Y kqﬁl)qﬁi)wéoi exp[(j +m+ k)z +i(j> —m® + k*)t].

j,m,kEQﬂ'zZ

(5.131)
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Consequently, owing to the representations (5.130), the expressions
(5.131) can be represented as

AT = —ilgP0 (0 Vel”) + a0 (el
A el =ilaMa Vel + a0 (dMey”) — a Mo @V,

(5.132)
Ag)@(o) [()q(l)@(0)+q(1)a ( (1) (0)) (l)a ( (1) (0))],

AL o = —i[gMa (g + ¢V @V e)).

Thus, recalling that e¢() = 1, e = *, from (5.128) and (5.132) we
obtain the explicit form of the recursive operator A, namely
_ (5' — (307 + 07 W0) i(y*? + 0T Y — 11)*5‘11/1*3))
- W2+ 0 — 907 W0) —0 — (Y07 Y + 0~ 9) )
(5.133)
It is straightforward to check that the recursive operator A satisfies the
characteristic equation (5.77) with operator K'* of the form (5.121). We
also notice here that the dynamical system (5.120) can be written in the
Hamiltonian form

d (4
— = —dgradH 5.134
i () = ~maar (5,134
where H = %72 and the implectic operator ¥ is represented as
01
= . .1
0 ( 1 0) (5.135)

By virtue of formulae (5.127) and (5.135), the recursive operator A
defined by (5.133) allows the factorization A = 9¥~1n, where

_ < i(0% + 07 — PO O)  —0 — (10 Y + YO D) )
T\ (0 + ) —i(y*? + rd T — 01 )
(5.136)

is an implectic operator. In addition, one can by long but simple calcula-
tions make sure that operators ¢ and n are compatible and No6therian.

An important observation for algebraic structures of all of above dy-
namical systems is that they are bi-Hamiltonian; that is, for u € M one
has

du/dt = —dgradH = —ngradH, (5.137)

where H € D(M) is a conservation law satisfying the obvious recursion
condition

gradH = AgradH.
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Owing to the recursion property (5.76) for the conservation laws 7, €
D(M), j € Z4, it is easy to prove their involutivity with respect to both
symplectic structures {-, -}y and {-,-},. Consequently, the dynamical sys-
tems (5.137) are completely integrable in the sense of Liouville which has
been determined as a result of the above approach. This integrability prob-
lem is in greater depth in the sequel.

5.4 The current Lie algebra on a cycle: A symmetry subal-
gebra of compatible bi-Hamiltonian nonlinear dynami-
cal systems

5.4.1 Preliminaries

Let us consider once more a dynamical system on a functional manifold
M C C*(R;R™) in the form

uy = Ku] (5.138)

on the functional manifold M C C*°(R;R™), where the vector field K :
M — T(M) is autonomous and uniform with respect to the independent
variable € R as a function v € M ~ J*(R;R™). We call a vector field
a: M — T(M) an autonomous symmetry of the dynamical system (5.138)
if

Lxa=[K,a]=0. (5.139)
Correspondingly, we shall call a vector field 7 : M — T(M) the non-
autonomous symmetry of dynamical system (5.138) if

O1/0t+ LT =0 (5.140)
with the partial derivative 97/0¢t # 0 for ¢ € R. The next result follows

directly from these definitions

Corollary 5.1. The subsets g{a} and g{r} of autonomous and non-
autonomous symmetries, respectively, are Lie subalgebras of vector fields
on M.

Now let the dynamical system (5.139) on M be bi-Hamiltonian with a
compatible (9, n)-pair of implectic and N&therian operators. Suppose also
that there exist two nontrivial symmetries g € g{a} and 79 € g{7} such
that

L'roao = [7—07 Ct()] = €, Laoﬁ = LOéOn = 07
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Loy® = (€ = 1/2)9, Loy = (€ + 1/2)n, (5.141)
where €,£ € R are parameters. Further, we construct the following sets

go{a} and go{7} of symmetries:

go{a} :={a;: Aag: jeZ)Cgla}, (5.142)

go{7}:={r;: AYr: jeZ}cCg{r}
Owing to the recursion symmetry of the operator A* : T(M) — T*(M),

where A* = 7971, the sets (5.142) turn out to be Lie subalgebras over the
field R of the symmetry subalgebras g{a} and g{7}, respectively.

Theorem 5.1. The semidirect sum Qo = Qo{7} ® Qo{a} is a Lie sub-
algebra over R of symmetries of the dynamical system (5.138), and the
following relations hold:

[ajaak] = 07 [Tkaaj] = (.] +€)aj+k’

(75, 7] = (k = ) Tjtk, (5.143)
where j, k € Z.

Proof. The desired results can be obtained directly from simple calcula-
tions based on the relationships (5.141) and (5.142). O

The current group G = Diff (S*) ® g on the circle S* possesses vector
fields that are Lie algebra isomorphic, in their Fourier representation, to
symmetry Lie algebras (5.143). Consequently, we can conclude from the
assumptions on the dynamical system (5.138) that the dynamical system
(5.138) is invariant with respect to the infinite-dimensional symmetry group
G =Diff (S*) ® g, with the Lie algebra Qo = go{7} © go{a} serving as its
functional representation by means of vector fields on the manifold M.
Notice here that it follows readily from (5.141)—(5.143) that we have the
following equations for all j € Z :

Lo9=L.n=0, Lo A=0, L, A=A (5.144)

Lod=(€—j—1/200M,  Lon=(€—j+1/2)nA.
Moreover, the formulae can be easily verified:
Ly,9 = =9(¢" — ™), L= (Qa) — (Qa)”, (5.145)

where the tensors ¥ € T(2)(M) and Q € TZ9(M) are, respectively,
implectic and symplectic operators, o : M — T'(M) is an arbitrary vector
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field, and ¢ : M — T*(M) is an arbitrary 1-form on the manifold M. The
formulae (5.145) lead to the following result.

Theorem 5.2. Let the tensors Q and Q € T2 (M) be symplectic opera-
tors on the functional manifold M. (i) If Q is an invertible operator, there
exists a vector field 7 : M — T(M) such that

L= (5.146)

and (i) if the tensors 9,9 € TO2 (M) are co-symplectic operators on M
and 9 be invertible, there exists a vector field T : M — T(M) that

L, =79, (5.147)
if and only if the operator 9199~ is co-implectic on M.

Proof. To verify (i), we note that as the Lie derivative and exterior
derivative commute, it is obvious that the Lie derivative of a symplectic
operator is always a co-implectic operator. Therefore, from (5.145) we ob-
tain

L,Q=(Qr) —(Qr)* =Q, (5.148)

which has the solution
1
Tu] = Q—l[u]/ dAQuA] . (5.149)
0

The vector field (5.149), as usual, is not unique, since the vector field 7[u] —
Tlu] +Q grad flu] € T(M), where f € D(M) is an arbitrary function that
also satisfies equation (5.138). We can prove (ii) by first observing that
(5.145) implies

L9 = —0((0~ 1) 1)) = 4. (5.150)

Now, from our proof of (i) we conclude that a vector field 7 : M — T'(M)
with the property (5.150) exists if and only if the operator 91991 is
symplectic on M. Moreover,

[u] = —9[u] /O LA uN]u (5.151)

with the above mentioned non-uniqueness property of the vector field 7 :
M — T(M) (5.152). Thus, (ii) is also verified and the proof is complete.r]



Integrability: The Gradient-Holonomic Algorithm 131

5.4.2 Hierarchies of symmetries and related Hamiltonian
structures

Let us consider some structural properties of the symmetry Lie algebra go =
90{7} ® go{a} for a compatibly bi-Hamiltonian dynamical system (5.138)
on a functional manifold M. It follows immediately from the relationships
(5.144) and (5.145) that there exists an infinite hierarchy of autonomous
functionals v; € D(M), j € Z4, satisfying the relation

a; = —v grad ;. (5.152)

Let {-, -}y := ({(grad(-), ¥ grad(-))) be the Poisson bracket, which obviously
satisfies the Jacobi identity for an implectic operator ¢ : T*(M) — T(M).
Since the symmetry Lie algebra go{a} is abelian, (5.152) implies that for
all jk € Z

{7} = 0= {75, }n- (5.153)

Thus, the Hamiltonian system (5.138) on M provides an infinite hierar-
chy of involutive conservation laws v; € D(M),j € Z4, which can, under
some additional restrictions, guarantee its complete Liouville integrability
[14, 3, 173, 326]. We also note that if the initial dynamical system (5.138)
has an infinite hierarchy of conservation laws {; € D(M) : j € Z4}, it can
be used for the exact determination of the associated symplectic structures
on the manifold M.

For convenience, let a functional manifold M C S(R; R™) be of Schwartz
type on R. Suppose also that the dynamical system (5.138) is not only au-
tonomous but uniform on M. This means that it possesses two commut-
ing symmetries provided by the vector fields d/dx and d/dt. Considering
the dynamical system (5.138) on M as that on the infinite-dimensional
jet manifold J>°(R;R™), we denote by € A?(J>°) a corresponding sym-
plectic structure with respect to which the vector fields d/dxz and d/dt are
Hamiltonian. Thus, there exists a functional v € D(M) satisfying

ia )= —dry[ul, (5.154)

where y[u] € A°(J°(R;R™)) is the density of a functional v € D(M).
Using the standard Cartan representation for the Lie derivative

Li/qz2 =g ae$) + dig)a, €2, (5.155)
we immediately compute that

v = (0,uz), (5.156)
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where Q = d¥, ¥ := (0, du) + (d/dx)w™ for some uniquely defined 1-form
w® € AY(J(R;R™)). Taking into account the representation (5.156), it
is easy to see that the vector field d/dx on the manifold can be expressed
as

du/dr = —grad v, 97! :=o — o', (5.157)

where, obviously, 97! = ¢/ — ¢’* ~ d¥ =  as required. As d?’% = 0,
the operator v=! : T*(M) — T(M) is symplectic on M when it is non-
degenerate. Thus, each uniform conservation law v; € D(M), j € Zy, of
the dynamical system (5.138) on the functional manifold M C S(R;R™)
generates the vector field d/dx on M as a Hamiltonian system

du/dz = —9; grady;, (5.158)

where ¥ : T*(M) — T(M), j € Z4 is a hierarchy of associated implectic
structures on M. Hence the given dynamical system (5.138) is Hamilto-
nian with respect to this hierarchy if one of the operators {; : j € Z}
is Notherian. If the dynamical system (5.138) is bi-Hamiltonian, all of
the operators ¢, : T*(M) — T'(M), j € Z4, must be Notherian; that is,
Lg?¥; =0, j € Z4. In this regard, it is also necessary to take into account
that these implectic operators ¢;, j € Z4, are not uniquely defined due to
the non-uniqueness of the representation of the conservation laws in the
form (5.156).

Example 5.4. The procedure applied to the KdV equation on a Schwartz
manifold M C S(R;R™)

Here we write the KdV in the form
up = Klu] := tggpy + ulty, (5.159)

which, as is well known [173, 262, 326, 406], has an infinite hierarchy of
conservation laws v; € D(M), j € Z.,

1 1
Yo = / deu, v = / deu?/2, o = / de(zu? — —u®).... (5.160)
R R R 2 6

In accordance with the representations (5.156) and (5.160), one obtains

1 1 1
"= i(u, u) = Q(uva_lum) = _5(8_1%“1) = (01, uz); (5.161)

1 1 1 1 _
Y2 = i(uzvux) - 6(’(1;2,’&) = E(Umaux) - 6(“278 1”1’)
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1 1 1 1
= 5(uw,uw) + 6(8*1u27uw) = (§uw + 68*1u2,u$) = (02, Uz).

For two implectic operators, using (5.157) we find that
1
Il =0 —of=-07Y W l=0, -0l =0+ g(ua—l +07 ). (5.162)

By means of straightforward calculations, one can easily see that the im-
plectic operators (5.162) on the manifold M are also Notherian; namely,
Lkt =0 = Lgvs, and also show that this pair (91,92) is compatible on
M. Consequently, from such a pair we can also construct the operators

in terms of local differential expressions on M. Thus, the Korteweg-de
Vries dynamical system (5.159) on M induces a compatibly bi-Hamiltonian
flow, as one might expect based on its complete integrability. In or-
der to construct the symmetry Lie subalgebra go = (go{7} © go{a})
of the KAV dynamical system (5.159) on M, let us take as generat-

ing elements for ag, 79 € T(M) the following vector fields: «g := wuy,
70 := Ty /2 + u + 3t(Ugzy + uu,)/2. Whence, we obtain
go{a} ={a;: AYag: j€Z,ap=u,}, (5.164)

go{r} ={rj: A97: jE€L1=u+1/2zu, +3/2tK},
where
* -1 2 1 1 -1
AN =9 =0+ U + gaua (5.165)
is a symmetry hereditary operator of (5.159) as follows from (5.163).

5.4.3 A Lie-algebraic algorithm for investigating integrabil-
ity

The properties described above of the bi-Hamiltonian dynamical system
(5.138) with a compatible implectic (6, n)-pair of Notherian operators are,
in a certain sense, characteristic elements [54, 137, 173, 326] of an al-
gebraic proof of its complete integrability. In particular, as a natural
consequence one can prove the important fact that the dynamical sys-
tem (5.138) with these conditions has isospectral Lax type deformations
[2, 83, 263, 326, 406] allowing, by means of the inverse spectral transform
and techniques from algebraic geometry, calculation of a wide class of its
solutions in explicit analytical form.
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With the aim of describing a recursive algorithm for studying any
Fréchet smooth dynamical system (5.138) on an infinite-dimensional func-
tional manifold M C C*(R;R™), we first take a more detailed look at
the original algebraic structure of the symmetry Lie subalgebra (5.143)
and the corresponding properties (5.144). We notice that a Lie subalgebra
go{7} of nonautonomous symmetries contains an entire generating subal-
gebra Qo{7} with a Lie subalgebra {7_1, 79,71} that is isomorphic to the
Lie algebra sl(2). Moreover, if the dynamical system (5.138) is Hamiltonian
with implectic operator ¢ : T*(M) — T(M), it follows from (5.144) that

LT—119 = (5 + 1/2)1977_1197 L‘mﬁ = (6 - 1/2)197 L.,_l’l9 = (§ - 3/2)77’ (5166)

where ¢ € R is fixed. We conclude from (5.166) that in order to determine
the second implectic operator n : T*(M) — T'(M) it is only necessary to
calculate the Lie derivative L, ,9 at £ # 3/2 or the Lie derivative L, |9
at £ # —1/3. In order to calculate a nonautonomous symmetry 7 : M —
T(M) (at & # 3/2), we see that from the determining equation

871/8t+[K,71] =0 (5167)
with K = Z;’V:o cjo for some N € Z, it follows that
N N
T = Ztcj(j+€)04j+1 +IZS]‘O£]‘ +aq, (5168)
j=0 §j=0
where sj,c; € R,0< j <N, cy =1, aj = =0 grad v, j € Z4 are au-

tonomous symmetries corresponding to an infinite hierarchy of autonomous
conservation laws of (5.138), and a1 := a;[u] € T(M) is the uniform part
of the symmetry (5.168).

Moreover, equations (5.167) and (5.168) determine both unknown val-
ues ¢j,s; € R, 0 < j < N, and also a quantity a; € T(M), giving rise to
an explicit form of the desired symmetry (5.168). Here we need to recall
that an infinite hierarchy of functionally independent conservation laws
{v; € D(M) : j € Z4} for (5.138) is considered to be known; to calcu-
late it explicitly, one can, for example, make use of standard asymptotic
approaches [254, 257, 258, 262, 265, 328]. As for solutions to equations
(5.167) and (5.168) in explicit functional form, the small parameter ap-
proach with the associated Fourier transform method can be used. The
same approaches are relevant also for explicitly determining solutions of the
corresponding Notherian equation. It is also necessary to observe that this
asymptotic approach to constructing conservation laws is suitable only for
dynamical systems (on manifolds M C J*°(R;R™)) of non-hydrodynamic
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type, that is for systems containing higher derivatives. As a result, when
constructed using the methods developed here, a compatible implectic (¢, )
pair for the dynamical system (5.138) provides, via the gradient holonomic
algorithm [173, 262, 263, 326], the means for determining the main ana-
lytical object of such a system - its Lax representation.
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Chapter 6

Algebraic, Analytic and Differential
Geometric Aspects of Integrability for
Systems on Functional Manifolds

6.1 A non-isospectrally Lax integrable KdV dynamical sys-
tem

Let us consider on a functional jet-manifold M C Jy,,(R/27Z; R) a nonau-
tonomous cylindrical nonlinear Korteweg-de Vries (KdV) dynamical system

du/dt = K[t;u] := —6uuy — ugs — u/(2t), (6.1)

where K[t,-] : M — T(M) is the corresponding vector field on M, and
t € R is the evolution parameter.

To study the Lax integrability of (6.1) within the framework of the
gradient-holonomic algorithm developed in the preceding chapter, let us
examine first the existence for (6.1) of an infinite hierarchy of conservation
laws v; € D(M), j € Z4, which also satisfies in addition an ordering
spectral gradient law. For this purpose, consider asymptotic solutions of
the Lax equation

/0t + Ly = dp/dt 4 6up, + 3. — ¢/(2t) =0 (6.2)

depending on the spectral parameter C 5 z — oo. First, we find asymptotic
solutions of the Lax equation

du/dr = K|[r;u], (6.3)

7 € (0;t], where we assume that the following conditions are satisfied: if
¢ =¢(x,t;2) € T*(M), ¢ = oz, 75 A(t; 2)) € T™(M), then

P lr=t=¢ (6.4)
for the spectral evolution equations
dA/dt = g(t; N), A |i=o= 2, (6.5)

which are meromorphic in A € C, for any z € C.
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It is easy to see that the function

Gz \) = 712 exp[A\® — Az 4+ 0715 (x; M), (6.6)
where
Gz A) ~ Y &mulA T, (6.7)
JELy

as |A| — oo, satisfies the equation (6.1) if and only if the relationships

1~ ~ ~ ~ ~ ~
1o} 04,1 — 6u5j7,1 + GUUj + Ojxx — 3Jj+1,d¢ + 30']',]6710']@

H6 12 — 35j 41 kGk + 5 pOh_sFs =0 (6.8)
hold for all j € Z. Solving the recursive hierarchy (6.6), one obtains
Go=0, &5 =2u, & =2u,,
F3 = 2u® + gy + 0 u/(37), G4 = 2usy + Suu, + 2u/(37),
G5 =0 (2u® + 07 u/(37)) + 200 tu/(3T) + uy /T
+ 10u2 + 120ty + 2ugy + 4u, (6.9)

and so on.

Next, we shall satisfy condition (6.4), while simultaneously determining
the spectral evolution (6.5). To this end, we notice that owing to the linear
equation (6.2) and from (6.4), (6.5), the following quantity

v(z) = /]Rdac 20(x A) |r=ei= /Rdx co(x; 2) (6.10)

must be a generating function of conservation laws of the original dynamical
system (6.1) as |z| — oo. From (6.6) and (6.10), we infer that for 7 = ¢ €
R, d\/dt = g(t;\) = —\/(2t), t € Ry, and
o(x;2) = Y2 exp[—223t 712 — zat V2 4 97 o (x5 2)], (6.11)
where o(z;2) := &(x; A) |r=¢, and
o(x;2) ~ Z oilt;ulz ™, (6.12)
JELy
as |z| — oo. It is also easy to find from (6.9) that
00=0, op=2ut'? oy=2u,t/3, (6.13)
o3 = t3/2(2u® — zu/(3t)), o4 = t*(use/3 + Suuy /3 + 2u/(9t)),
o5 = t°/2(4u® + Qugpu + ux?/(12t) — zu?/t), ...,
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and so on. Thus, all the functionals y; := fR dzoj[t;u], j € Zy, are con-
served quantities of the original flow (6.1). As a result, we conclude that
the dynamical system (6.1) admits a Lax representation with a spectral pa-
rameter \ := \(t; z) = 2zt~ /2, depending on the evolution variable t € R,
for all z € C. Notice now that the element p(z;2) € T*(M), z € C, must
satisfy the following recursive spectral gradient relation:

Ap(z; 2) = Ap(; 2), (6.14)
where A : T*(M) — T*(M) is a suitable recursion operator. Combining
(6.14) with (6.2), one readily finds that

dA/dt = [A, K"™*] + g(t; A), (6.15)
where d\/dt := g(t; \) = —)/(2t), t € R4. Solving equation (6.15) using
the small parameter method of Chapter 5, we obtain the following two
nonautonomous recursive operators:

AW = 1(0% + 2u/3 — 0 uy /3),
AP = —2t97 + it + 200 2u0"1 /3 (6.16)
+t072(07 ) /3 + 12071 (30% + ud + Ou)
for any t € Ry and uw € M.

Taking into account that ¢(z) = gradA(z) € T*(M), where A(z) :=
trS(z; z), z € C, is the trace of the monodromy matrix S(x;z) of a Lax
representation corresponding to (6.16), and making use of the differential
algebraic approach to finding the explicit Lax representation devised in the
preceding chapter, one obtains from (6.15) and (6.16) after tedious but
simple calculations that

Cu; A(t; 2)] = (u _ x/(l;)t) o )\2/4 _01> ) (6.17)

where A = 2t=1/2 for t € R, and z € C.

Thus, we have demonstrated that the nonautonomous dynamical system
(6.1) on the manifold M admits a standard Lax representation with the
corresponding [-matrix (6.17).

6.1.1 A mnon-isospectrally integrable mnonlinear mnonau-
tonomous Schrédinger dynamical system

Let us investigate the nonautonomous nonlinear Schrédinger dynamical sys-
tem:

dv/dt\ o =02+, + 200U
(d\If*/dt) A (—\II*/Qt—i\IJj;w —2i\IJ*\II*\I/>’ (6.18)
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on a manifold M C C*®(R/27Z;C?), where K(t,.) : M — T(M) is the
corresponding smooth nonautonomous vector field on M.

As before, we first consider the Lax equation (with respect to a new
evolution parameter 7 € R, ) :

dp/dr + K™ ¢ =0, (6.19)
adjoint to (6.18), where ¢ € T*(M), and
1+ -1/(27) + 232 + 4iU*w —2i ()2

Equation (6.19) has a solution ¢ := @(z, 7; A(7; 2)) € T*(M) such that at
7 =1t € R, and for any z € C the following linear Lax equation is satisfied:
de/dt + K™ ¢ = 0, (6.21)
where p(z,t;2) = @z, T; At 2))|r=¢ € T*(M) and dN/dt = g(t; \),
M=o := 2z € C, for a meromorphic map g(t;+) : C — C for all t € Ry.
We have

olz, A = (1, B(x, T ANT exp{log[Tl/2 + Az — N1+ 07 e (x, T M1},

(6.22)
where
b(x, ;) Z b [, 75 ulA =,
JELy
Gz, 7N ~ Y Gl mulA T, (6.23)
JELy

as |A| — oo.
Substituting expansions (6.23) into (6.22), from (6.19) one readily ob-
tains the following recursive hierarchy

076, + 20641 + 16 kGk +5j0
+4iW*WE; o — 200 Wb, = 0,
bjr + 2Bj,ka—15k,7 — 2ibjy0 — 200 T by,
42006, 0 — ibj oy — 2ibj 1,0 — 2ibji1—k, 20k = 0, (6.24)
for all j € Z,. Solving the hierarchy (6.24) inductively, we find that
bo=0=0by, &=-20"0, by=—02
Gy = —i0" W T W) /7 + (U, 0" — U0 + (U*T),, by =V,
G3 = iU W/(27) — 4(U*T)? — (U, 0" — UiW), /2
— (U U* — U2 0) + U, T, — 0 (07 D) /72, L (6.25)
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and so on. It follows directly from its construction that the functional
v(z) == / dx : o(x, T, A) |r=t, (6.26)
R

as |z| — oo, must be a generating function of conservation laws of the
dynamical system (6.18). Clearly, this means that dvy(z)/dt = 0 for any
t € R and all z € C. Whence, we arrive at the simple conclusion:

grad : (i&(mm;)\) |T_t> =0 (6.27)

for all z € C and u € M. As a result of verifying condition (6.27), one can
easily see that it is satisfied if and only if

d\/dt = g(t;\) = =Xt7, A |mo=2 € C. (6.28)

Thus, we have shown that the dynamical system (6.18) is endowed
with an infinite hierarchy of nonautonomous conservation laws satisfy-
ing a recursive relation analogous to (6.24) with the spectral parameter
At; 2z) := z/t € C, t € Ry, making it possible to find the Lax type [-matrix

1[0, 0% ] = (A_;;{(Z“) ) j;/(u)). (6.29)

The nonautonomous recursive operator A : T*(M) — T*(M) correspond-
ing to (6.29), is given as follows: A := 9~ 11, where

0 t!
o= (%)

B —209~ 1 —0 — x/(4t) + 20971 T+
T\ —o a4t + 200010 —2F 9L

for all t € Ry, (P, ¥*)T € M, which satisfies equation (6.15) with the

function g(t; A) = —A/t, A € C.

(6.30)

6.1.2 Lagrangian and Hamiltonian analysis of dynamical
systems on functional manifolds: The Poisson—Dirac
reduction

Let us consider a vector field K : M — T(M) on a smooth manifold
M c C®(R™R™), n,m € Z,, which is Hamiltonian with respect of a
symplectic operator Q : T(M) — T*(M), that is

—QKu] = grad H[u] = dH]u] (6.31)
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for any u € M, where H € D(M) is the corresponding Hamiltonian func-
tion. The corresponding 2-form on T'(M) x T(M) is closed, so Q = dp =
¢ — ¢'* for some ¢ € T*(M), where for all « € T(M)

(p,a) = /1 dX (Q[Au] Au, afu] ). (6.32)
It is easy to show that the dyngmical system u; = K[u] on M admits the
following Euler-Lagrange representation
grad Llu,u] =0 (6.33)
where t € R,
Llu, ue] = (plu], ue) — Hlu] (6.34)

is a Lagrangian function density defined, as usual, up to a closed 1-form on
M. The above Lagrangian system (6.33) is degenerate, since a generalized
momentum variable = € T*(M) conjugated with the independent variable
u € M by the classical rule

7= 0Lu; ut) /dur = plu] (6.35)

cannot be inverted with respect of the dynamical variable u; € T(M),
t € R. We shall now obtain the original Hamiltonian system

uy = Ku] = —Q *grad H[u] (6.36)

on the functional manifold M as a reduction of a canonical Hamiltonian sys-
tem on the phase space T*(M) 5 (u,7) by introducing certain constraints
via the Dirac procedure [54, 100, 104, 184, 262, 287]. The corresponding
extended Hamiltonian function H, € D(T*(M)) is obtained by the formula:

H,:=H+ ({r — ¢,a)), (6.37)

where o € T(M) C T(T*(M)) is a special vector of Lagrange multipliers
that can be determined from the reduction condition; that is, on the sub-
manifold {(u,m)T € T*(M) : m — p[u] = 0} the Hamiltonian (6.37) must be
in involution with the constraint = — p[u] = 0 with respect to the canonical
symplectic structure Qo € A2(T*(M)):

{Hea, ((m = ¢ul,7))}o =0 (6.38)
for any vector field 7 € T (M) C T(T*(M)), where {-,-}o is the Poisson
bracket on T*(M) corresponding to Qg € A*(T*(M)). For the correspond-
ing bilinear form Qg : T(M) x T(M) — R one has

Qo = <_01 é) , (6.39)
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where for any two functionals F, H € D(T*(M))
{H,F}o := ((grad H,Q,'grad F)).
It now follows from (6.38) and (6.39) that
({grad H + (¢" — ¢, 7)) = 0 (6.40)

for all functional vectors 7 € T(M) C T(T*(M)). As grad H = QK =
(¢ — ¢"™*)K, we immediately find that the choice @ := K € T'(M) satisfies
the above reduction. In the case of degeneracy of the co-implectic operator
Q:T(M) — T*(M), its kernel can be added to the above vector field
a € T(M). Thus, we have described the canonical Dirac procedure of lifting
a given Hamiltonian system (6.36) on the manifold M to an extension on
the cotangent bundle T*(M) and verified the following result in the process.

Theorem 6.1. Let (u,m) € T*(M) be local coordinates on the cotangent
bundle T*(M) of a functional manifold M. Then to each nonlinear dy-
namical system uy = K[u] on M there is an associated extended nonlinear
dynamical system on T*(M) defined as

() =te= ()

= 0y fgrad ((m, K)) — (Lo, 0)T] (6.41)

for some @ € T*(M). If the above vector field K : M — T(M) is Hamil-
tonian on M, that is ' — @™ = Q, where QK = —grad H for some
H € D(M), then

L = grad ((¢, K)) + QK = grad (((¢, K)) — H), (6.42)
s0
(ue, m)T = Kylu, 7] = Qg grad (7 — ¢, K)) = H)[u, 7] (6.43)
for any (u,m)T € T*(M).
Suppose that ¢ € T*(M) is such that the Lie derivative
L, o[u] = grad L]u] (6.44)

for some £ € D(M) and any u € M, with the corresponding co-implectic
structure 2 € A%(M) being determined as above by Q = dp = ¢’ — ©'*.
Then dynamical system (6.43) can be written in the form

(ug, m)T = Ky[u, 7] = anlgrad (({m, K)) = L)]u, 7] (6.45)
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for all (u,n)T € T*(M). If the Hamiltonian dynamical system (6.45) is
reduced upon the manifold M via the mapping M > u :— (u,¢[u]) €
T*(M), it is easy to see that the canonical symplectic structure (6.39) on
the cotangent vector bundle T*(M) reduces to the symplectic structure
Q =dp = ¢ — ¢'* on the base manifold M.

Note that it follows from (6.41) that any dynamical system u; = K[u] on
a manifold M (not necessarily Hamiltonian) always admits a non-canonical
Hamiltonian extension on the cotangent bundle T* (M) given as

(Ut> = Kolu,m] = —Q; grad (v — ¢, K), (6.46)

Tt

where

Ik 11
Q, = (‘p _I‘P o) (6.47)

for any (u,m)T € T*(M).
Consider the KdV as a simple example of bi-Hamiltonian dynamical
system:

du/dt = 6uty + Ugge (6.48)

on a functional manifold M C C*(R/27Z;R), where ¢ € R is an evolution
parameter. The dynamical system (6.48) on the manifold M is Hamilto-
nian, that is

du/dt = —dgrad dx(u/2 —u®), 9 =0/0x; (6.49)
0

whence, Q1= 971 =971 = ¢’ — ¢*, where p := 07 1u/2 € T*(M), u € M.
Then, from (6.46) one can easily compute that

ug\ Ugge + OUUL
7t ) \ Tapwe + 6um, — 3u?/2
2m
= 0y grad (/ dz[n(Uppe + 6uu,) +u®/2])
0

27
= -0, grad (/ Az [ (Upas + 6uu,) + 3u®/2 — 4u? /2]), (6.50)
0

01 -07t1
QO— (_1 O)v Q<P_ < -1 O)v (651)

where
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represents its corresponding bi-Hamiltonian extension on the cotangent
bundle T*(M) by means of the special nonlocal element ¢ = 0~ 1u/2 €
T*(M).

We now analyze the Poisson—Dirac brackets on submanifolds of a func-
tional manifold M endowed with a symplectic structure Q € A%(M). Sup-
pose also that we have a smooth dynamical system u; = K[u] on the man-
ifold M 3 u with K : M — T(M), the corresponding vector field on M
that is Hamiltonian with respect to the symplectic structure Q € A?(M)
with a Hamiltonian function H € D(M), such that grad H = —QK|[u] for
any u € M. Let us also be given r € Z4 local functionals ¢; € T*(M),
1 <j <r,on M that are functionally independent on the functional sub-
manifold

My, ={ueM: pjlu=0,1<j<r}CM, (6.52)

which is smoothly embedded in M. The elements of a set {¢; € T*(M) :
1 < j <r} are usually called holonomic restrictions or constraints. Follow-
ing Dirac [100, 104, 326], we formulate a general scheme introducing the
Hamiltonian formalism on the submanifold M, C M.

Lemma 6.1. The restriction Q, € A*(M,) of the symplectic structure
Q € A*(M) is a nondegenerate symplectic 2-form on M., if and only if the
matriz differential-integral operator

¢ = ({¢5, 0rte)j i (6.53)

at each point u € M, is also nondegenerate.

Proof. This is readily proved using straightforward calculations based on
the above definitions. O

Therefore, if the matrix differential-integral operator (6.53) is not de-
generate as an operator ¢ : (T'(M))" — (T*(M))" at v € M, C M, the
corresponding 2-form Q, € A?(M,,) defines a suitable symplectic struc-
ture on M. Let Ky € T(M,) be generated by a Hamiltonian function
H € D(M,,) with respect to the symplectic structure ., € A*(M,,) on M,,.
It is evident that in general Ky # Kp|ar,, but the following lemma holds.

Lemma 6.2. The vector field Ky = Kg|u, if and only if {H, Fj}q =0
on My, for all1 < j <r, where F; = (¢;,0;) and o € T(M) are arbitrary
functional elements. Moreover, if H € D(M,) and there are a; € T(M,)
such that >, _ (Pjxar, ;) = {H,(pj, )} a for all 1 < j < r on the
submanifold M, C M, then Ky = Kp, |, where Hy = H+37"_, (), a;).
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Proof. If{H,F;}qo=00onM,forl<j<r, then Ky =—Q 'grad H €
T(M,) for any v € M,, so that Ky|y, = Ky on M,. In con-
trast, if —Q_lgrad H = Ky = KH|M¢ C 7-‘(]\45(,)7 then {H,FJ}Q =
= (grad H,Q 'grad F;) = 0 for 1 < j < r. The last assertion of the
lemma follows from the equality Ky = Ky, = Kpg,| M, on M., so the
proof is complete. O

The Dirac-Poisson brackets on the submanifold M, C M for arbitrary
functionals f,g € D(M,,) with respect to the reduced symplectic structure
Q, € A*(M,) can be calculated using the following Dirac rule.

Theorem 6.2. (Dirac [100, 104]) Let {f,g}qa, be the Poisson bracket of
smooth functionals f,g € D(M,) with respect to the reduced symplectic
structure Q, € A%2(M,,) on the submanifold M, C M. Then for allu € M,

.
{f7 g}Q(p = {f7g}Q - Z ({fa ij}Q7 ((ﬁ_l)j,k{gﬁk, 9}9)7 (654)
i,j=1
where {f, ¢;}a and {ok,g}ta € T*(M) for 1 < j,k <r, with the right-hand
side of (6.54) being computed for arbitrary smooth extensions of functionals
f.g € D(M,) to functionals f,g € D(M,), where M, C M is an open
neighborhood of the submanifold M, C M.

Proof. Let us assume that {f, Fj}q = {9, Fj}o = 0 on M, C M for all
1 < j <r. Then, it follows from the above results that

{f.9te, = Qu(Ky, Kg) = {f,9talm,

for all u € M, C M. In general, we compute that

{f9}a, ={f+ Z (5, (@~ Vgl Lr 01 }0) g+ Z (i, (& 15{97903}52)}
k,j=1 i,5=1

={f+ > (05 (¢ {frer}a) g+ Z i, (2 Vislg s ta) o

jk:*l i,s=1

_{f7 }Q+Z jk{f’@k}ﬂ7{¢jag}ﬂ +Z 1&{fﬁ§01}ﬂa{g (pa}Q)
J,k=1 i,s=1
+ ) (@ k(@ is@iil fr ot {9, 0}a)
i,5,k,5=1
={f.gta— D> {f eita, (@ Dinfor.gta) (6.55)
k=1

for all w € M, C M, which yields the desired result, thereby completing
the proof. O
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6.1.3 Remarks

The theory of non-isospectrally Lax integrable dynamical systems de-
scribed above expands the class of nonlinear dynamical systems from many
branches of science that admit exact solutions. In particular, the following
has been demonstrated: almost every nonlinear dynamical system admits
a non-isospectral Lax representation, but a dynamical system is Lax inte-
grable if and only if an evolution of the spectral parameter is independent
of u € M for all Cauchy data. This leads to an effective criterion for deter-
mining whether or not a given nonlinear dynamical system on a functional
manifold is non-isospectrally Lax integrable. Once such a criterion is sat-
isfied, the reduction procedure developed in this chapter can be used to
obtain the restrictions on invariant submanifolds My C M which inherit
the canonical Hamiltonian structure and Liouville complete integrability.
Thus, powerful perturbation techniques can be brought to bear in studying
the dynamical systems and deeper insights into the relationships between
complete Hamiltonian theory and its various partial forms can be gained.

The embedding problem for infinite-dimensional dynamical systems
with additional structures such as invariants and symmetries is as old as
Newton-Lagrange mechanics, and has been the subject of extensive research
using both analytical and qualitative methods. The differential geometric
tools described here were developed mainly by E. Cartan at the beginning
of the twentieth century. The great advance in the embedding methods
during the last two decades is primarily a result of the theory of isospectral
deformations for linear differential structures, constructed on special vector
bundles over a space carrying a nonlinear dynamical system. Among these
linear structures are the moment map [ : M — g* into the adjoint space
of the related Lie algebra g of symmetries acting equivariantly on the sym-
plectic phase space M, with the Cartan-Ehresmann connection structures
appearing via the generalized Wahlquist-Estabrook approach [44, 392].

General analytical structures of Hamiltonian and Lagrangian formalisms
have been thoroughly studied, primarily using geometric and algebraic
methods [157, 187, 218, 268, 371]. Considerable attention has also been
paid to the theory of differential-difference dynamical systems on infinite-
dimensional manifolds [218, 219]. Several articles have been devoted to the
theory of discrete dynamical systems [92, 228], and these [231, 364] appear
to have a variety of important applications.
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6.2 Algebraic structure of the gradient-holonomic algo-
rithm for Lax integrable systems

6.2.1 Introduction
Assume that we are given a nonlinear uniform dynamical system
du/dt = K[u] (6.56)

on a 2m-periodic infinite-dimensional manifold M C C*°(R/2%xZ;B™), m €
Z., where K : M — T(M) is a Fréchet smooth vector field on M, t € R
is the evolution parameter, and B is a Banach algebra of operators on the
functional Schwartz space G(R;C™), n € Z..

The Lax type integrability of (6.56) implies the existence of an associ-
ated linear operator [u;\] : B — B", r € Z,, which depends on a point
on an orbit w € M of (6.56) with a spectral parameter A € C, where the
generalized spectrum [262, 406] Spec({) of the f-operator is invariant with
respect to the dynamical system (6.56). As a consequence of this invari-
ance property, the system (6.56) is Hamiltonian [3, 14, 278, 326] and has
an infinite hierarchy of commuting conservation laws.

As we showed in Chapter 5, the gradient-holonomic method, which
was first proposed in [262, 326], is an effective tool for determining the
Lax integrability of a dynamical system. This method is based on the
special gradient-holonomic relations for the monodromy matrix of the Lax
associated linear /-operator and has its origins in the general Lie-algebraic
scheme of Adler [7] and the theory of the central extension [121] augmented
by Novikov’s variational theory [227, 262, 326, 406] and the Fokas—Santini
approach developed in [130, 131, 230].

The aim here is to provide additional concerning the algebraic structure
of the gradient-holonomic algorithm for Lax integrability.

6.2.2 The algebraic structure of the Lax integrable dynam-
1cal system

Let g be a metrizable Lie algebra over the field R (or C) with a nonde-
generate invariant and symmetric scalar product (-, -), so that for arbitrary
a,b,c € g we have

(a,[b,c]) = ([a, b], c), (a,b) = (b,a), (6.57)

where [, -] is the Lie bracket on the module g. This yields a natural iden-
tification of the spaces g* and g: g* ~ g.
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Definition 6.1. An R-structure is a pair (g, R) where g is a Lie algebra,
and R : g — g is a linear homomorphism such that

[a,b]r = [Ra,b] + [a, Rb], (6.58)
is also a Lie structure on the module g.

Tt is easy to see that the R-homomorphism R : g — g (also called an
R-matrix) generates an R-structure (6.58), if the following Yang-Baxter
[121, 286, 287, 374] relation is satisfied for all a,b € g:

Rla,br — [Ra, Rb] = v[a,b], (6.59)

where v € C is a complex parameter. The Yang—Baxter equation (6.59) (or
briefly Y B(v)) has a simple solution [121, 374, 373] in the case where the
Lie algebra g splits into two subalgebras; that is, g = g4+ ® g_. Namely, the
following relation

R = (P, — P.)/2, (6.60)

holds, where P.g := g4+ are projectors in g onto its subalgebras. If we also
have g% ~ g=, then obviously the R-structure (6.60) will be unitary, i.e.,
for all a,b € g we have

(Ra,b) + (a, Rb) = 0. (6.61)

In the case of the Yang-Baxter equation Y B(0), if a homomorphism R :
g — g, is invertible then the symplectic two-cocycle wy(a,b) := (a, R™1b),
where a, b € g, also models the unitary R-structure on the Lie algebra g, so
the homomorphism R~ : g — g is its derivative [287]. The Lie structure
can be used to define the Lie-Poisson bracket

{7, hLie () = (€, [V (0), vi(O)]) = (V(0), £ u(6)) (6.62)

for any smooth functionals v, u € D(g*), where ¢ € g* is a fixed element,
L : g — g* is the induced homomorphism, and 7y(1), 7u(l) € g are the
standard gradients of functionals on g*, defined as: (m,7y(1)) = d/dey(£+
em)|c=o for any smooth v € D(g*) and all m € g*. The R-structure (6.60)
generates on g* a new Poisson bracket via the formula

{7, 1do(€) = (6 [V (0), vi(O]r) == (v7(£), 9 7 (L)), (6.63)

where £ € g* and ¥ = R*L+ LR : g — g* is the induced map. For the
Jacobi identity to hold for the bracket (6.63), a homomorphism R : g — g
must satisfy the following generalized equation [16, 18, 333]:

U[X,[RY,RZ] — R[Y, Z]|r]) + cycle
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+ (X, {0(Y),RZ}y — {£(Z), RY }4]) + cycle = 0 (6.64)

for any ¢ € g* and all X, Y, and Z in g, where {(X) := (£, X), {(Y) := (¢,Y),
and £(Z) := (¢, Z). It is clear that in the case \yR(¢) = 0 for all £ € g*, the
Yang-Baxter equation (6.59) is sufficient for (6.63) to be a Poisson bracket.

Let the metrizable Lie algebra g be generated by the associative underly-
ing algebraic structure over C with the standard commutator Lie structure
[X,Y] = XY —YX forall X,Y € g. Then any g*-independent R-structure
(6.58) on g generates two g*-dependent R-homomorphisms via [18, 333]

Ri(X) = Py (LX) + P_(X0), (6.65)

where ¢, X € g, Py := (% + R). It is important to point out that the
brackets {-,-}y and {-,-}, are compatible, where, by definition,

{7, 130 (0) = (€, [V (0), vu(O)]r_) = (V7(0),n 7 p(h)), (6.66)

L e g v,u € D(g*) and n : g — g* is the corresponding induced map.
Now, assume that the functional v € I(g*) is of the Casimir type. Then
for all £ € g* ~ g we have

where ad* is the coadjoint action of the Lie algebra g on the adjoint space
g*. The following result is very important [7, 121, 206, 326, 373, 385].

Lemma 6.3. The set of Casimir functionals I(g*) is involutive with respect
to the two Poisson brackets (6.62) and (6.63). Moreover, the set I(g) is
involutive with respect to the bracket (6.66).

Let us assume now that \yR(¢) = 0 for all £ € g* and construct the
Hamiltonian vector field on the manifold g* via the Poisson bracket (6.63)
and the Hamiltonian functional v € I(g*). For all t € R and ¢ € g* we
obtain

de/dt = adjyo. il = [(.R 7 7(0)]. (6.68)

Equation (6.68) has the standard Lax commutator form and may be used in
the theory of integrable dynamical systems. Indeed, let us suppose that an
element ¢ € g* is a locally Fréchet smooth functional on an operator mani-
fold M C C>*(R/27Z;B™), that is, £ := £[u] € g* for all w € M. Then, it is
easy to see that the Lax evolution equation (6.68) is equivalent to a nonlin-
ear dynamical system on the operator manifold M. Owing to (6.56) and the
properties of the Poisson brackets {-, -}y and {-,-},, the nonlinear dynam-
ical system obtained will be bi-Hamiltonian via Magri [242, 243] and also
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Liouville-Lax integrable [2, 173, 262, 278] on the manifold M. To expand
the class of Liouville-Lax integrable dynamical systems on the manifold M
described above, let us make use of the powerful techniques of central ex-
tensions of the basic Lie current algebra g, as given in [262, 263, 326]. To
this end, we denote by g := g ® C the standard central extension [121, 278]
of the metrizable Lie algebra g of currents on the circle by means of the

27
wp(a,b):/o dx ()\pa,;lzl;),

where a,b € C*(R/27Z;g), and p € Z is arbitrary. Using an obvious
analog of the theory above, we find that a Casimir functional v € I(g*) is
defined by the condition

APd 7 y(0)/dz = (¢, 77(0)] (6.69)

forpe Z, ¢ € g ~ g, x € R. The corresponding R-structure on the Lie
algebra g is defined as

[(a7a)7 (b, /6)]R = ([a7b]727(:}p(a7b))7 (6'70)

two-cocycle

@p(a,b) = wy(a, Rb) + wy(Ra,b), (6.71)

where p € Z, and (a, «), (b, ) € g are any fixed elements. The R-structure
(6.70) satisfies the classical Yang—Baxter relation with parameter v = 1/4
for all p € Z. The standard proof of bi-Hamiltonicity of Lax integrable
nonlinear dynamical systems goes through for the centrally extended Lie
algebra g ~ g @ C, after a simple modification using as instruments the
infinite hierarchy of two-cocycles wy(-,-), p € Z, and the Dirac theory
[54, 100, 104, 121, 173, 184, 326] of Poisson brackets on the constrained
Poisson invariant manifolds above. Thus, it is possible to construct the
Hamiltonian vector field via expression (6.68) on the extended Lie algebra
g as

arl »AR v (4)

o = LR (0] - WY,

where ¢ € g* ~ g, forallt e R, x € R, p € Z, ¢ = 1 and the Casimir
functional v € I(g*) on g*. It is clear that (6.72) is equivalent to the Lax
equation

(6.72)

dv d
Sk /Y ¢ .
o dx,va( ) (6.73)
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forpeZ, ¢ e g ~g, and all z,t € R. Note that the commutator equation
(6.73) is the compatibility condition for the following important class of
linear systems:

df Jdz = NPEf, dfjdt = —R 7 (0)f, (6.74)
where p € Z, f € W(R;B") is an element of a suitable Sobolev space,
xz,t € R, and r = dim (rep g) is the dimension of a matrix represen-

tation of the Lie algebra g. If we are given the smooth moment map
[162, 164-166, 191-193, 206, 224, 358] ¢ : M — g*, then the Lax rep-
resentation (6.73) is equivalent to a Liouville-Lax nonlinear Hamiltonian
system of type (6.56) on the manifold M. To identify these nonlinear inte-
grable Hamiltonian equations, we must describe the structure of the basic
Lie algebra g. More precisely, let the Lie algebra g have the following affine
structure g = gl(r; B) ® C(A\,\71), where r € Z,, and A € C is the spectral
parameter. The metric structure on g is defined as follows: for all a,b € g

let
27

(a,b) = resy—g Tr(ab)(x; N)dx. (6.75)
Here A € C and, by definition, for agly element c € g
Trc(z; A) = trSpe(x; ),
where tr is the ordinary matrix trace, and Sp denotes an invariant trace
operation on the associative operator algebra B. Now, we construct the
R-structure on the Lie algebra g as follows: Set R = (Py — P_)/2, where
Pig=g94, 9 =g+ @ g_ and define

n<oo
gy = Z uj(;v))\j cuj(x) egl(r;B), j€Zy, x e R/27Z
§=0
g_ = Z aj(x))\*(j“) ©oaj(z) egl(rB), j€Zy, x € R/27Z
JELy

(6.76)
The role of the associative operator algebra B is to be played here by
one of the following: (i) B is the set of trace-class integral operators acting
in the Schwartz space of functions; (ii) B is the set of symbols for micro-
differential operators acting in the Schwartz space of functions. We mention
here that case (i) was considered earlier in essentially different ways [7] and
also in [202]. Case (ii) was investigated in [130, 131, 333], where the Lie
algebra g was chosen as gl(2; B). Illustrative examples of applications of
the above algebraic scheme will be presented in the sequel.
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6.2.3 The periodic problem and canonical variational rela-
tionships

Construct the monodromy transfer matrix S(z; A), A € C, for the first linear
equation in (6.74) at p = 0, where £ : M — g* is the suitable momentum
map:

S(xz; A) = F(x +2m,x; \) (6.77)
for all z € R, A € C. Here F(z,xzo; A), A € C, is the fundamental operator-
valued solution of the first equation in (6.74) at p = 0, which is normalized

to the identity at a point x = 2o € R for all A € C. It is easy to verify that
the monodromy matrix (6.77) satisfies the following Novikov—Lax equation

dS/dz =1¢, 5], (6.78)
where ¢ := {(x;\) € g is a fixed element, 27-periodic in € R. It follows
from equation (6.78) that the functional

A(C) = Tr S(a; \)
¢ € C, is invariant in relation to the vector field d/dz, that is
dA(¢)/dx =0

for all x € R. As a consequence of the Casimir equation (6.69) at p = 0, we
observe the obvious identification: 7y(¢)(z; A) = S(x; \)k()) for all x € R,
A € C, that is y(¢) € I(g) is a Casimir related to the monodromy matrix,
and k(\) € C is a constant with respect to z € R. Let us now consider some
variational properties of the monodromy matrix (6.77) via the methods of
[262, 263, 333]. It follows directly from the analytic properties of (6.69)
that as |(] — oo

5NO=AﬂMﬂ@mOMmm

2m 1
= reSA:C/O dx Tr (/\_CS(ZE; A)oL(x; )\))
= (grad A((), 60), (6.79)

where (-, ) above denotes a nondegenerate invariant and symmetric scalar
product on the Lie algebra g, resx—¢ is the usual residue, and grad (-) :=
v(+). Owing to (6.79), we compute that

{AMN), A(Q}s = 0= {AN), A}y, grad A1) = S(z;A)/(A —n)
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for all z € R and ¢, A € C. Since 7y(£)(x; ) = S(x;A) - k(A) for all z € R
and A € C, we obtain an important identity for the whole hierarchy of
Casimir functionals on g : y(¢)(¢) = A(C), if k(A) = (A=)~ ! as |\ — .
The following result [173, 355, 262, 406] can be easily proved by employing
Floquet theory.

Theorem 6.3. The set of Casimir functionals I(g*) on the Lie algebra g
coincides with the set of trace functionals A(X) = Tr S(x; ), A € C, for the
monodromy matriz of the first Lax equation in (6.74).

This theorem allows us to describe the infinite set of gradients {7; €
T*(M) : j € Z+} by means of asymptotic solutions of (6.78); namely, we

expand
A~ > A,
JELy
where v; € D(M), j € Z, in relation to the expansion
A~ > Si@)AT (6.80)
JELy
as |A| — oo. Substituting the expansion (6.80) into (6.78), we obtain a
system of recursion formulas for the coefficients S;(x), j € Z4+. As a conse-
quence of the equation 7y(¢)(x; A) = S(z;A) k(A) for all x € R and A € C,
we can determine the operator quantity R 57 v(\) € g in the second equa-
tion of (6.74). More precisely, using the equality R = (Py — P_)/2 we find
the hierarchy of homogeneous expressions for the quantities R 7 v, (¢) € g,
n € Ly

R Yn(l) = P+— ) > Si(@)ArI ! (6.81)
JELy

= SIS ) — (S (),

where (A\"71S(z;\))+ € g4 is as defined in (6.76).
With the above equation in hand, we turn to the search for the induced
hierarchy of evolution operator equations (6.72). For each n € Z, we have

n—1 n—1
=5 (1 Ors) - rts) ] - A XS,
(6.82)
where t, € R, n € Z,, is a new hierarchy of evolution parameters. Recalling
the main determining equations (6.69) at p = 0 and (6.78), we also obtain
d(\"18) d(A"1S)_
dz dx

— [, (A8 ] = — + 16, (A1) ] (6.83)
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for all n € Z,; whence from (6.82) and (6.83) it is easy to see that for all
n e Z+

de d

— =l —,(\"'S 6.84

dtn dx’ ( )“F ) ( )
giving rise to an infinite hierarchy of evolution Lax operator equations. To
identify equation (6.84) with nonlinear Liouville-Lax integrable dynamical
systems of type (6.56) on the operator manifold M, we assume once more
that g* > £(xz;\) := £Lu; A], where v € M and A\ € C. Hence, we deduce

from equation (6.79) that
2m
v (l) = res)\:oo/ dx Tr(S(x; N)6l[u; N 1) (6.85)
0

= (M718,80) = (grad v;[u], 6u),

where A(A) ~ 32,7, Y (O)A7I as |\ — oo, grad v;[u] € T*M), j € Z,
and (-,-) is the standard bilinear form on T*(M) x T(M). Then it follows
directly from (6.85) that for all w € M and j € Z; we have

o;[u] = grad v;[u] = resx—oSp(N "1 [u; \]S(z; \)), (6.86)

where S(z; \), A € C, is the canonical asymptotic matrix solution of equa-
tion (6.78), ¢/ : T(M) — g* denotes the Fréchet derivative of a local g-
valued functional on the manifold M, and ¢'* is its conjugation with respect
to the bracket (-,-) on T* (M) x T(M). As a consequence of (6.85), we have
the general formula

p(w; A) := grad A(N)[u] = Sp(€™ [u; AJS(x; A)) (6.87)

for all z € R, A € C, which is very useful for further applications and
which was first introduced in [227, 263, 262, 308]. Note that the element
w € T*(M) for all A € C satisfies the Lax equation [227],

do/dt + K™ [u; (] ¢ =0, (6.88)
where the generating dynamical system K : M — T (M) is defined as
du/dt = K[u; (] := —dgrad A(()[u], (6.89)

where ¢t € R and ¢ € C denotes the labeling index of the hierarchy (6.84).
Next, from the asymptotic expansion of the monodromy matrix, we
obtain the following recurrent gradient identity:

q(N)Dp(x; A) = np(z; A), (6.90)
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where ¢(\) € C is a recursion number function. Indeed, for all A, ¢ € C we
have

{AN), A(O}s = (o5 A), Dp(; M) = 0 = {A(N), AQ)}y

and, by the properties of the functional A((), ¢ € C, the function ¢ :
C — C is Casimir on the manifold M for all { € C. Observe that the
implectic and Notherian operators @, : T*(M) — T(M) are defined in full
correspondence with the Poisson brackets (6.63) and (6.66). In summary,
we can apply identity (6.90) to the initial dynamical system (6.89) to derive
the involution of an infinite hierarchy of conservation laws on the manifold
M, that is

{vimte =0 =1{v, %}y

for all j, k € Z,. Since the implectic pair (¢,7) in (6.90) is also compatible
[137, 173, 242, 262], it follows that the recursion operator A = ¥~ 1y :
T*(M) — T*(M) satisfies the Nijenhuis condition: for all o, 5 € T'(M),

A% (A%, B + [0, A*B)) — [N, A6 = A%, 8. (6.91)

Accordingly the dynamical system (6.89) is bi-Hamiltonian and completely
Liouville-Lax integrable on the operator manifold M. The variational prop-
erties of the monodromy matrix (6.77) also allow us to deduce the following
interesting identity, which was introduced in [333, 389]

ATVS(z A) de _, d ATVS(x; M)
0|l ——,— ) = Ve— V) | ————=, 0 6.92
(5m) = (o) (5Ehe). e
where § denotes the variation operation on the manifold M, and v € Q is
a uniformity number of the matrix solution to equation (6.78), A € C, that
is
ord S(z;\) :=0, ord A7VS(z; ) := —deg A7".

The next lemma is valid owing to the results in [173, 262] and the identity
(6.79).

Lemma 6.4. Let 6¢ € g* be an arbitrary variation of the Lax operator
¢ € g* ~ g in the initial linear systems of equations (6.74). Then the
induced trace of the monodromy matriz variation SA(C) = Tr § S(x; (),
¢ € C, is determined by the following expression:

SA(C) = (Ai,ae) . (6.93)
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Proof. Substitute the condition 6¢ := (d¢/d)\)doA, A € C into (6.93).
Then, it follows that for all { € C
dA(C) S dl
= _ . . 4
d¢ A= ¢ dA (6:94)
Similarly, by applying the identity déA(¢)/d¢ = §(dA(¢)/dC), where ¢ € C
is arbitrary, we deduce from (6.93) and (6.94) that:

de d(S/(A—(),dL
6 S ,— — ( /( C)’ ) . (6.95)
A—CdA d¢
Since the operator matrix A~%S(x; \) is also a solution to the determining
equation (6.78) for all v € Q, A € C, it follows from (6.94) that

ATVS(asA) deN  (S(xA) de L,
(e m) = (3 )¢

R () - () () o

(-, d ., ATYS(x; M)
‘(C d<<>( A—¢ ’M>’

which completes the proof. O

We note that the proof of identity (6.92) presented here, is considerably
simpler than the original proof in [389]. The results obtained above can be
summarized as follows:

Theorem 6.4. Consider an operator algebra B-valued linear periodic spec-
tral problem in the form
df /dx = Lu; N f, (6.97)
where f € W(R;B), x € R, {fu;\] € g* C gl(r; B) @ C(\,A71), A € C is
the spectral parameter, and w € M C C(®)(R/277Z; B™) is the dynamical
vector variable. Then all operator nonlinear dynamical systems generated
by the expression (6.89) of the form
du/dt = —9Sp(£"™* [u; \]S(z; \)), (6.98)
where S(x;X), A € C, is the asymptotic operator solution (6.80) of the
determining equation (6.78) as |A| — oo, are Liouville-Lax integrable and
bi-Hamiltonian on the operator manifold M. Moreover, the corresponding
Laz representations for (6.98) are given by the expression (equivalent to

(6.84))
de d [ S(z;\)
dt:lé_dx’(g)\>+]’ (6.99)

for all A, ¢ € C as [A\] — oo and |N/¢| < 1.
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Theorem 6.4 gives rise to an effective and easily computable algorithm
for the construction of the Liouville-Lax integrable dynamical systems on
the operator manifold M. In addition, the algorithm can also be inverted
to provide the integrability criterion on the inverse question: When is a
given nonlinear dynamical system on the operator manifold M integrable
in the Liouville-Lax sense?

6.2.4 An integrable nonlinear dynamical system of Ito

Consider on a functional manifold M C C*(R/27Z;RR?) the following Ito
dynamical system [61], which generalizes the KdV equation:

Ut = Ugpr + OUUL + 200,
v = 2uzv + 20,1, (6.100)
where (u,v)T € M and t € R is an evolution parameter. To simplify the

calculations, we make in (6.100) the change of variables M > (u,v?)T —
(u,v)T € M that yields

% <“> = K[u,v] := (“m + Guug + ”z) : (6.101)

v 4usv + 2uv,

where K : M — T(M) is a smooth vector field on M.

In accordance with the asymptotic method devised above, we find an
infinite hierarchy of conservation laws for this system. Toward this end, we
consider once more the linear Lax equation

dg/dt + K" =0, (6.102)
where ¢ € T*(M) and the operator K'* : T*(M) — T*(M) has the follow-

ing form:

_93 _ _
K'*:( 0° + 6ud —2v0 QQU). (6.103)

-0 20u — 4uo

Assuming, further, that equation (6.102) admits the following asymp-
totic solution ¢ € T*(M):

o(x;N) = (1,a(z; \)Texp[\t — Az 4+ 0 Lo(z; V)], (6.104)

where A € C is a complex parameter,

o= 5[ Qe [T )

0
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is the operator of inverse derivation, & - 9! := 1, 29 € R is an arbitrary
fixed point, and

a(z; N) ~ Z a;[u, v]A I,

JELy

o(z;\) ~ Z o, v]A 7 (6.105)

JELy
are the corresponding asymptotic expansions as |A| — oo. Substituting
(6.105) into (6.104), from (6.102) one obtains the following infinite system

of recurrence formulas:

d

-1
aa 0 = Oj gz — 30j41,2 — 30j—kOk — 3042
—30j k410 — 0j_pOk_s0s — buo; _1 — 6uo;

—4dv(ajz + aj41 + aj—kok) — 2vga; =0,

' 1
Ea — )+ a3+ aj,ka Okt — 0j,—1 — 2uaj+1

—0j —2uoj_gak + 2uza; — 2ua; . =0, (6.106)

where j € Z,, and the Einstein convention is used. Solving the hierarchy
(6.106) recursively yields

00=0, o01=—-2u, 02 =72uy,,
_ 2
03 = —2Ugzy — 2u” — 20,
CLQZL ao:a1:a3:0,
04 = 2Uggy + Uy — 20, /3,

o5 = —4u® — 2uygy — 120ty — 10u2 — duv, ... | (6.107)

and so on. Owing to the representation (6.104), all the functionals

27
v ::/ dzx : oju,v], (6.108)
0

j € Zy, are conservation laws of the dynamical system (6.101). Next,
we find an implectic (¥, n)-pair of operators on the manifold M that are
Notherian for (6.101) using the small parameter method devised above. For
this, we need to solve the Notherian equation

dv/dt — 9K — K'9 =0 (6.109)
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for some ¥ : T*(M) — T*(M). Putting (u = eu™, v = evM)T € T(M), as
e — 0, it is a simple matter to use (6.109) to find the corresponding equa-
tions for the components ¥, : T*(M) — T(M), n € Z,, and expressions

o (0N e 60u) 0
O\ oo/ T\ 2000 42009 490V — 29 )’

—0° 0 —69u) —200) — 209
o e
o= ( -0 0)’ i _< 0 43u<1>+2u(1)3>- (6.110)

Multiplying equations (6.109) by an element ¢(®) € T*(M) satisfying
(0)/dt0 = —K} ¢(0)’

and taking into account that d/dt = d/dty + ed/dt1, to,t1 € R, we obtain
the following recursive system of vector equations:

d(Vop ™) /dto = K{ (900,

A0, /dtg = 9o K™ O + K| (090 ?) + K (910),...,  (6.111)

which can be solved by Fourier expansions by virtue of the 2w-periodicity
of the original manifold M:

u® = Z ﬂ](cl) exp(kx + k3to) + Z i;(gl) exp(kx),

ikeL ikeZ
v Z ufg ;2 exp(ikz), cp Z cpl k exp(kz + k3to),
ik€Z ik€Z
Z ¢§ ,)cexp kx + k3t) + Z @g,),)c exp(kx), (6.112)
ikeZ ikEL
—(1) =(1) —(0) (0

) € C, k € iZ, are arbitrary and
constant. To obtain these equations, we made use of the following trivial

where the values u, ", u; ", @; ; and @5

equality:

i(u(l),v(l))T = K (u®,vW)T (6.113)
dto
for (uM),v)T € T(M). Substituting (6.112) into (6.111) and solving by
Fourier transforms, we find that

Yo = (@MO(O)’())T, 9o =0,

910©@ = (0,205 + 200D )T (6.114)
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for all n — 2 € Z;. Thus, from (6.114) one can easily extract the first
Nétherian operator ¥ : T*(M) — T*(M), namely

0 0
V= <0 200 + 281}) ' (6.115)

It is easy to verify that the Notherian operator (6.115) is implectic on M.
To find the second Né&therian operator n : T*(M) — T (M) for the dynam-
ical system (6.101), we will use the differential geometric conservation law
approach developed in the preceding chapter. Before doing this, we notice
that the functional

2
=2y = / da : (u2 — 2u® — 2uv) (6.116)
0

is a conservation law of the dynamical system (6.101), that dv/d¢t = 0 for
any t € R. Owing to the representation

Y= (Uv (uw’UI)T)?

o = (01,02)T € T*(M), where o1 = u, +20" u?, 0o = 20~ 1u, we find that
there exists a co-implectic operator (9(1))~! for the vector field d/dxz on M

such that
! ! ! /
9t — (Ul,u 014010 — Ul,v)
=

/ ! / /
024 — 024 020 — 020

(6.117)

(20440 ' u+udt) 2071
B 2071 0o /)

Now with this co-implectic operator (6.117) together with the implectic
operator (6.115), we compute that

_ 93 + 2(ud + ou) 2(vd + Ov)
(9N —1,9 _
n = 90T < 2(vd + Ov) 0 )

Straightforward calculations show that operator (6.118) is both N&therian
for (6.101) and implectic on M. From the construction it also follows that
the implectic (¢, n)-pair obtained above is compatible.

We now proceed to find a Lax representation in the form (5.3), which
obviously must exist for system (6.101). For this, we make use of the
differential algebraic approach. The gauge condition trl[u, v; A] = 0, where

df /dx = lu,v; A] f, (6.119)

(6.118)

f € H, is the corresponding first order derivative Lax representation for
(6.101) with a matrix [[u, v; A] € sl(p; C), gives rise to the following equation
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in the dimension p € Z,: p? — 1 < 2+ u. Since the vector dimension of
the corresponding space C*°(R/27Z; C"), augmenting the cotangent vector
space T* (M) when representing (6.119) in pure differential first order form,
equals v = 2, one finds that p = 2; that is, l[u,v; A] € s1(2; C), (u,v)T € M,
A € C. Thus, calculating the corresponding matrix expression (5.67) using
equations (5.7), the (¢, n)-pairs (6.115) and (6.118) obtained above, yields
the following matrix equations:
N+ N, =y e + U )

U, TTT U, rT

.o, / o
) 0+
w0 0, 0,0 +
dx wr Yy ws st w,x

+4ully,, 1] + 2u.ly, + 20,1, + 4ol , + 40|17, 1],
ANL, , + ANPO[L, 1] 4 2X %0, 1,

= 2u, 0, + 4ol , + o[l 1], (6.120)

where we have used the fact that [[u,v; \] = I(u,v; A) and 6(\) = A%, X € C.
Since the matrix equations (6.120) are valid for any (u,v)T € M, we have
the following two additional relationships:

e =le =0, NI, =1, (6.121)

Solving equations (6.120) and (6.121) employing the matrix Lie algebra
sl(2; C) representations, we obtain the matrix

0 1
lu,v; A] = ()\2/4u -2y 0) , (6.122)

inducing the Lax representation (6.119) with the spectral parameter A €
C. Tt is also evident that operator (6.122) reduces to the well-known
[2, 262, 278, 406] Sturm—Liouville equation. The first implectic opera-
tor (6.115), found above via the small parameter approach applied to the
Notherian equation (6.109), can also be obtained using the differential al-
gebraic method devised above. Namely, it follows from (6.106) and (6.107)
that the functional
2

v = dr(u®/2 +v/2) (6.123)
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is a conservation law of the dynamical system (6.101). Therefore, repre-
senting functional (6.123) as follows:

v = (u/2,u) + (Vv/2,Vv)
= (/2,07 ue) + (Vv/2,07 1 (V0)a)
= (=07 u/2,u;) — (07, Vv, /4) (6.124)
= (07'u/2,us) = (VO Vu/4),

from (6.124) we obtain that
7 = (0, (uz, v2)T),
o= (01,09)T := (=0 u/2, —/vd o /4)T.
Whence
(W)~ =o' — o'

/ 1% / / _ 91
_ gl,u - Ul,u Jl,v — 02y _ 9 0 (6 125)
- r r_ - 0 1 a—li . .
0—2,u 0-2,1) 02,v 0—2,1;

el Vv
Using the inverse of operator matrix (6.125), one can easily show that
—9() = 49 is the operator determined by expression (6.115).

6.2.5 The Benney—Kaup dynamical system

Another interesting nonlinear dynamical system named after Benney and

Kaup is
£E+ x — Uzzx 2
d(u)—K[u,v] = Ve + Ve~ e/ : (6.126)
dt \ v (uv)y — Vgz /2

defined on a functional manifold M C C°°(R/27Z;R?). In order to prove
that it is Lax integrable, we shall make use of the gradient-holonomic algo-
rithm of Chapter 5. First, we prove the existence of an infinite hierarchy of
nontrivial functionally independent conservation laws. The Lax equation
Lxo=dp/dr+ K" p=0 (6.127)
for an element ¢(\) € T*(M), A € C, is solved by the asymptotic method

to obtain

o(x;N) ~ (1, a(z; \)Texp[\2t/2 + Az + 0 Lo(z; V)],
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a(z;\) ~ Z a;[u, v]A I,

JEL
o(z; ) ~ Z oifu, v]A T, (6.128)
JELy
where a;,0,: M — C, j,k € Z, are local functionals on the manifold M,
which can be determined by means of substitution of (6.128) into (6.127)
and equating terms of like power of the parameter. This yields

8_1Uj¢t = Uuoy + uoj —1 + O—j,z/2 + Ujfko'k/2
+v0j 41 + VA + VA1 + VA Ok,
. Y ) 2 =g, . .
i+ a0 Okt +aj12/2 =051+ 0j +uaj,
UAj 41 + Uk Ok — Qjze/2 — Qjt1,e — Qj—kOk

—(lj,kO'k,SO'S/2 — Qj—k+10k, (6129)

where 2+ j € Z,. Solving the equations (6.129) recursively, one finds that

og=—U, 01 =—3V+ Uy,
09 = —9uv + 2u + 4v, — Ugy + Uy, ...,
ap=0, a1 =2, ay=6u, ..., (6.130)

and so on. Thus, the functionals

2m
vi= / dz : oju, v,
0

Jj € Z, are conservation laws of the dynamical system (6.126); in particu-
lar,
2m 2m

Yo = — dr:u, v =-3 dzx : v,
0 0

2m
Yo = —9/ dz : uwv — 27, (6.131)
0

and so on. Applying to the first terms of series (6.131) the differential
algebraic approach developed above, one readily shows that the dynamical
system (6.126) is endowed with the following compatible implectic (9, n)-
pair of Notherian operators:

00 20  Ou— 0
ﬁ(ao)’ "(ua+a2va+av)' (6.132)
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Expressions (6.132) can also be obtained using the small parameter method.
Now, constructing the Lax representation as before, we find that

L =0/0x —lu,v; ],
where

I, v, X = (A= u)/2 ), dLjdt = [L, p(D)},

(X —u?) /4 —v(ut N)/2 v, /2
pll) = ( (u+X)/2 (u? — A2 —uy)/4 ) . (6.133)

Consequently, the dynamical system (6.129) on M is a Lax integrable bi-
Hamiltonian flow, having an infinite hierarchy of functionally independent
conservation laws (6.131) in involution. It is evident that, owing to the
compatibility of the implectic (1, 7)-pair (6.132), all operators (™ := A",
where n € Z, A := 9711, are also implectic and Noétherian for (6.126), and
satisfy the following Hamiltonian equations for all n € Z:

1
(ug,v)T = —9™MgradH,, = §A"(grad72 + 2gradHy). (6.134)
In particular, from (6.134) one can easily show that
Klu,v] = =9 YgradH_; = —9©gradHy = -9V gradH,, (6.135)

where 90 = 5, and 9V = ¢, 9D = i~y . T*(M) — T(M). From
(6.132) one easily shows that

9D — ( 2(ud + Ou) 2(v0 + Ov) +v(u — 0)? )
200+ 0v) + (u+0)%0  (u+ 9)(vD + dv) + (v + dv)(u — )

(6.136)

is the third implectic and Notherian local operator for the dynamical
system (6.126) in the (u,v)-variables of the functional manifold M o~
Jtop(R/277Z;R?). Thus, the dynamical system (6.126) possesses three lo-
cally defined operators that are Notherian and compatible.

6.2.6 Integrability analysis of the inverse Korteweg—de
Vries equation (inv KdV)

There have been numerous studies of the KdV nonlinear dynamical system
[2, 54, 173, 262, 278, 406]

du/dt = vy + Uggy, (6.137)
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where t € R is the evolution parameter, and v € M C C(*®)(R/27Z;R) is
an element of an infinite-dimensional 27-periodic functional manifold M.
For example, the complete Liouville integrability of system (6.137) was
established some time ago. Investigation of the complete integrability of
the inverse Korteweg—de Vries (invKdV) equation, derived from equation
(6.137) by means of the inversion map R 2 = S t € R, is of particular
interest from the analytical point of view. This invKdV can be represented
as

Ut =, Ut =D, Dt = Ug + uv,
or
e v
we= |\ p| = Kw] = Klu,p,v] := | ugy +uv |, (6.138)
v p

where K : M — T(M) is a Fréchet smooth polynomial vector field given
on the infinite-dimensional functional manifold M. Applying the gradient-
holonomic algorithm to the nonlinear dynamical system (6.138), we shall
show that the invKdV dynamical system (6.138) has the standard Lax rep-
resentation on the manifold M and is a completely integrable Hamiltonian
flow. First of all, let us study the question of existence of an infinite hi-
erarchy of conservation laws for the dynamical system (6.137). For this
purpose, we consider the Lax equation

o+ K" =0, (6.139)

where ¢ € T*(M), the prime denotes, as usual, the Fréchet derivative of

the nonlinear local functional K[u,p,v], * is conjugation with respect to
the bilinear form on T*(M) x T'(M), and

Ov—00
K=10 0 1
1 u O

0
) 8—%.

Equation (6.139) is assumed to have an asymptotic solution of the form
(@, t;\) = (1,b(x, t; \), c(z, t; A) T explw(Nt + 0 ta(z, t;0)],  (6.140)

where A € C is the parameter, T denotes the transpose, w : C — C is the
temporal dispersion functions, which takes into account the dependence
of the vector ¢ € T*(M) on the complex parameter A\ € C, 971(:) =

z Uz (\)ds — ff°+2ﬁ(~)ds] is the operator of the inverse differentiation, o -

Zo
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071 =1, and zy € R is a fixed arbitrary point. The solution (6.140) can
be found as |A| — oo by from the expansions

b(fﬂ,t,A) ~ Z bj[uvpa U]Aij,
JELy

c(x, t; \) ~ Z cjlu, p,v]A7Y, (6.141)

JELy

oz, t; N) ~ Z ojlu,p,v]A 7.
JELy

Substituting expression (6.140) into the Lax equation (6.139) and taking
into consideration that |A| — oo, we find

oz, t;\) = (1,b(z, t; \), c(z, t; )T exp[N3z + At + 0 Lo (x, t; \)], (6.142)
and an infinite system of recurrence relations:

53‘7_1 + 871(80']‘/825) + Ubj - 3%/856 - bj+3 - ij_kok = 0,
k

8bj/8t + Z(abk/ax)b]_k + Z bj+3_kbk + Z bj_kbk_sa's
k k

k,s

—v ij,kbk +c; =0, k,se€Zy, (6.143)
k

é)cj/at + Z(@bk/ax)cj_k + Z Cj+3_kb/€ + (5j)0
k k

+ub; + ch_kbk_sas —v ch_kbk =0
k,s k

for all j € Z4, from which it is possible to define the local functionals
o;: M — R, j€Z,, the first few of which are

2
p U
= - — by =0 =-1
01 3 6 ) 1 ) C1 )
_2 by =1 =0
09 = 3uw7 2 = 1, C2 =U,
2 oup ol 2
= — - — bs =0 = —— 6.144
g3 18 9 + 27 3 ) C3 3u7 ( )
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u
= “uug, by=, =0,
o4 guu 4 3 Cyq
1 1
0'5:ﬁ(u2p7p27§'u4*’uux+uxv)a b5:§7 05:767!27 BRI

and so on. From the representation (6.141), we readily deduce that all of
the functionals

v = 0oy (05lu, p,v]), (6.145)

Jj € Z4, where 82_73 is the integral over the 27-period, are conservation laws
for dynamical system (6.138), and are functionally independent by virtue
of their construction. Using equalities (6.144) and (6.145), we calculate the
explicit expressions for grad v; € T*(M), j € Z4:

gradyy = grady, = grady, = (0,0,0)7,

u 1 T 1, ., T
grad’Yl = _ga gao ) grad’)@ = §(u - D 7”7”) ) (6146)

9 2

and so on. We now show that the dynamical system (6.138) is bi-
Hamiltonian, that is,

w; = K[w] = —dgradH = —ngradH, (6.147)

1( 3 1 5 )T
grad’YS:* Up — U — Vg, U — P, Uy )

where 19, ) are implectic operators, and H, H are the corresponding Hamil-
tonian functionals on M for the dynamical system (6.138). To find the
implectic operators ¥, 1 in explicit form, we make use of the approach de-
vised above. We assume that w = (u,p,v)T € M is a point of first order
with respect to a small parameter € > 0: u = euy, p = ep1, v = evy. Then,
representing ¢ and K in the expansions

=00+ +e20s+ ..., K=eKO 42K® 4 |
where KU+ = Kj", % = %-‘r&%#— ..., and substituting these expressions

into the corresponding Noétherian equation and comparing the coefficients
having the same orders of the small parameter, we find that

190K6* + K(I) %9 = 0, dﬁl/dto = 190K1* + 191K6* + K/191 + Kiﬁo,

d9y/dty = 9o K5 + 91 K 4+ 92K + K09 + K70, + K599 — 91 KP) ..,
(6.148)
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where
001 0-00
K,=1000]), K*=[00 1],
010 100
07}10
K;:<000>, Kr=(o000]. (6.149)
v10u1
OU10

Multiplying equations (6.148) by the vector p(®) € T*(M) satisfying the
equation following from (6.139)

dp© Jdty + K5 o® =0, (6.150)
we obtain

d(Dop?) /dto = K{(909),

A1) /dto — K§(9190©) = 9o(K* V) + K{(90p'?),  (6.151)

and so on. Owing to the 2m-periodicity of the manifold M, we can use
Fourier series to find the solution to equations (6.151). We write the func-
tions wy € T(M), ¢ € T*(M) in the form

1= Z U k() Yr(e) + Zﬂl,k(o)‘l’k(oy

k(L) k(0)
Z BLE? ()1 p(a) Vr(s) + Z k*(0)21 k(0) Wi(o),
k(£) k(0)
v = Z Brk(£)uy () V() + Z k(0)1 10y Yr(0)s (6.152)
k(£) k(0)
0) _ —(0)
¥1 Z Bk(E ‘Pg k(:t) k(i) - Z k‘(O)gO&k(O)\I/k(O),
k(+) k(0)

o) = = > (Bek(E) By ) Yrer) — O (K(0) B ) Uco),
k(%) k(0)

_ —(0)
- Z 3 k(t) * k() Z k(0 ‘P3 k(O k(0)>
k(£) k(0)

where

Be = (—1£iV3)/2, Uy = exp(k’z + Bikt), Vi) = exp(kPz + kt),
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the numbers Uy j(+), @é?,l(i), U1,k(0): P3,k(0) € C are arbitrary constants,
k € iZ, and the equalities dp®) /dty = —K¢©), dw,/dty = Khw; are
used. Substituting expansions (6.152) into equations (6.151) and using
the relationship Jo¢® = a(®, where ¢©@ = (<p§°),<p;0>,go§°))n a® =
(ago),ago),aéo))T = (u1,p1,v1)T have form (6.151), ¥y = {19(()“) HEAEES
1,2,3}, we find by straightforward calculations that the linear space of so-
lutions for the operator ¥y : T*(M) — T(M) is three-dimensional with re-
spect to each differential order of its degree. At this point we must mention
that in this space there are only two linearly independent basic elements
which generate the implectic pair of Notherian operators for the dynamical
system (6.138) under consideration and, as a result, we obtain one of the
possible seed operators in the form

00—1
=100 0 |. (6.153)
10 0

To find the operator 9, = {195”') 11,7 = 1,2,3}, it is necessary to solve the
linear differential equations (6.151). Denoting 9,0 := o = (a1, g, a3)T
and using the explicit form of the operators ¥y, Ki, K{*, we obtain the
system of equations

day/dty — a3 = —Ultﬂgo) = g1,

daz/dto — (al) = —1}1(,0(0) +u QD( ) = = g2, (6154)

das/dty — as = Ul‘Pg)) = gs,

from which we find the equation
d3 (on)s = d? n d n
—a @
az T\ T g T g 93T 9

whose solution allows us to establish that
KD 0, oD 0 W90 —0 (615
Similarly, from system (6.154) we find the equations

d? d?

Pl i () = dt292+ ——91,z + 93,
0

dto

@ (as) i + d +
—= 03 — (« = - -
dtg 3 3)x dt(2)93 dtog2 91,z
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from which we obtain

KGO =0, oD =0, I = )

0P =0, 9P = w9 =0, (6.156)
From (6.155) together with (6.156) we compute that

00 0
§1_<00—m)'

The operator 95 is defined from the equation

d(920'") /dty = 01 K170 + K{(910©) — (91 K®)p®, (6.157)
where K = (0,u;v1,0)T. Calculating the right-hand side of equation
(6.157), we find that ag = 0. Since a3 = a4 = ... = 0, we obtain the
operator ¥ : T*(M) — T(M) in the form

00 -1
o=100—u|. (6.158)
1w O

As the Notherian condition is satisfied identically, the operator ¥ is
Notherian and implectic. Similarly, the second implectic operator is found
to be

1 0 30 —wv —u
n=-130+v 2(0u+ud) p—u® |, (6.159)
3 2
U ut—p -30
since the seed operator
00 0
=000 (6.160)
00 -0

satisfies the first equation of system (6.151). If the operator

80 0
fo=|00 —82 (6.161)
002 0

is taken as a solution to equation (6.151), then after some simple calcula-
tions we find one more of the feasible implectic operators in the form

0 60u 3p —u?
="+ [ 6ud (Ou? + u20) + 4udu — 3(dp + pd) 3up — u® — 3vd
u? — 3p u® — 3up — 30v —3(ud + Ou)
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—vd~ 0~ ud — vO luw
+ | —uwwd v — ud~ v (Bud ™ ud — Gud ™ uv + wwd " ud — uwdluw)
—p0~ pO~ud — p0~ uv
—v0~1p
—0ud~1p , (6.162)

—wd p —po~lp

which can be represented by means of the formula 7 = 9 n9~'y, where
the operator n : T*(M) — T(M) is given by expression (6.159), and the
operator

wd lu —uo~t1
9 = -9"wot 0
-1 0 0

is the inverse of the implectic operator ¥ : T*(M) — T(M) written in the
form (6.158). Note that by application of the gradient-holonomic algorithm,
using implectic operators (6.158), (6.159) and (6.162) for the dynamical
system (6.138), it should be possible to obtain two different representations
of the Lax type, which will be gauge invariant. Now, we represent the
hereditary recursion operator A in the form A = 9¥~15, where the operators
¥ and n: T*(M) — T(M) satisfy the equalities

v grad o453 = ngrad va;41 (6.163)

for all j € Z. As there exists the (¢,n)-pair (6.158), (6.159), all of the
operators 9" = 9A™ n € Z, are implectic and Notherian for the dynamical
system (6.138), and the recursion operator A : T*(M) — T*(M) satisfying
the Lax equation dA/dt = [A, K'*] is

—2u —ud v (U0 tud — udtuv — u? —p) —ud~tp — 30
A= 34+0 1y -0 o + 0~ tuv + 2u )
3
0 —-30+v u

(6.164)

Therefore, the dynamical system (6.138) possesses an infinite hierarchy
of functionally independent that are involutive with respect to the Pois-
son brackets {-, -}y, {-,-}, integrals yo;41 € D(M), j € Z, for which
gradysj+1 = Afgradys, and {H,v;}9 =0 = {H,~;},, where

u2

1 1 _
H =9y = 0, (—up+ 2v2+3u3) JH =3y =05 (p—2

(6.165)
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Hence, the following theorem holds.

Theorem 6.5. The dynamical system (6.138) induces a hierarchy of bi-
Hamiltonian completely integrable flows on M which are representable in
the form

wy = —¥ grad H = —ngrad H, (6.166)

where H, H € D(M) are Hamiltonian functionals (6.165) on the manifold
M, and 9,n:T*(M) — T(M) are implectic operators (6.158) and (6.159),
that factorize recursion operator A (6.164).

We now show that the dynamical system (6.138) also possesses the
standard Lax representation which allows us to integrate it by the inverse
scattering transform [2, 278, 406] in explicit form. If L = Llu,p,v; ] :
‘H — H is the L-operator in a Lax representation for system (6.138) and
S = S(x; \) is its monodromy matrix, x € R, A € C, then obviously

A9 p(A) = 9 FDp(N) (6.167)

is valid for the gradient () := grad Sp S(xg;A) € T*(M), where ¢ = 2,
and A% € C is the eigenvalue of recursion operator (6.164). The monodromy
matrix S(z;A), A € C, satisfies the Novikov-Marchenko equation

dS/dx = [1, S). (6.168)

Here we have represented the Lax operator L[u; A] in the following (m x
m)-matrix form, m € Z:

L= % —lu,p,v; A, Spllu,p,v;A] =0, (6.169)
where [[u, p,v; \] is a local Fréchet smooth matrix functional on the mani-
fold M, depending on the spectral parameter A € C. The order m € Z, of
the matrix {[u, p, v; ] in equation (6.168) is defined by the formula m?—1 <
v+3, where v+3 is the minimal vector dimension of the matrix linear differ-
ential equation of the first order for the vector p(\) € T*(M)x C(>) (R; CY),
which is equivalent to equation (6.167). The realization of these properties
by means of the gradient-holonomic algorithm allows the construction of
the matrix I[u,p,v; ], A € C, in explicit form along with the L-operator
for system (6.138). It follows directly from (6.167) and (6.168) that
1

§ 7UZU7

3

d d 1
2 _ — = _ — —
A <[lp, ]+ e Iy ulv> [lu, ] dxlu + 3vlu

vly, —

d
Ny = [, U] 4 =1y
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2 4 4 d 1 1
Sugly, + =ully, 1] + =u—I1 4+ =ply, — =u>l,, 17
F3taly + gully, I+ uaild gpl = Ju (6.170)
1 1 1 d
2 I a2 _ - _ _
ALy +uly) = 3ulu + 3 U Iy 3plp [1s,1] d:clv'

In obtaining equations (6.170), we took into account the fact that owing
to expressions (6.158) and (6.159) the relationship I[u, p, v; A] = I(u, p, v; A),
A € C, holds, which gives rise to

29 Sp: (SL,) =1 Sp : (SI,,),

where I}, = (l4,1p,1,)T is a local vector functional on M. For the order of
the matrix I(u,p,v; \), A € C, there is the inequality m? — 1 < 3, giving
m = 2. Now let us represent the matrix {(u,p,v; ), A € C, as follows:

a b

lu,p,v; \) = (c _a) =ao3+boy +co_, (6.171)

where the matrices o3,04,0_ € sl(2;C) have the form

(10 (01 (00
= o-1) 2“7 \oo) 7T \10)

Since equations (6.170) are valid for all (u,p,v)T € M, it follows that

dl,/dz =0, dl,/dz = 0, which leads to the matrix equations
1 1

=vlp — suly,

Ny = [1,, 1] —
3 3

d 1
([l 1] = ul) = [lus 1] = ==l + Sl

2 4 1 1
+3ualp + gu[zp,z] + 3Pl — guzlv, (6.172)

1 1 1
N1y + uly) = Sl + §u21,, — 3Pl — 1y, 1].

Substituting (6.171) into equations (6.172), we obtain some relationships

for the unknown elements of the matrix I(u, p,v; ), A € C, from which one
finds that:

Ao v 1
= 4+ = __ =y — N\
T T T T3t
1 2 2
bzé “ANu—p+ A+ -u” ).
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As a result, the L-operator can be written in the Lax form

d 1<—3)\3+/\u—v—/\2u—p+/\v+§u2>

(6.173)

dr 6 \ 2u — 6)\2 33— \u+w

The infinite hierarchy of Lax integrable involutive flows can be associated
with the L-operator (6.173) as follows:

Qj = (A*)_ja07 Qo = (uzvpxavm)Ta

where o : M — T(M), j € Z, are vector fields on M called the highest
inverse Korteweg—de Vries equations. In particular, from the above one
obtains

a_1|w] = a_1[u,p,v] = Klu,p,v] = (v, u; +uv,p)7, (6.174)

1 1
al[w] = al[uvpa 1)] = g <3pm - 2’UJU$ —vp + iuzva

1 1
§u2u$ — 2puy + upy + 3Vzp + §vu3 — upv + VU,

1 T
3Vgq + UV, fp2 + 2u2p> .
It is worthwhile mentioning that the nonlinear inverse dynamical system
wy = (u,p,v)] = a1((u,p,v)T) is a new completely integrable Hamiltonian
flow, whose application to hydrodynamics, plasma physics and other fields
is of great interest. The following result has also been established.

Theorem 6.6. The dynamical systems wy = a_1[w] := Klw] and w; =
aq[w], where a_y and oy are given by formulae (6.175), have a common Lax
operator in the form (6.173) and are completely integrable bi-Hamiltonian
hydrodynamic flows, whose implectic (9,n)-pair is given in (6.158) and
(6.159).

6.2.7 Integrability analysis of the inverse nonlinear
Benney—Kaup system

In this section, we shall analyze the dynamical system [110]

Uy Px — V — pu
Pol = Klup.g.v) = " : (6.175)
qt v

nuy —Qz +pv +uq
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on an infinite-dimensional 27-periodic functional manifold M C
C>(R/2wZ;R*). Here, K : M — T(M) is a polynomial and a fortiori
Fréchet smooth vector field M. This system is obtained from the nonlinear
dynamical Benney—Kaup system

Ut = Ugy + Vg — Ulyg,

Vg = —VUpy + (uy)zv

via the inversion R > x & ¢t € R. We shall show that system (6.175) on
M is a completely integrable Hamiltonian flow and that it admits the Lax
representation which can be found in explicit form. The Lax representa-
tion will be obtained by using the gradient-holonomic algorithm. First, we
prove that the system (6.175) possesses an infinite hierarchy of function-
ally independent conservation laws. For this purpose, we consider the Lax
equation

de/dt + K™ ¢ = 0. (6.176)
The operators K’ and K'* can be written in the explicit form:
—ud 0 —1 —ulOwv
, | 100 0 w | —0000
K= 000 1]’ K= 0000
v 0-0 u —101uw
Equation (6.176) admits a vector solution of the form
1
. _ a(.f, t’ >\) . —1 .
olx,t;\) = bzt \) explw(t; A) + 0 o(z, & N)], (6.177)
c(x, t;\)

where, z,t € R and A € C is a complex parameter, w(¢; A) is a dispersion

function and
x zo+l
o) =5 [ [ - [ <~>ds]

represents a right inverse of differentiation. As a result, we have the follow-
ing asymptotic expansions as |A| — oo:
a(xv t; )‘) ~ Z a; [uvpv q, V])‘_j7

j=-1

b(w, t;A) ~ > bjlu,p,q,V]A T, (6.178)
j=0
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ez, t;A) chup,q, 7
j>1

o(x, t; \) ~ Zajup,qy A7
7>0
The dispersion function w(t; A) = wi(A)t, A € C, is found as a solution of
the equation

(1,8, b,8)Twy (N) explwi (At + wa(N)z]

0100
—0000
0 000
-1010

exp(wy (A)t + wa(A)x) = 0. (6.179)

Equation (6.179) follows from equation (6.176) if we set in the latter u :=
p=q=v=0and take ¢ € T*(M) in the form (1,a,b, )T expw; ()t +
wa(N)x], where @,b and ¢ € C are constants. Hence, from equation (6.179)
we obtain
a=-w(\), b= 1 c= ! wa(A) = —wi(\)

’ 2’ 2wi(N)’ ne
Now setting w1(A) = A € C, we can write the solution of (6.178) in the
form

1
a(z,t; \)
b(x,t; A)
ez, t;\)

By using (6.180), we obtain

o(x, t;\) ~ exp(At — A2z — 07 1o). (6.180)

A+07loy —u+a+ve=0,
ar+alu—a—ve) + N\ -0 =0,
bi +b(u —a+ve) + cp(o — N\?) =

¢t +elu—a—ve)—1+b+uc=0.

Owing to the asymptotic expansions (6.178), we obtain from these equa-
tions the recurrence formulas

6*1,]’ —+ 8*1(8@/315) — U(s()’j —+ aj —+ VCj = O,
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Jj+1 J
Ja;/0t + uaj — Z apa—j — v Z agCj—kg —0—2,; —0j; =0,
k=—1 k=—1

J J J
abj/8t+ubj— Z akb]-,k—kuZckbj,k—kZ(ack/E)x)aj,k—8cj+2/89c = 0,
k=-1 k=0 k=0

J J
Oc; /0t + ucj — Z aKCi—f — Z/ZCij_k —do,; +b; +uc; =0,
k=—1 k=0

where j € Z,. Solving this system recursively yields

a_1 = —1, ap = p/2, by =1/2, ¢y =1/2,
oo =(u+q+p*/2)/2, ar=u/2,  bi=-p/2, co=-p/4
o1=—(pz +pg—v)/2,  az=(v+pu—2p;)/4,
0y = —(2Ug + G + PPa + PPq + ug — pr + ¢°/2) /4,
by = (u+p*+q/2)/4, 3= (2u+p°+9)/8,
a3 = (¢ — pps + DU+ 2us — qp° + qu — ¢*/2)/8,
03 = —(2(pq — V)s + 2002 + P°pr — PPV

+2p,q — 2qv + 2qpu + p°q + 2¢°p — 2uv) /8,

and so on. It is easy to verify that all functionals of the form

To+27
Vi = / d(EO’j[U,p,q,I/], (6181)

0
j € Z., are conservation laws for dynamical system (6.175). Then, by using
the formula

grad : v; = (07;/0u, 6, /0p, 6v;/0q,8v;/6v)T,

we can write the gradients of functionals (6.179):

1
grad tY = 5(17297 170)T7

1
grad N = _§(O7q7p7 _1)T7
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1
grad : yo = Z(u,pq —v,p*+u+tgq, -p)7,

and so on. We must find an implectic and N6therian operator ¢ : T*(M) —
T(M) that enables us to rewrite system (6.175) in the Hamiltonian form

dw/dt = -9 grad H,

with w = (u,p, q, )T, where H is a conservation law of system (6.175). If
the operator ¥ : T*(M) — T(M) exists, it satisfies the Notherian condition:

Lt =9'K —9K"™ — K'9 = 0. (6.182)

Whence, using the small parameter method, we can write the following
asymptotic expansions for the operators 9, K, K’, and K'*:
d d d

- . KI:K/ K/
dt — di +Edt1’ ot ehy

K/*:Ké*—‘y-EKi*, 19:190+€191+€2192+...,

where £ > 0 is a small parameter, and the operators K|, K}, K}* and K{*
have the following form:

00 0 —1 —p—-u00

, 100 o0 , | 0o o000

Ko = 00 0 1 » Ki= 0 000}
00-0 0 q vV up
0 100 —p00¢q
—-0000 —u00v

1% Ix __

Ko = 0000 |’ Ky = 0 00w
-1010 0 00p

Substituting the above into equation (6.182), we obtain the recurrence for
finding the operators such as ¥y, 91,92 : T*(M) — T(M),

190K6* + K6190 =0,
191K{* + ﬁoK{* + Ki’l?() + K(l)191 = dﬁl/dtm (6183)

o K(* + 01 K" 4+ K191 + K{02 = dv /dty + dIs/dty,

VKo + 0k 1 K7 4+ K(Or 1 + K§oy = dOg_1/dty + ddy/dto, . . .,
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and so on. If we denote the elements of the matrix ¥y by {198” )1 <i,5 <
4}, the first relation of (6.183) becomes equivalent to the following system
of equations:

519821) B 19(()41) B 19(()12)3 B 19(()14) —0, 19811) B 19(()22)8 B 79824) —0,
95 — 9o — oY =0, 99" + 93P+ 95 =0
950 + 095 — ol =0, o + 98P =0, 95 +05 =0,
95 — 905 =0, 9o+ 007 — o5 = o, (6.184)
9700+ 0l =0, 9iPo+ 95 =0
9500+ 005 =0, Wi + ol 9 =0,

95 + ol =0, 9P + 9l =0, 95 — a0 =0

System (6.184) has two algebraically independent solutions. They are as-
sociated with the matrices ng and 9g : T*(M) — T(M), which provide the
two independent operator matrices:

0-10 0 0 0-00
s 1010 o009
*“lo-100] ™7 | -900 0
a0 00 0000
Further, let us find the operator ¢; : T*(M) — T(M) from equation

(6.182). To do this, we multiply equation (6.183) by ¢ € T(M),

0@ = (p (0), goé ), <Pz(>, ), gofl )) which satisfies the condition:

© /dty + Kl ® = 0.

This condition is equivalent to the relations

0 0 0
@530+<p§)—0, wéfo—so§i—0,
o o =0, o — o+ =0. (6.185)
Equation (6.183) multiplied by ¢(®) has the form
A1) /dty — K§(019 V) = 9o (K 0?) + K} (900”).  (6.186)

The terms containing the unknown operator ¢ : T*(M) — T(M) are
gathered on the left-hand side, while those with the known operator 9 :
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T*(M) — T(M) are placed to the right. Taking into account the explicit
form of the operators 9y, K1 and K{* and introducing the notation

Do (K1) + K{ (900 ) = (g1, 92,95, 94)",

D190 = (a1, a9, a3, a4)7,

we can rewrite system (6.186) in the form

dal ( ) da2
— — (@ —Qy) = —_— — Q] =
dto 2,x 4 g1, dto 1 g2,
da3 da4
oy = A 6.187
d ay = gs, o + 3. = 04 ( )
where
0 0 0
g1 =gl — vl + Pl + el

0 0
92 = Q%(;) pﬁﬂg ) U‘Pz(; )7

g5 = vl —upy”,

(0)

0
g4 = qz¥y "‘U(P( )

+ 2q<pfi - pzwﬁo) - qsoéo) - wﬁ ) w:(ao)-

System (6.187) is equivalent to

Pas dgs dos
dt2 +0431—94+d7t0, Qy = dto — 93,
Pas dgo N doy
— — Qg = —= — o o= —— —
dt% 2.z dto g1 4, 1 dto g2.

We solve this system recursively, by using relations (6.185) and the relations
to =Dz — V, Dty = U, Gty =V, Uty = —(z. As a result, we obtain

Q1 = pY3 — qPs, Q2 = —PP4,

a3z = qps —pp1, g = q(p1 — p3) + ppa.

Hence, the expressions for the actions of components of the required oper-
ator ¥ : T*(M) — T(M) have the form

WO Z0, a0 o,
19512) 0 _, 19(22 é ) o,
91D O 5@ O _
K9P — a0, 99D — 5y
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195 1) (0) pap( ) 19§41) (0 _ (0)

932 (o> _o, 912 <0) _ Wgn’

T )

P o gl g

We can now easily construct the operator ¥ : T*(M) — T (M):
00p —q
000 —p
= —p0 0 ¢

qp—q0

Similarly, we can find the operator ¥o : T*(M) — T(M) from equation
(6.184). We have, respectively:

0 0 _ 0
g1=-p ¢§)+2pu<pi), g2 = pwi),
g=p%0, = 2pus0(0)+p290§0),
=p?0, @y =0, az=0, a,;=-p°\",

that is
0 00p?
0 000
2=1 4 000
—p200 0

The operator ¥3 : T*(M) — T(M) is equal to zero by virtue of the equality
D2 K+ K105 = i /dt.
We finally obtain

0 —-1pad—q+p’

1 0 -1 —p
19:

P Lo q

d+q—p*p —q 0O
By similar computations, we can find another implectic Notherian operator
n: T*(M) — T(M) connected with the operator ny : T*(M) — T(M);
namely,

20 D
K —20 + p? —p

—20p —pd+v—qp+pu+p® (20 —u—p?)
20 —p? (=2pd — Op — v + qp — pu — p°)
P 20 + u + p?
0 —qp +v
qp —v dq +q0
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Hence, the original dynamical system (6.126) can be rewritten in the bi-
Hamiltonian form

wy = — grad H = —n, grad, H,

where w = (u,p, q,v)7,

xro+27
H =4y, :/ dz(p®q +ug — pv + ¢°/2)

0

and

B Tro+2T
H=-2y = / dz(pg — v),

0
in turn, {H,v,;}9 =0={H,v;}9, j € Z.

We now show that dynamical system (6.175) possesses a Lax represen-
tation. To this end, we first express an L[u, p, ¢, v; A\]-operator of the Lax
representation in the (r x r)-matrix form, r € Z:

0
Lzai_l[uapa(LV;A]? l[uapatLV;A} 207 (6188)
i
where l[u, p, q,v; A], A € C, is a local matrix-valued smooth functional on
M. Then, for a gradient of the form ¢(\) = grad A(xzg; \), where A(zg; \)
is the trace of the monodromy matrix S(x;\), A € C, of the operator L,
the following equation holds:

21 (A)dp(A) = ne(A). (6.189)

In the case under consideration z7(A\) = A, so ¢ = 1. The matrix S(z; \),
A € C, satisfies the Novikov-Marchenko equation

0

—S=159]. 6.190
Ls=1i8) (6190)
It is easy to show that the order of the matrix {[u,p,q,v;A] in (6.188) is
equal to r = 2. Equations (6.188) — (6.190) yield the system

0

2,
ox

A _lp +plq —ql, +p2lu + [lv»” +

9 9
= 2l 1] + 25— + ply = 2l 1] = 251y = 17l

0
73p[ll/7 l] - 3p%lv — pzly — v, +gpl, — pul, — pslua

My — g —ply) = —ply +plg +2[1,, 1] + 2(%]” + ul, + p*l,, (6.191)
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A[_plu + lp + qlu] = _2[lu7 l] - 2%171 +p2lu - plp + Vll/ - qplv»

0
A{[luv l] + %lu + qlu - PQluU +plq - qlq}

1o}
= _Bp[lm l] - 3p%lu — 2pzly + vy + puly, — qply +p3lu + 2[lp7l]

d 9
+2%1p —uly, — p?l, — vl + qply + 2q[l,,1] + 2q%1y + quly,

where we have put {[u, p,q, v; \] = l(u,p,q,v; A), A € C, owing to the form
of equation (6.189). In deriving these equations, we used the equality

24(N)9 s tr: (S1,,) =n:tr: (SL,), (6.192)

where I)) = (lu,lp,lq,1,)T. As the matrix [[w; ] does not contain first
derivatives of the phase variables, we conclude from the second and third
equations in system (6.191) that a%l,, =0and %lu = 0. Hence the matrices
l, and [, may depend only on the parameter A € C and do not depend on
the function w. It follows from the first and fourth equations that the
matrices [, and [; have the form

lpb=c1—1q/24+ 1., l4=co—1,p/2.
We can now express the general form of the matrix I[u, p, ¢, v; \] as
l=c+ecip+coq+ lyu+ Ly +1,p*/2 — Lqp/2, (6.193)

where ¢, ¢, ¢o, [, and [, are constant matrices that depend on the parameter
A € C. By substituting the matrix [ in the form (6.193) in equation (6.192),
we obtain the relations

Q[ZD,ZH] + l,, = O, [ll,, 02] = O, 2[61, lu] = C1, 7)\11, = 4[lu, CQ],
AMly —¢e2) =2[ly,¢], Alu,c] = =2[ca,c], ey = —2[ly, ], (6.194)
)\[lu,C] = 2[01,6], A[luacﬂ = 2[01702] - [lv,c},

2[17“02] =co— I, + 2[[,,, Cl].

To determine the unknown matrices from relations (6.194), we use the
representation theory of Lie algebras [155, 172, 179, 274]. Assume that
the matrix [ belongs to a Lie subalgebra g of the Lie algebra sl(2; C). Then,
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the matrix I(w; \) can be decomposed using the standard basis {o3,04+},

where
(10 (01 o _ (00
5~ \o-1/)" "t~ \oo)> "7 \10/)"

Clearly, the matrices ¢, ¢1, co, I, and [, can also be decomposed in terms
of the basis {03,041 }. It follows from relations (6.194) that these matrices
can be taken in the form I, = aos, I, = boy, co = éoy, ¢, = fo_, and
c = éos + ko_. Inserting this form of the matrices in relations (6.193), we
obtain the unknown coefficients a,b, ¢, f,é and k: @ = b = 1/4, ¢ = —\/8,
f=1/2,e=—-)%/8, and k = \/2. Consequently, the matrix I[u,p, q,v; ],
A € C, can be written as

lu,p,q,v; N = (?ﬁ

Thus, it is easy to see that system (6.175) possesses the Lax representation
dL/dt = [L,p(1)],
where for all A € C

P 1, 1,
L:%_l[uapatbv;)\]? p(l):<4 1 4 14 )\)'

This Lax representation enables us to find, via the inverse scattering trans-
form, a wide class of exact solutions to the dynamical system (6.175); in
particular, finite-zone and soliton solutions, which have many applications.

6.3 Analysis of a Whitham type nonlocal dynamical system
for a relaxing medium with spatial memory

6.3.1 Introduction

Many important wave propagation problems in nonlinear media with dis-
tributed parameters can be described by means of evolution differential
equations of special types. For example, if the nonlinear medium has spa-
tial memory, the propagation of the corresponding waves can be modeled
by means of the generalized Whitham type evolution equations [292, 398].
The problems of propagating waves in nonlinear media with distributed pa-
rameters, for instance invisible non-dissipative dark matter, which play a
key role [168, 169] in the formation of large scale structure in the Universe
such as galaxies, clusters of galaxies, and super-clusters, can be modeled
by evolution differential equations of a dispersive hydrodynamical type.
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Moreover, it is well known [68, 269, 328, 391, 398] that shortwave per-
turbations in a relaxing one-dimensional medium can be described by re-
duced Whitham type equations in the form of the evolution equation

du/dt = 2uu, + / K(z, s)usds, (6.195)
R

first discussed in [398]. Here the kernel £ : R x R — R depends on the
elasticity and spatial memory properties of the medium and can, in general,
be a function of the pressure gradient u, € C*(R;R), evolving according
to equation (6.195). In particular, if K(z,s) =1 |z — s |, 2,s € R, then
equation (6.195) reduces to

du/dt = 2uu, + 0~ tu, (6.196)

which has been studied in [269, 300, 301, 391, 398].

For cases where the elasticity medium depends strongly on the spatial
pressure gradient u,, = € R, the corresponding Whitham kernel has the
form

K(z,s) :=—0(x — s)us (6.197)

for z, s € R, which models the relaxing spatial memory effects in a natural
way. The resulting equation (6.195) with the kernel (6.197) becomes

du/dt = Ku] := 2uu, — 0~ "u?, (6.198)

which has very interesting mathematical properties. This equation shall be
the focus of our investigation in the section.

6.3.2 Lagrangian analysis

A more mathematically precise form of equation (6.198) is

U = 2(utty)y — u> (6.199)

T

which represents a nonlinear hyperbolic flow on R. Concerning the preced-
ing form of (6.198), it is necessary to define the operation ! : C*°(R; R) —
C*(R;R), which is not an easy problem. As equation (6.199) is well de-
fined in the space of 27-periodic functions C$2(R;R), one can determine
on its subspace C52(R;R) C C52(R;R) of functions under the condition
fozﬂ f(s)ds =0 for any f € C°(R;R) the inverse operation

01 = ;[/Ox(-)ds—/ " ()ds), (6.200)
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which is accordingly well defined for all z € R and satisfies 0 - 97! =
1. Hence, we consider the flow (6.198) to be on the smooth functional
submanifold M := C5°(R;R). The corresponding vector field K : M —
T(M) defines on M a dynamical system, which, as we shall see, has both
Lagrangian and Hamiltonian properties.

To this end, we first consider the partial differential equation (6.199)
and prove that it has the Lagrangian form

f% = ul, (6.201)
where Hy : M — R is a Fréchet smooth Lagrangian function. To prove
(6.201), following the scheme in [137, 290, 326], it suffices to verify that
the Volterrian identity El = fl* holds, that is

Ugt =

[2(wtig)r — u2] = [2(utig)s — u2]™, (6.202)

where the prime is the Fréchet derivative with respect to the variable u € M
and * denotes the corresponding conjugation with respect to the natural
scalar product on the tangent space T'(M) ~ T*(M). Whence, there exists
a Lagrangian function Hy : M — R having the explicit form

2 2w
Hy := Hodr = / uuZder, (6.203)
0 0

where we used the standard [173, 290, 326] homotopy formula Hy =
fol dA(gradHy[uA}, u). Thus, expression (6.201) can be presented as the
Euler equation

SL/6u =0, (6.204)

where

t p2m
L:= / / (luzuT — Hy)dxdr. (6.205)
0o Jo 2

Recall now that owing to the standard results [3, 14, 137, 173, 290, 326],
any Lagrangian system in the form (6.204) is Hamiltonian. To show this,
we recast the action functional (6.205) as

L= /0 (o) — Hyldr, (6.206)

where ¢ := (1/2)u, € T*(M). Then, it follows from the condition (6.204)
that

up = —1 grad Hylu] = Klu], (6.207)
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where
9= — ' =0/0x. (6.208)

It is easy to see that the operator ¢ := 9= : T*(M) — T(M) is implectic
[121, 137, 326] and also Notherian with respect to the flow (6.207). Thus
we have proved the following [328] theorem.

Theorem 6.7. The partial differential equation (6.199) is equivalent on
the functional manifold M to the Hamiltonian flow (6.207) with the Hamil-
tonian function (6.203) and co-implectic structure (6.208).

This result means that the flow (6.198) is Hamiltonian (and conserva-
tive), so one might expect that it also possesses an infinite hierarchy of
conservation laws, which is very important [2, 121, 290, 326, 406] for its
integrability analysis. This expectation is verified in the sequel.

6.3.3 Gradient-holonomic analysis

Since any conservation law v € D(M) satisfies the linear Lax equation
dip/dt + K" = 0, (6.209)

where 1p = grad v € T*(M) as a consequence of its existence as a local
functional on M, it can be found, for instance, using the asymptotic small

parameter method [173, 265, 326, 365]. In particular, one easily sees that
1
Yy = Uge, Yy, = i(ui - (u)ix) (6.210)

satisfy the Lax equation (6.209) and are the gradients of the corresponding
functionals on M, that is

Yy = grad v9  Yy_, = grad v,_,, (6.211)

where

1 27 1 2m
Yo = 5/ uide = 5/ uuzdz. (6.212)
0 0

Thus, we have shown that the dynamical system (6.198) allows additional
invariants (conservation laws), which can be used in the gradient-holonomic
algorithm [173, 262, 326, 406] for finding new associated nontrivial implec-
tic structures on the manifold M. Let us represent conservation laws (6.210)
in the scalar product form on M as

Y9 = (@ﬁaum) Tno1 = (9077717“90)7 (6'213)
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where

1 1
Po = Glay Py, = —58_1%26 e T*(M). (6.214)

Then, the operators
’ ’ 1 1
Vl=py—0 ==0—(—=0)=0
Py 9077 2 ( 2 ) )

N1 = — o =0 gy + Uuged ! (6.215)

are co-implectic [137, 290, 326] on M, and, as it is easy to check, also
Notherian with respect to the dynamical system (6.198). Moreover, via
direct calculations one can show that the corresponding implectic operators
9, n_1 : T*(M) — T(M) are compatible on M; that is, for any A € R the
expression ¢ + An_p is also implectic on M [137, 247, 326]. In this vein,
it is enough to show [137, 326] that the operator ¥~ 1n_;9=! : T*(M) —
T(M) is symplectic on M or equivalently that the differential two-form
03 .= fo% da(du A9~ n_197 du) € A%(M) is closed, or d2(?) = 0, which
is easily checked by direct calculations. This means, in particular, that all
operators of the form

My = 9(n_19)" (6.216)
for n € Z are implectic on M. Another consequence of this fact is the
existence of an infinite hierarchy of invariants ,, € D(M), n € Z, satisfying

Klu] = —n, grad ,. (6.217)

As a particular case, one can define an implectic operator n : T*(M) —
T (M) in the form

n=9n"19 =0 up 0" + 0 ', 072 (6.218)
Whence, from (6.217) we obtain that
w; = K[u] = —VYgrad Hy = —ngrad H,), (6.219)

where

2m 2m
Hy :/ wu?dz, H, :/ u?dz.
0 0

The set of expressions (6.216) can also be written as
A9 grad v(\) = grad (), (6.220)

which is in a sense equivalent [137, 290, 326] together with equation (6.209)
to the adjoint Lax representation

dA/dt = [A, K™ (6.221)
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for the dynamical system (6.198), where A := 9~ 1n : T*(M) — T*(M)
is a recursion operator [137, 290, 326] and y(\) € D(M), A € C, is a
generating function of the infinite hierarchy of conservation laws (6.198).
In particular, as ||A] — oo the asymptotic expansion

grad ’y(/\)hM%O ~ Z A7 grad v, (6.222)
JELy
holds, where
grad v, = A" grad 7o, 7o := Hy, (6.223)

for all n € Z,. Concerning this infinite hierarchy of conservation laws, it is
easy to show one that all of them are dispersionless. The result obtained
above can be formulated as the next theorem.

Theorem 6.8. The dynamical system (6.198) on the functional manifold
M is a compatible bi-Hamiltonian flow, possessing an infinite hierarchy of
commuting functionally independent dispersionless conservation laws, satis-
fying the fundamental gradient identity (6.220). This identity is equivalent
together with the relationship (6.209) to the adjoint Lax type representation
(6.221).

As mentioned above, the hierarchy of commuting flows K, :=
—9 grad v,, n € Z4, shows an interesting property in that they are dis-
persionless. In particular, this means that they cannot be treated directly
by the gradient-holonomic algorithm [173, 262, 326, 406]. This is because
the corresponding asymptotic solutions to the Lax equations

do/drn + Klfp =0, ¢ #¢", (6.224)

as |A| = oo and du/dr, = K,[u], 7, € R, n € Z, do not generate explicit
functional expressions defining a new associated hierarchy of conservation
laws for the dynamical system (6.101). Nonetheless, the corresponding
hierarchy of dispersive commuting flows on M does exist for (6.198), and is
associated with the trivial flow du/dty := 0 on M. Namely, let Hy € D(M)
be a conservation law of (6.198) satisfying the kernel condition for the
operator i : T*(M) — T(M), that is

du/dty = 0 :=n grad Hyp. (6.225)
It is easy to find from (6.225) and (6.218) that grad Hy = [2(tgs)”/?|se €
T*(M); whence

2

Hy=4 | upsdz. (6.226)
0
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The invariant (6.226) allows one to construct a new commuting flow asso-
ciated with (6.101), which is given as

du/dr = =9 grad Hy = ugﬂm(um)_?’/2 = f([u], (6.227)

7 € R, and already possesses a nontrivial dispersion. This means that the
Lax equation

do/dr + K*p =0, (6.228)

has as |A| — oo an asymptotic solution ¢ := @(7,2; ) € T*(M)®C, where

(1,23 \) ~ exp(\3T + / o(y; Ndy), (6.229)
N
o(z;A) ~ Z o1 [ulA It
JELy
The nontrivial functionals 4;_1 = fo% oj_1[uldz, j € Z,, are obviously

functionally independent and commuting conservation laws for both dy-
namical systems (6.227) and (6.198). As a result of some simple but tedious
calculations, one finds that

1 _ 1 _5
0_1=+\/Uzz, O0= iumluzm, o1 = g(um) /zuim, ceey (6.230)
and the corresponding hierarchy of dispersive invariants is given as
2
Yo1= Vg dx, o =0, (6.231)
0

2
~ 1 —5/2, 2 S —
"= g/ umz/ uzzx dx? Y2 = 07
0

and so on. Then, owing to conditions (6.227) and 6.228), the generat-
ing functional ¥(X) := fo% o(z; N)dz, A € C, satisfies [137, 262, 326] the
following gradient relationship

A9 grad H(\) = n grad F(\), (6.232)

suitably modifying the relationship (6.220).

The above results are very important for further investigation of the Lax
integrability of the dynamical system (6.198) and finding, in particular, a
wide class of its special soliton like and quasiperiodic solutions by means of
analytical quadratures. Some of these aspects of the integrability problem
are presented in the next section.
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6.3.4 Lax form and finite-dimensional reductions

Since the functional solution (6.229) satisfies the Lax equation (6.228), it
can be considered [121, 262, 406] as a Bloch type eigenfunction of the ad-
joint Lax representation (6.221), that is

Ap(z; N) = No(a; \) (6.233)
for all A € C and € R. This gives rise, following the gradient-holonomic
algorithm [262, 324, 406], to the existence of a standard Lax representation
for the associated dynamical system (6.227) and, thereby, for the Whitham

dynamical system (6.198). Omitting here the related calculations, we find
surprisingly that this, adjoint to (6.233), Lax spectral problem for the flow

(6.198) is equal to
I Mgy — 1)
of = (_/\ o )f, (6.234)

where an eigenfunction f € L>°(R;C?) and A € C is a time independent
spectral parameter. The result (6.234) can be used to solve our nonlinear
equation 6.198), making use either of the inverse spectral transform method
[2, 111, 121, 262, 358, 406] or of the dual Bogoyavlensky—Novikov method
[326, 406] of finite-dimensional reductions. For the latter case, we need to
construct finite-dimensional invariant symplectic functional submanifolds
M?N c M, N € Z,, and to represent the main vector fields d/dx and d/dt
on them as the corresponding commuting Hamiltonian flows. Moreover,
since these flows on M2V are Liouville-Arnold integrable, we obtain both
the complete integrability of our dynamical system (6.198) in quadratures
and their exact solutions, expressed, in general, by means of Riemann theta-
functions [111, 121, 262, 406] on specially constructed algebraic Riemann
surfaces.

We consider, for simplicity, the following invariant two- and four-
dimensional functional submanifolds:

i)  M?:={uc M :gradls[u] = 0}, (6.235)
where £y := Hy + ¢, H, € D(M), and
ii)  M*:={u € M : gradL4[u] = 0}, (6.236)

where L4 :=vy_1 4+ cyHy + ¢y H,, € D(M).

Case i) We have [101, 111, 326, 406] on the invariant manifold M?
commuting Hamiltonian vector fields d/dxz and d/dt with respect to the
canonical symplectic structure

w®? = daW, (6.237)
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where the 1-form o) € A'(M) is determined by the Gelfand-Dickey
[101, 326] relationship

dLs[u] = gradLs[u)du + da™ /dz, (6.238)

on M. Now it is easy to show that for all u € M? C M
gradLofu] = u2 — 2(upu),; — 2¢)Uyzy = 0, (6.239)
ot =2(u+ Cp)ugdu,
d

[2(u + ¢p)us] A du = dp A dg,

where p := 2(u + ¢;)u, and ¢ := u. The corresponding Hamiltonian func-
tions 2(*) and hY) € D(M?) for the flows

dq/dz = on\™ Jap,  dp/dx = —Oh'™) 8y, (6.240)
dg/dt = 0n Jap,  dp/dt = —0n® /dq
are found [173, 326], respectively, from the determining relationships
gradLofu] uy := —dh'™ /dz,  gradLslu] u, := —dh® /dz, (6.241)

which imply that

B = ( ) r Rt ( ) —cyp’
x:u+c Uy = s = —-2c U+ Cp)Uy = .
! A(q+cy) ! TR 2q 4 ep)
(6.242)

One can readily verify that the two flows d/dx and d/dt on the two-
dimensional invariant submanifold M2 C M of infinite period are pro-
portional, confirming the classical fact [3, 14] that there only can be one
such flow on a symplectic surface.

The set of Hamiltonian equations (6.241) for the flows d/dx and d/dt
are

dg p dp v’
dg _ . , 6.243
dr  2(q+cy) dr  4(q+cy)? ( )
dg _ —cpp dp _ —cyp®
at (qg+cy)’ dt C2(g+cy)?
with solutions
q(z,t) = —c+ [2 V@ (2 — 2¢,t) + k]*? = u(z,t), (6.244)

with & € R a real constant, supplying us with an exact partial one-
parameter solution to the Whitham equation (6.198).
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Case ii). Similarly to the first case, we find the quantities

1
gradLy[u] = (2\/?)3;1; + co[u2 — 2(uuy)s] — 265tz = 0, (6.245)

a® = [2(cou + cp)ugs — (

1 )o]du + L
2\ Uz " 2\ Uzy

dug,

providing the symplectic structure
1

2/ Ugy

w® = d[2(cyu + ez — ( )] A du + d( ) Adu,  (6.246)

1
2\ gy
=dp1 Ndq1 + dpa N dga,
where (‘h = U, q2 Uy, P1 = 2(0197-’/ + Cn)uz - (2\/;”?):1:’ p2 ‘= 2\/%) €
M*, which are canonical symplectic coordinates on the invariant functional

submanifold M* C M. The commuting Hamiltonian functions related to
the flows d/dx and d/dt are

h(x) - ui(cﬂu —+ cn) — ( )zu:C — /Ugy (6247)

1
2/ Uza
= 3¢5 (coqr + ¢y — @2p1 — 1/(2p2)

and

hD = q1/(2p2) — 2q102[p1 — @2 (coqr + cy))- (6.248)

As a result, we have reduced our Whitham type dynamical system (6.198)
on the constructed four-dimensional invariant submanifold M* C M so
that it is exactly equivalent to two commuting canonical Hamiltonian flows

dg;/dz = 0h'\™) jop;,  dp;/dz = —0h'") /dg;,
dg;/dt = dh® Jap;,  dp;/dt = —0h® dg; (6.249)

for j = 1,2, where the corresponding Poisson bracket {h(w),h(t)} =0 on
M*. Hence, owing to the classical Liouville-Arnold theorem [3, 14, 326],
our Whitham type dynamical system (6.198), reduced invariantly on the
four-dimensional invariant submanifold M* C M, is completely integrable
by quadratures. This result can be summarized as follows.

Theorem 6.9. The Whitham type dynamical system (6.198), reduced
on the invariant two-parametric four-dimensional functional submanifold
M* C M is exactly equivalent to the set of two commuting canonical
Hamiltonian flows (6.249) that are completely Liouville-Arnold integrable
by quadratures systems. The corresponding Hamiltonian functions are given
by expressions (6.247) and (6.248).
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Unfortunately, the above reduction scheme is nonlocal, so it does not
lend itself to the construction of many exact two-parameter solutions to the
Whitham nonlinear equation (6.198) by means of quadratures. That is why
we revisit this problem using a regularization scheme in the next section.

6.4 A regularization scheme for a generalized Riemann hy-
drodynamic equation and integrability analysis

6.4.1 Differential-geometric integrability analysis

Consider again the Whitham type equation

du/dt = Ku] := 2uu, — 0~ "u?, (6.250)

which, as we have seen, possesses very interesting mathematical properties.
We focus here on the geometric and Hamiltonian analysis of the dynamical
system (6.250) and its special regularizations.

Owing to the results obtained in [327], the dynamical system (6.250)
appears to be a Lax integrable bi-Hamiltonian flow, but with an ill-posed
temporal evolution. As indicated above, the nonlocality of this dynamical
system limits the effectiveness of using suitable finite-dimensional [54, 326]
reductions to construct solutions by quadratures. Some of these integra-
bility aspects [68] were presented above, where a suitable regularization
scheme for treating this nonlocality problem was proposed. We shall treat
the well-posed integrability problem for the Whitham type nonlinear and
nonlocal dynamical system (6.250) and reanalyze it in detail making use of
this regularization scheme and its generalization.

Define a smooth periodic function v € C$2(R;R), such that

vi=0"1ul (6.251)

for any x,t € R, where the function u € C52 (R;R) solves equation (6.250).
Then it is easy to see that the nonlinear dynamical system

(1;:) = Kfu,v] := (QU;LJUZ v) (6.252)

of hydrodynamic type, which is well defined on the extended 27-periodic
functional space M := C$2(R; R?), is completely equivalent to that given
by expression (6.250). The system (6.252) is equivalent to the system

(U, Vg, Uz, Vg, W) = K, v, w] := (2uty, — v, 2005, W, Uy W, Uy + 2uw,;)
(6.253)
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and further to the set of 2-forms
{a} = {a(l) = du A dz+ 2u du Adt — v dz A dt; o = do A da

+2u dv A dt; a® =duAdt —w dz Adt; o = dv A dt

—wduAdt; a® :dv/\dx+dv/\dt+2udw/\dt}.
This set of two-forms generates the closed ideal Z(«), since
da®W =—a@ ndt; da® =2duna®; da® =—-a® adt;
da® = —dwra® —wdtA a(5); da® = —2dw A a'® — 2w dt A ).
The integral submanifold M is defined by the condition Z(a) = 0. Mak-
ing use of the differential-geometric method devised in [326], we look for a

reduced connection 1-form I" on M, belonging to a not yet determined Lie
algebra G. This 1-form can be represented as

' = A(u,v,w) dx 4+ B(u,v,w) dt, (6.254)
where the elements A, B € G satisfy the determining equations
Q= %du/\dx—F%dv/\dx—i—%dw/\dx—k% du Ndt
ou Ov ow ou
95 dv Adt + 98 dw A dt + [A, Bldz A dt (6.255)
v ow

= qduAndr+2uduNdt—vdxAdt) + g2(dv Adx+ 2udo A dt)
+gs(du Adt —w dx Adt) + ga(dv Adt —w du A dt) +
+gs(dwAde+2udwAdt+dvAdt) € T(a) ®G
for G-valued functions g1, ...,g5 € G on M. From (6.255), one finds that

0A 0A oA

au =41, 01} = g2, aw = g5, (6256)
oB oB
— =2ug1+g3s—wgs, 5 =2Ugs+Gs+gs,
ou ov

oB
o = 2ugs, [AB]=-vg—wgs.
w

Thus, it follows from the relationships (6.256) that

oCc  0A
B_2UA+C(U7U)7 94_%_%a

ac ac 0A

93:2A+%+w%_w%’ (6.257)
e o L0C 04
[A,C] = —v 50 2wA Wo T W twio,

which can be used to determine that connection (6.254) by employing the
differential-geometric scheme devised in [326], which is based on analyzing
the related holonomy Lie algebra.
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6.4.2 Bi-Hamiltonian structure and Lax representation

Consider the following polynomial expansion of the element A(u,v;w) € G
with respect to the variable w :

A = Ao(u,v) + Ay (u, v)w + Az (u, v)w? (6.258)
and substitute it into the last equation of (6.256). This yields

_ 0Ag _0A oC
[.A(),C] = —U%, [Al,C] = _UW - 2./40 - £7 (6259)
_ 0Ay 0C
[AQ,C] = _UE — % —Al,
or
B 0A, 0C
./41 = [C, AQ] — ’UW — %, (6260)
which can be substituted into the second equation of (6.259):
[[07“42]30] 7%1)[6522701_ [%70] = _U[%aAQ] (6 261)
—0 G — vy — 240 — G5 '
Thus, recalling (6.259) and (6.260), we have that
240 = [C,[C, As]] + 21;[%, cl (6.262)
oC oC
+ [%7 C] - v[%wA?}

2 PA 9PCoC

w2 'oudv  ou’

0Ay B _0A 00
ou’ Ar =[G A o ov’

Now we assume that the element C' := Cj € C is constant and the elements
Ap and A, are linear with respect to variables u and v, that is

Ao = A + AV u+ AP, (6.263)
Ay = A + Ay + AP,
This and (6.262) imply that
240 = [Co, [Co, AL AT, Co) = 0,[AP), o) = —AlY, (6.264)
25" = [Co, [Co, ASV]], 2487 = [Co, [Co, AP]] + 2[4, C].

[Ao,C] =~ S

To solve the closed system (6.264), we need to calculate the corresponding
holonomy Lie algebra of the connection (6.254). As a result of simple but
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lengthy calculations, we derive that elements Aéj ),0 < j <2 and Cj

belonging to the Lie algebra sl(2;C), whose basis Lo, L+ and L_ can be
taken to satisfy the following canonical commutation relations:

[Lo,Ly] = +Ly,[Ly, L] = 2Lo. (6.265)
Then, making use of the standard determining expansions

AP = 3 DLy + e Ly, (6.266)
+

Co = kL +koLo,
+

and substituting (6.266) into (6.264), we obtain relationships among the
values cg), c(()J) € C,0<j <2, and k4, kg € C. After some straightforward
calculations with these relationships, depending on a spectral parameter
A € C, we find the desired basic elements A and B of the connection I'.
Whence, we have the corresponding Lax commutative spectral representa-
tion of the dynamical system (6.252) in the following (2 x 2)-matrix form:
df N — A [T Uz
G =L, v N f =0, Lu,v;A] = < )2 )\uz) ,
Az u — VU
daf _ . x x
defining the generalized time-independent spectrum Spec(¢) € C : X €
Spec(¥), if the corresponding solution f € L>(R;C?).
It follows directly from the standard Riccati equation, derived from

(6.267)

(6.267), that we have an infinite hierarchy of local conservation laws:

27 27 o
Foq = / Vu2 —vpdx, A= / de, ey (6.268)
0 0 2 /U — Vg

and so on. All of conservation laws (6.268), except y_1, are singular at
the Cauchy condition (6.253). Therefore, we need to construct another
hierarchy of polynomial conservation laws that are regular on the functional
submanifold

Moeq = {(u,v) € M :u? —v, =0, x€R/27Z}, (6.269)

which exists owing to the results of [298, 326]. The simplest way to find
them consists in determining the bi-Hamiltonian structure of flow (6.252).
As is easy to check, the dynamical system (6.252) is canonically Hamilto-
nian, that is

d

%(u, 0)T = K[u,v] := —dgradHy, (6.270)
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where the corresponding co-symplectic structure 9 : T*(M) — T(M) is

canonical and equals
5 01
= .2 1
o= (51) -

and satisfies the Nother equation
Lpd=0=di/dt — K" — K'9.

To prove this, it suffices to find by means of the small parameter method
[326] a non-symmetric (¢’ # ¢"*) solution ¢ € T(M) to the following
Lie-Lax equation:

do/dt + K'" ¢ = gradL (6.272)

for a suitably chosen smooth functional L € D(M). One readily computes
that

2m
= (-v,00T, L= —/ uvdz. (6.273)
0

Making use of (6.273) and the classical Legendre relationships for the cor-
responding symplectic structure

- 0-1
L= = 274
J o =y (1 0 ) ; (6.274)
and the Hamiltonian functional
H:=(p,K)—-L, (6.275)

we determine the implectic structure (6.271) and the corresponding non-
singular Hamiltonian function

27
Hy = / (022 + vyu?)da. (6.276)
0

We note here that the determining Lie-Lax equation (6.272) has yet another
solution:

Uy u? 1 [

giving rise to, owing to formulas (6.274) and (6.275), the new co-implectic
(singular symplectic) structure

. _ -2
D7l i= g — g = ( 9/2 v ) (6.278)

s —uyvy 20 3 (u2v20 + Oulo?)
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and the Hamiltonian functional

. 1 27
H, = 5/0 (uv, — vug)dx.

Consequently the co-implectic structure (6.278) is, evidently, singular since
957 (ug,v,)T = 0. It is surprising that there exists a third implectic struc-
ture 7 : T*(M) — T*(M) satistying the determining Néther equation

Lyi=0=dj/dt — K" — Ky (6.279)

and whose solutions can also be obtained by means of the small parameter
method [326]. As a result, the second implectic operator has the form

. (0712 U 01
= (81ux v, 07 + 31%) ’ (6.280)

giving rise to the new infinite hierarchy of polynomial conservation laws

1
A, 1= / d\ < (97 '))"grad Hg[uA}, u > (6.281)
0
foralln € Z,.

Remark 6.1. The Lax pair (6.267), (6.254) for the dynamical system
(6.252) first appeared in [76]. It coincides with those found later in [298],
making use of a very special bi-Lagrangian representation of the dynam-
ical system (6.252). However, the existence of the singular co-implectic
structure (6.278) in these references was not proved.

In particular, it is easy to see that we have the representations

d . A d . A
%(u, v)T = —ngradH,, %(u,v)T = —dgradH,, (6.282)
where
R 1 2
H, = 5/ (uv, — vug)dx. (6.283)
0

Now, making use of (6.281), one can apply the standard reduction procedure
on the corresponding finite-dimensional functional subspaces M?"® C M,
n € Z4, and obtain a large set of exact solutions to the dynamical system
(6.252) on the functional submanifold M4, if the Cauchy data are taken
to satisfy the constraint (6.269).
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6.5 The generalized Riemann hydrodynamic regularization

6.5.1 Introduction

Nonlinear hydrodynamic equations have captured the interest of scientists
and engineers ever since the classical work of Riemann. He studied them in
the general three-dimensional case and paid special attention to their one-
dimensional spatial reduction, for which he devised the generalized method
of characteristics and Riemann invariants. These methods have proved to
be very effective [315, 326, 398] in investigating many types of nonlinear
spatially one-dimensional systems of hydrodynamic type. In particular,
the method of characteristics in the form of a reciprocal transformation of
variables has been used recently in studying the Gurevich—Zybin system
[168, 169] in [298] and a Whitham type system in [363]. Moreover, this
method has also been applied to solutions of a generalized Riemann type
hydrodynamic system [151] of Holm and Pavlov having the form

DNu=0, D;:=08/0t+ud/dx, N€c€Z,, (6.284)

where dz/dt = v € C*°(R;R) is the corresponding characteristic flow ve-
locity along R.

We shall consider, for convenience, the hydrodynamic equation (6.284)
on the 2m-periodic space of functions M := C*°(R/27Z;R), which can
obviously be recast as the following nonlinear dynamical system on the

augmented functional manifold M := C*°(R/27Z;RY) on the vector
U= (u(o) = u, uV = DO, @ = DD VD = Dtu(N_2))T
eM:

=
S
—
-
=

u,(go) =u® — 0

uV) = 4@ _ 0@

(6.285)
U§N72) — y(N-1) _ U(O)U;N—l)

a0 (V).

- x

The dynamical system (6.285) has a very interesting and important
property: all partial flows of the velocity components u(?),0 < j < N — 1,
are realized along R with the same characteristic velocity dx/dt = u(©@),
This is exactly the case studied by Riemann (see, for example, [398]) when
one can introduce Riemann invariants that allow a separation of depen-
dent variables that simplify integration. Actually, we can observe that the
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system (6.285) is equivalent along the characteristics dx/dt = u(®) to the
following set of differential equations in total differential form:

dul® = u(l)dt,
du™ = @ dt,

: (6.286)
dutN=2 = u(Nfl)dt,
du™ =1 =,
whose solution in parametric form readily yields
(N-1) G
u ::z,zzﬁNx—i Z 5NJ
uN=2) :zt—i-ﬁl(z) N3 = 2 +t51( ) + B2(2),
_ 2t3
N = =3 + ﬁl( ) +tBa2(2) + Ps,
(6.287)
JN—2 N=3
1 — -
(N —2)! + jgo j!5N727J(Z)7

R N-1 2t
u(O) Z BN 1— j

where 3; € C*(R;R),1 < j < N —1, and By € C®(R/27Z;R) are
arbitrary smooth functions depending on a suitable first integral z €
C>(RY;R) of the system (6.286). The above result coincides to some
extent with those obtained by Pavlov [299], and can be used to construct
special solutions in analytical form to the generalized Riemann type hydro-
dynamic equation (6.284).

As shown in [76, 71, 298, 299, 327, 328], the Riemann hydrodynamic
system (6.285) for N = 2 and N = 3 possesses additional very interesting
properties related to their complete bi-Hamiltonian integrability. In par-
ticular, they have infinite hierarchies of dispersionless and dispersive con-
servation laws, which have an important hydrodynamic interpretations and
may be used to construct many special quasiperiodic and soliton solutions.
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The next section below is devoted to the Hamiltonian analysis of the
hydrodynamic equation (6.285) for N = 2, N = 3 and N = 4, as well as
to the description of their new hierarchies of conservation laws, with their
related symplectic structures and Lax representations.

6.5.2 The generalized Riemann hydrodynamical equation
for N = 2: Conservation laws, bi-Hamziltonian struc-
ture and Lax representation

Consider the generalized Riemann hydrodynamic equation (6.284) for N =
2:

D?u =0, (6.288)
where Dy = 0/0t + u0/0x, which is equivalent to the dynamical system

(%) = Kt = (72, 280

where K : M — T(M) is a vector field on the 2m-periodic smooth
nonsingular functional phase space M = {(u,v)T € C*®(R/27Z;R?) :
u2 — 2v, # 0,2 € R}. As we are interested primarily in the conservation
laws for the system (6.289), we first prove the following result.

Proposition 6.1. Let H()\) := 7 h(a; A)dz € D(M) be an almost every-
where smooth functional of the parameter A € C on the manifold M, whose
density satisfies the differential condition

he = Auh), (6.200)

for allt € R and A € C on the solution set of dynamical system (6.289).
Then the following iterative differential relationship

(f/h)e = A(uf/h)s (6.291)

holds, if a smooth function f € C®(R;R) (parametrically depending on
A € C) satisfies for all t € R the linear equation

fr = 2Xug f + Muf,. (6.292)

Proof. 1t follows directly from (6.290)-(6.292) that
(f/R)e = fi/h — fhe/B? = fi/h— Afue/h — Afuhy/h? (6.293)
= fi/h+ Afu(l/h)s — Aug f/h
= Auf)a/h+ Muf(1/h)s = MNuf/h)a,

which proves the proposition. O
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There is a rather obvious generalization of this result having, except for
some very minor modifications, essentially the same proof; namely,

Proposition 6.2. If a smooth function h € C*°(R;R) satisfies
hy = kugzh + uhg, (6.294)

where k € R, then
2
H = / R/ dy (6.295)
0

is a conservation law for the Riemann system (6.289).

Remark 6.2. Let h € C(R;R) satisfy

then f = h? is a solution to equation (6.291).
Remark 6.3. If functions h; € C°(R;R), j € Z, satisfy the relationships
hjﬂg = )\(h]u)x, jE€ Z+, AeC,

then the functionals

2
i n_(1—2m
Hug =y kY /0 h {2 (6.296)

nely

with k%” ) ¢ R, n € Zy,i,j € Z,, arbitrary constants, are conserved quan-
tities for equation (6.289). This formula, in particular, makes it possible
to construct an infinite hierarchy of non-polynomial conservation laws for
the Riemann hydrodynamic system (6.289). Moreover, it is worth not-
ing that there are several ways of modifying this approach to obtain infi-
nite hierarchies of non-polynomial constants of motion for other types of
infinite-dimensional Hamiltonian dynamical systems.
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Example 6.1. The non-polynomial functionals

i 27 1 27 1/3
H} = Vuz — 2udx, H? :/ (UgVpz — UggVs) / dz,
0

0

1 27
Hg = / (k1u(UagVs — UgVss) + K1VaaVs + ko (ulv — 21}5))1/3 dz,
0

(6.297)

1

1 2T
5 _ 1
Hg - / (uxwvwww - uwwwvmw)G d.]?,
0

W=

1 27
Hg; = / (ur(uxzvz - urvrx) + v:mtvx)) y
0

1 2 g\ 1
Hf = / (2um(umvm — UpyUy) — 'UM) E
0
are conservation laws for the Riemann dynamical system (6.289).

Now to our analysis of the Hamiltonian properties of the dynamical
system (6.289), for which we will search for solutions to the determining
[54, 326] Néther equation

Lgd=19; —9K"™ — K'9 =0, (6.298)
where L denotes the corresponding Lie derivative on M subject to the
vector field K : M — T (M), K' : T(M) —T (M) is its Fréchet derivative,
K™ . T*(M) =T*(M) is its conjugation with respect to the standard
bilinear form (-, -) on T*(M)xT (M), and ¥ : T*(M) — T(M) is a suitable
implectic operator on M, with respect to which the following Hamiltonian
representation

K = —9 grad Hy (6.299)

holds for some smooth functional Hy € D(M). To show this, it suffices to
find, via the small parameter method [174, 326], a non-symmetric (¢’ #
1"*) solution ¥ € T*(M) to the Lie-Lax equation

Wy + K = grad £ (6.300)
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for a suitably chosen smooth functional L € D(M). It is easy to compute
that

1 2
Y= (v,0)T, L= §/ v?dr. (6.301)
0
Making use of (6.300) together with the classical Legendre relationship
Hy:=,K)—L (6.302)

for the suitable Hamiltonian function, one easily obtains the corresponding
symplectic structure

01
=1 ol
97 = = (_1 0) (6.303)
and the nonsingular Hamiltonian function
1 2m
Hy =5 / (v + veu?)dx. (6.304)
0

Since the operator (6.303) is nonsingular, we obtain the corresponding im-

plectic operator
V= ((1) _01) , (6.305)

which necessarily satisfies the Nother equation (6.298).
Observe that the Lie-Lax equation (6.300) has another solution,
Uy U 1 [
— (== _ Tz = A, 6.306
R Y (6.306)
giving rise to, owing to expressions (6.303) and (6.302), the new co-implectic
(singular symplectic) structure

0 —Ougv;?
=1 o aphx z Y
=YY (—uzvzla u2v; 20 + 8u§vm2> (6.307)
on the manifold M, subject to which the Hamiltonian functional equals
1 27
H, = 5/ (ugv — vyu)de, (6.308)
0
which supplies the second Hamiltonian representation
K = —ngrad H, (6.309)

of the Riemann type hydrodynamic system (6.289). The co-implectic struc-
ture (6.307) is singular, since /=1 (u,,v,)T = 0, nonetheless one can calcu-
late its inverse expression

-0~ 1 w01
n:= ((’9‘1% i1 1 8‘1%) . (6.310)
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Moreover, the corresponding implectic structure n : T*(M) — T*(M)
satisfies the determining Nother equation

Lgn=n —nK"™* — K'n=0, (6.311)

whose solutions can also be obtained by means of the small parameter
method [261, 326]. We remark also that, owing to the general symplec-
tic theory results [54, 174, 261, 326] for nonlinear dynamical systems on
smooth functional manifolds, the operator (6.307) defines on the manifold
M a closed functional differential two-form. Hence, it is co-implectic (in
general, singular symplectic), satisfying the standard Jacobi identity on M.

As a result, the second implectic operator (6.310), since it is compatible
[54, 326] with the implectic operator (6.305), gives rise to a new infinite
hierarchy of polynomial conservation laws, namely

1
Y = / d\ < (97 'n)"grad Hy[ul},u > (6.312)
0

for all n € Z,. Defining, as usual, the recursion operator A := 9715, one
also finds from (6.312), (6.298) and (6.311) that the Lax relationship
LxA=A,—[A,K*]=0 (6.313)

holds. It is now easy to find the asymptotic expansion

p@sA) ~ 3 N Ygrady; 1 [u, v]

JELy
as A — 00, and then to see from (6.312) that
N3 A) = n(; M) (6.314)

holds. This, making use of the implectic operators (6.305) and (6.310), can
be represented in the following two factorized forms:

o(@; ) = <<P1(93;)\)) _ ( —4AN? fF + 2)0, f3 ) _ <—2/\(f1f2)z>
’ P2(7; ) —AN? fifo — 20y f3 ~(f3)e )’
(6.315)
where a vector f € C°°(RR; C?) lies in a vector bundle £(M;E?), (associated
to a manifold M) whose fibers are isomorphic to the complex Euclidean
vector space E2. Now we note [174, 326] that the Lie-Lax equation

Licp(z; N) = do(x; \) /dt + K" o(z;\) =0 (6.316)

can be transformed for all z € R and A € C into the evolution system

Dyp = < 0 vs )cp, D, =0/0t +ud/0x. (6.317)

—1 —uy,
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The equation (6.317), owing to the relationship (6.314) and the obvious
identity

can be further split into the adjoint to (6.335) system
00
Dt =af a0 = (o). (6:319)
where a vector f € C°°(R?; C?), satisfies the following linear equation
—AUy —Uy
faL‘ - E[ua v; A]fv e[uavv )‘] T < 2)\2 )\'U/z ) ) (6320)

compatible with (6.319). Moreover, as a result of (6.319) and (6.287), the
general solution to (6.320) has the following functional representation:
fi(z,t) = g1 (u — tv,x — tu + vt?/2), (6.321)
fa(z,t) = —tAG1 (v — tv, x — tu + vt?/2)
+ Go(u — tv, x — tu + vt*/2),
where g; € C*°(R?;C), j = 1,2, are arbitrary smooth complex-valued func-

tions. Now combining together the relationships (6.319) and (6.320), we
have the following proposition.

Proposition 6.3. The Riemann hydrodynamic system (6.289) is a com-
pletely integrable bi-Hamiltonian flow on the functional manifold M, with
Lax representation

fo =tu, v Alf, fr=p0)f,  p() = —wllu,v; \] + q(}),

Lu,v; A] := <_2);\7;z ;ZZ) v 4N = <_0)\ 8) ' (6.322)

AUy VUl
é — T xr
p(f) <—)\ =222 —Augu )’
where f € C°°(R?;C?) and A € C is an arbitrary spectral parameter.

Remark 6.4. We mention here that equation (6.319) is equivalent on the
solution set of the Riemann type hydrodynamic system (6.289) to the single
equation

D}fy=0<= Difi =0,D,fo = —\f1, (6.323)

where the vector f € C°°(R?;C?) satisfies for all A\ € C the compatibility
condition (6.320) and whose general solution is represented in the functional
form (6.321).
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The conservation laws {Hél/z),Hfl/m} constructed above can be ex-

tended to an infinite hierarchy of invariants
{(H? e DM) : j € Zy U{-1}},

where
27
ngl/z) = / 09j+1[u, v]dz, (6.324)
0
and the affine generating function

d iy
o(x; A) == %logfg(x;)\) ~ Z ojlu, v]A7,
Jj=Z4U{-1}
as A — 00, satisfies the functional equation
(0 — Mig)y + 02 + 22 (20, —u?) = 0. (6.325)
In addition, the gradient functional
p(z; A) := grady(z; A) € T*(M),

where

2
v(A) ::/0 o(x; N)dz,

satisfies the gradient relationship (6.314) for all A € C.

6.5.3 The generalized Riemann hydrodynamic equation for
N = 3: Conservation laws, bi-Hamiltonian structure
and Lax representation

Next we conduct a detailed analysis of the conservation laws and bi-
Hamiltonian structure of the generalized Riemann hydrodynamic equation
(6.284) for N = 3, which has the form

s vV — Ully
v | = Klu,v, 2] = | z—uv, |, (6.326)
2 —Uzg,

where K : M — T (M) is a vector field on the periodic functional manifold
M = C®(R/27Z;R3) and t € R is an evolution parameter. The system
(6.326) also possesses infinite hierarchies of polynomial conservation laws,
which strongly suggest complete and Lax integrability.
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In particular, the following polynomial functionals are conserved with
respect to the flow (6.326):

27
n+2
dzz" (v, — vau — mz

)s (6.327)
da[—Tvev?u + 2(62u + 2v,u* — 3v? — dvuu,)],

J
J
2m 2m
HO .= / da(22ugy — 2zv0,), HO) = / dz(z,v° + 32%v,u + 2°),
0 0
J
J

2

HD .= dx(z,0° + 32%vu, — 32°),
2m

H® — d:rz(Gzzu + 3zv,u% — 3207 — dzvu, — 200U + 2v3uz),
27

H = dz[1001v,v 0 + (10922202 + 364zv,u°

0
— 10922020 — 7282vuu? — 364v,0%u? + 273v* + 728v3u u]),

2 27
H® ::/ drzyvz", H ::/ drz, (v — 2zu)",
0 0
where n € Z. Hence, for n = 1,2, ..., from (6.327) one computes that

2T 2T
Hé2) ::/ drz,v, H£2) ::/ drz, 20, ..., (6.328)
0 0
. 27
Hf‘s) = / drz, (v? — 2uz),
0

2w
HQ(S) = / drz, (v + 42%u? — 420%0), ...,
0

and so on.
Making use of the recursion, as above in Proposition 6.1, one can con-
struct the following hierarchy of non-polynomial dispersive and dispersion-
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less conservation laws:

27
H§1/4) = / dx(—2ugptyze + umvfc + 2uizm
0

1/4
— Ugp Vg Uy + 3UJJJJZ$ - 3ULZ.LL) / 9

2w
H2(1/3) = / dz(—vmzx + Umz:cz)l/sa
0
2m
Hél/B) = / dl‘(vwxuz — UgUgy — Zzw)l/g’
0
27
HM? = / dr[=20u, 2, + V3 + 2(—ugvy + 32,)]'/2,
0
2 p
HM = / da(8ub 2y — 3u2v?2 — 18uzv, 2, + 602 +92,)'/2, (6.329)
0

2
1/5 2 2
Hl( = / dz(—2UgzUszz + UzzaVy + 6Uz, 20 — Bllar e 2an
0

2
- 3uzzvza:va: + 2’“/121;139: — UgVUgaa Vg
2 1/5
+ guwvmw + 3Uzwwzw - 3U$Z1:wz) / 1)

27
H?E,lk{?’) = /0 de[kru(—veeze + Vazee) + k10(Uge 2 — UgZas)

+ Z(kj2uaw:va; — koUugVgy + k1222 + k2zxx)

+ ks(—3ugvypze + vi + 325)]1/3,

where k; € R, j = 1,2, 3, are arbitrary real numbers. Next, we shall gener-
alize the crucial relationship (6.319) to the Riemann hydrodynamic system
(6.326). Namely, we assume, based on Remark 6.2, that there exists the
linearization

D; fs(A) =0, (6.330)

modeling the generalized Riemann hydrodynamical equation (6.284) for
N = 3, and where f3(\) € C°°(R?%C) for all values of the parameter
A € C. The scalar equation (6.330) can be easily rewritten as the system of
three linear equations

Difi =0, Difo=pif1, Difs =pafz (6.331)

where we have defined a vector f := (f1, fa, f2)T € C°°(R?;C3) and natu-
rally introduced constants p; := p;(A) € C, j =1,2. It is easy to observe
now that, owing to the result (6.287), the system of equations (6.331) allows
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the following solution representation:
filz,t) = g1(u—to+ 2t2 /2,0 — 2t,x — tu + vt? /2 — 23 /6),
folz,t) = tur g1 (u — tv + 2t%/2,v — 2t, & — tu + vt? /2 — 2t3/6)
+ Go(u — tv + 2t%/2,v — 2t,x — tu + vt? /2 — 2t3/6), (6.332)
fa(z,t) = ul,ugggl(u —tv 4 2t?/2,v — 2t x — tu + vt? /2 — 2t3/6)
+tpoge(u — tv 4 2% /2,0 — zt, 2 — tu + vt? /2 — 2t /6)
+ g3(u—tv + 2t%/2,v — 2t,x — tu + vt? /2 — 2t3/6),
where g; € C*(R3 C),j = 1,2,3, are arbitrary smooth complex-valued

functions. The system (6.331) transforms into the equivalent vector equa-
tion

0 0 O
Dif =qw)f, aA) = mQ) 0 0, (6.333)
0 p2(N)0

which ought to be compatible both with a suitably chosen equation for the
derivative

fo=Lu,v,z; A f (6.334)

with some matrix £[u, v, z; \] € SL(3;C), defined on the functional manifold
M, and with the Lie-Lax equation (6.316), rewritten as

0 vy 2z
Dip=|-1-u, 0 |¢, Dy=09/0t+ud/ox, (6.335)
0 —1 —uy,

where the vector ¢ := ¢(z;A) € T*(M) is considered as the one factorized
by means of a solution f € C*°(R;C?) to (6.334), satisfying the identity
(6.318). Namely, it is assumed that the following trace-relationship

o =tr(®[\;u,v, 2] f R fT) (6.336)

holds for some vector valued matrix ®[\; u, v, z] € E3 ® End E3, defined on
the manifold M, where ® denotes the standard tensor product.

Now, using the determining expressions (6.318), (6.336) and (6.333),
one can find by straightforward calculations that pi(A) = A, pa(N) = 1,
A € C, and the matrix representation of the derivative (6.334)

AUy —Vy 2y
lu,v,2;\] = 3N —2)\uy M, |, (6.337)
AN2r[u,v, 2] —3X Aug
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compatible with equation (6.335), where a smooth map r : M — R satisfies
the differential relationship

Dyr 4 ugr = 6. (6.338)
This has an extensive set R of different solutions, amongst which there are
the following:

2u3 — 6uyvy + 92,
rER = {(01)2%)0/4,3(20p — ul)z !, e — Ollale 1+ 97

. (6.339)

gz, — V2
(V0% = Bugv®z + uzg (uz — v?) + 6v2%) 273,
Note that the third element from the set (6.339) allows the reduction z =0

to the case N = 2. Thus, the resulting Lax representation for the Riemann
type system (6.326) ensues in the form

fo =Lu, v,z A, fr=pO)f, p(l) := —uwllu,v, 2z A] + q(X),

Ay —Vp 2z 000
Llu,v,z; N = 3\2 =2 ugy Avg |, gA) = A00 ],
Nrlu,v, 2] =3\ Aug 010 (6.340)
— AUty UV —UZy
p(¢) = —3ul? + X 2 uu, —Iuv, |,

—AN2r[u, v, 2Ju 14 3ul —Auu,

where f € C°(R?;C3) and ) € C is a spectral parameter.

The next problem, which is of great interest, consists in proving that
the generalized hydrodynamic system (6.326) is a completely integrable bi-
Hamiltonian flow on the periodic functional manifold M, as it was proved
above for the system (6.289).

To tackle this along with determining the Hamiltonian structure of
the dynamical system (6.326), it suffices, as in Section 6.2, to construct
[326, 174] exact non-symmetric solutions to the Lie-Lax equation

Uy + K% =grad £, o # ", (6.341)

for a functional L € D(M), where ¢p € T*(M) is, in general, a quasi-
local vector, such that the system (6.326) allows the following Hamiltonian
representation:

Klu,v,z] = —n grad H[u,v, z],

Hy, = (v, K) - L, 7]_1 = 1/)/ — . (6.342)
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As a test solution to (6.341), one can take

2
= (uy /2,0, —2; "2 /2 + 2 0,)T, L= f/ (22 + vuy)dz,
0

which gives rise to the co-implectic operator

0 0 —Ougz,

0 0 07y

22 2,-2

gz 19 2 2t O F Oz
(vl _234—8@1 _2)
This expression is not strictly invertible, as its kernel includes the transla-
tion vector field d/dz : M — T(M) with components (uy, vy, 2,)7 € T(M),
that is 7 (ug, Ve, 22)T =

g gt = (6.343)

Nonetheless, upon formally inverting the operator expression (6.343), it

is straightforward to compute that the Hamiltonian function is
2m
H, = dz(ugv — 2) (6.344)
0
and the implectic n-operator has the form

01! ug 0! 0
ni=| 0"t uy v,0 +0"1v, 07 2, |. (6.345)
0 2,071 0

In the same way, representing the Hamiltonian function (6.344) in the
scalar form
1 1
H’] = (7/1, (UI,’UMZI)T), 7/): 5(_'0’ u"’_m,_ﬁail\/g)-ra (6346)
one can construct a second implectic (co-symplectic) operator ¢ : T*(M) —
T(M), given up to O(u?) terms, as follows:

p(E20 + o2 1+ 2 (9uln 4 gpullul))
) (1) u(1> (1) (1)y2 (1)y2
U=[-1+ 2?(8 o 25 m—0) 2?“ (((Uz(f)) +u)d + (Uz(i)) + u(l)))
(05 4w g) 200
1
2 | gy )
2,w<1>a +0 (1?), (6.347)

(02 4+ 2(9)

where 9~ := (¢ —¢"*), u = puM v = poM, 2z == pz™ as p — 0, and
whose exact form needs some additional simple but lengthy calculations,
which we omit.
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The operator (6.347) satisfies the Hamiltonian vector field condition
(Ug, Vg, 25)T = —¥ grad H,, (6.348)
which follows directly from (6.346).

Remark 6.5. The infinite hierarchy of conservation laws (6.329) and re-
lated recursive relationships can be regularly reconstructed from the asymp-
totic solutions to the Lie-Lax equation

Li¢=¢r+K"g=0,
@ ~a(x; N) exp{ 31T + 071G (x; N}, (6.349)

where a(z;A) ~ 3z, @ [, v, 2]A79, (23 \) ~ D jer,ui—1} 5 ilu, v, 2]A 77
as A — oo, and

[u,v, 2] := —3n grad H§1/3) [u,v, 2] (6.350)
() (), (),

T
(), ()

27
Hél/?’) = /0 hlu, v, z]dx, hlu,v, 2] = (Vpzlie — UpeVe — zm)l/g,

is a Hamiltonian vector field on the functional manifold M with respect to
a suitable evolution parameter 7 € R. Since the vector fields (6.350) and
(6.326) commute on M, the functionals H;l/?’) = 0277 Gj—olu,v,2zldx, j€

Z4, will be functionally independent conservation laws for both systems.

The Lax integrability of the Riemann type hydrodynamical equation for
N =2 and N = 3, proved above, suggest that it is also integrable for arbi-
trary N € Z. . To support this hypothesis, we will prove next that for N = 4
it is also equivalent to a Lax integrable bi-Hamiltonian dynamical system
on the smooth 27-periodic functional manifold M := C°°(R/27Z; R*), and
possesses infinite hierarchies of polynomial dispersionless and dispersive
non-polynomial conservation laws.

Before launching our analysis of the case N = 4, it will be helpful to
delve a bit more deeply into the cases that we have already treated. Making
use of the expressions (6.342) and (6.346) in (6.348), one can readily derive
the equations

97ty grad H, = -0 'K := @y, Py =" (6.351)
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Owing to the second equality of (6.351) and the classical homology rela-
tionship ¢y = grad Hy for some function Hy € D(M), one computes that

1
Hy :/ (pu[su, sv, sz], (u,v, 2)T)ds, (6.352)
0
satisfying the Hamiltonian condition
K = —1¢ grad Hy. (6.353)

Remark 6.6. The expression for the Hamiltonian function (6.352) can be
easily calculated modulo the exact form of the element ¢y € T*(M) and
the co-implectic operator 9=t : T(M) — T*(M), constructed by formulae
(6.351) and (6.347), respectively.

Therefore, we have the following result.

Proposition 6.4. The Riemann hydrodynamical system for N = 3 1is
equivalent to a completely integrable bi-Hamiltonian flow on the functional
manifold M, allowing the Lax type representation (6.340) and the compat-
ible pair of co-symplectic structures (6.345) and (6.347).

6.5.4 The hierarchies of conservation laws and their anal-
YSis

Let us return to equations (6.349) and (6.350) of Remark 6.5 in which we
concluded that the

27
Y = /O &;_alu, v, 2|de, (6.354)

j € Z,, are functionally independent conservation laws for both these
dynamical systems. Moreover, as one can verify by tedious but straightfor-

ward calculations, the H J(l/ 3), J € Z4, coincide up to constant coefficients

with the conservation laws H ](1/ 3), j € Z,, given by suitable elements of

(6.329). But here a question arises: how are they related to the Lax

pair (6.340), which depends strongly on the r-solutions to the differential-

functional equation (6.338)? To answer this question, it suffices to con-

struct the corresponding hierarchy of conservation laws by making use of

the standard Riccati procedure applied to the first equation of (6.340).
Namely, define

0f3/0x :=o(x;N) fs, fa:=0b(x;N)fs, f1:=alz;N\)fs, (6.355)
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where the following asymptotic expansions
o0 o0
o(x; A) ~ Z oilu,v, 27N a(x; \) ~ Zaj[u,v,z;r])\_j, (6.356)
j=—2 Jj=2
o0
b(x; \) ~ ij [u, v, z;7]\ 77,
j>1
hold as |A\| — oo and whose coefficients satisfy the sequences of differential-
functional recurrence equations

8aj/8m + Zk Aj— Ok = UgpQjyo — 'Uxbj—i-l + Zx§j70,
8b]/81' + Zk bj_kO'k = 3&j+3 — 2uxbj+2 + Ux5j7_1, (6357)
0j = Tajta = 3bj3 + usdj 2,
for all integers j + 4 € Z. Whence, we readily find the initial local func-
tionals o_a[u, v, z;7], aslu, v, z; ] and by [u, v, z; ] by solving

O_o + 3by — ras = uy, (6.358)
b1(3uy + rag — 3b1) — 3as = v,
as(rag — 3by) + v.by = 2z,

which reduces to a single cubic equation on the local functional
o_s[u,v, z;r]. Consequently, owing to (6.357), it is easy to recursively de-
termine all the other functionals o;fu,v,2;7],j € Zy. We obtain in this
way an infinite hierarchy of functionals

2m
A = /0 o5 alu,v, 2 7]do (6.359)

for all j € Z,, that lead, by virtue of the first equation of (6.355) and
the second of (6.340), to the conservation laws of the dynamical system
(6.326). Moreover, these conservation laws for r := (v, —u2/6)z, ! coincide,
up to constant coefficients, with those (6.354) constructed above. Similar
calculations can also be performed for other r-solutions of (6.338), but we
shall not present them here due to their complexity.

Remark 6.7. The Lax representation (6.355) and direct calculations imply
that on the manifold M the well-known gradient-like identity (6.314)
N3 A) = np(; M) (6.360)

holds for the gradient functional ¢(x;\) := grad A[u,v,z;r] € T*(M),
where the implectic operators 7, : T*(M) — T'(M) coincide, for anr € R,
with those given by expressions (6.345) and (6.347).
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The considerable difference between the analytical properties of the
cases N = 2 and N = 3 is clearly related to the structures of the cor-
responding Lax operators (6.320) and (6.340): In the first case, the corre-
sponding r-equation (6.338) is trivial (empty), but in the second case it is
nontrivial and has many different solutions. This situation generalizes, as
we shall see in the following sections, to the cases N > 4, which essentially
explains the diversity of related Lax representations.

6.5.5 Generalized Riemann hydrodynamic equation for
N = 4: Conservation laws, bi-Hamiltonian structure
and Lax representation

The Riemann hydrodynamic equation (6.284) for N = 4 is equivalent to
the nonlinear dynamical system

uy U — ULy
v w — uv

= Klu,v,w,z] := o, (6.361)
wy 2 — uw,
2 —Uz,

where K : M — T(M) is a vector field on the smooth 2m-periodic func-
tional manifold M := C*°(R/27Z; R*). To determine its Hamiltonian struc-
ture, we need to find an exact nonsymmetric functional solution ¢ € T*(M)
to the Lie-Lax equation (6.341):

Ui+ K = grad £ (6.362)

for some smooth functional £ € D(M), where

—Ou 1 0 0 U —Vy —Wy —2y
;| v —ud 1 0 w_ | 1 Ou 0 O
K= —w, 0 —ud 1 K7 = 0 1 Ou O (6.363)
—2; 0 0 —ud 0 0 1 Ou

are, respectively, the Fréchet derivative of the mapping K : M — T(M)

and its conjugate. Applying the small parameter method [326] to equation
(6.362), we find that

v ugw,

w = (*11)171130/2,0, -+

22, 2y

27
L= / (zugy — vwy/2)dz.
0

)T, (6.364)
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Accordingly it follows directly from (6.362) that the dynamical system
(6.361) is a Hamiltonian on the functional manifold M, that is

K = —9 grad H, (6.365)

where the Hamiltonian functional is
27
H:=W,K)-L= / (uzy — vwy)dx (6.366)
0

and the co-implectic operator has the form

0 0 -2 o=
0 —ud O 9L
o lmy — = | —o 0 o0 L . (6.367)
wag vaguag 3% (V7 — 2pws)0
Fa Z A 4 0(v2 - 2upws )2y Y

This operator is degenerate, for 971 (uy, vy, wy, 2;)T vanishes M, but the
inverse to (6.367) exists and can be calculated analytically.

To prove the Lax integrability of the Hamiltonian system (6.361), we
apply the standard gradient-holonomic scheme of [174, 326] and find its
linearization

D} fs(\) =0, (6.368)

where f4(A) € C®°(R?;C) for all A € C. Recasting (6.368) in the form of
the linear system

with p;(\) € C,j = 1,2,3 constant, it is easy to find, owing to the rela-
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tionships (6.287), the following representation for f € C>°(R?;C*):
fi(z,t) = g1 (u — tv +wt?/2 — xt3 /3L v — wt + 2% /2, w — 2t,
x—tu+vt?/2 — wt? /3! 4 2t /A1),
fa(a,t) = tur o (u — tv + wt?/2 — xt3 /31 v — wt + 2t* /2, w — zt,
x — tu +vt? /2 — wtd /3! + 21 /41
+ go(u — tv +wt?/2 — xt? /3, v — wt + 2t /2, w — 2t,
x — tu +vt? /2 — wtd /3! + 21 /41),
2

fa(x,t) = mm?gl(u —tv 4+ wt?/2 — xt3 /3!, v — wt + 2% /2, w — zt,

T — tu +vt? /2 — wt® /3! + 2t* /41)
+ tpage(u — tv 4+ wt? /2 — xt® /31 v — wt + 2% /2, w — 2t,
x — tu + vt? /2 — wtd /3! + 2t1 /41
+ g3(u —tv +wt?/2 — 23 /31 v — wt + 212 /2, w — zt, (6.370)
x — tu + vt? /2 — wtd /3! 4 2tt /4,
fa(z,t) = ulugu;;;gl(u —tv +wt?/2 — xt3 /3, v — wt + 2% /2, w — zt,

r —tu 4 vt?/2 — wt® /3] 4 2t* /4))
+ ugugggg(u —tv 4+ wt?/2 — xt? /3L, v — wt + 2% /2, w — 2,
x — tu +vt? /2 — wtd /3! + 21t /41)
+tusgs(u — tv +wt? /2 — xt® /31 v — wt + 2t* /2, w — 2t,
x — tu + vt? /2 — wt® /3! + 2t* /41
+ ga(u — tv + wt? /2 — 2t® /31, v — wt + 2t* /2, w — 2t,
T — tu + vt? /2 — wt /3 + 2t*/4)),

where g; € C*°(R*;C),1 < j < 4, are arbitrary smooth complex-valued

functions.

From the expressions (6.369) and (6.370), one can readily construct the

related Lax representation for dynamical system (6.361) in the compatible
form

fo = tu,v,w, A, fo = p(O)f, p(t) = —ublu, v,w, 2 M)+ q(A), (6.371)
where f, = ([u,v,w,z;\f for f € C°(R?;C*) is a suitable matrix a-
derivative representation; one whose exact form requires some simple but
lengthy calculations that we omit. Owing to the existence of the Lax repre-
sentation (6.371) and the related gradient-like relationship (6.314), we can
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easily show that the Hamiltonian system (6.361) is also a bi-Hamiltonian
flow on M. In addition, we can easily construct, using the results and
approach above, both the dispersionless polynomial and dispersive non-
polynomial infinite hierarchies of conservation laws for (6.361):

a) polynomial conservation laws:

2m 2m
H® = / dz(vw, — uz,), HI® = / dx(zzw — zwy),  (6.372)
0 0

27
H = / dx(kq (zgc(v2 — 2uw) — 22> + ko ( — 202
0
+ 2wy (vw — uz) — 22> + k3 (22'9;112 + 4w, (4z — vw) + 222)),

2m 2m
H(16) — / da(3uz — vw)z,, HS = / daz,(w? — 20z),
0 0

2m

g — dz[12v,uzw + 2, (9u?2z + 16uvw — 20°)
0

+ 6ww, (v? — 2uw) + 62(2vz — w?)),

2
H19) = / dxlky (101)muz2 + 2, (12uv2z — uw? — 2v*w) + bww, (vw — 2uz))
0

+ ke (zm(6uvz — 3uw? — viw) + Swv(w? — vz))];

b) non-polynomial conservation laws:

2 1
HOD — / dx (umzx — Uy Zpg + VopWag — Uxxwm> 3, (6.373)
0

27
H2(12) :/ dx\/w2 — 2u, 2y,
0

Wl

27
0

27
13 — / dx(u(?vxzw —w?) + v(vpw, — 3ugz,)
0

1

+ w(uzw, — vg +224) + 2(ugvy — QwI)) 3,
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2 1
H2(15) = / dx (Zﬂcwzz - Zzzwz) 37
0

27
H§15) — /0 dx(kl (v(2vz2 — w?) + 2(42y — ugwy) + w(vew, — 3ugzy))

N

+ k22 (222 + v2 — uTwT)> ,

2
H1(16) = / dx (uwm(%xzw — wi) + Vg (Ve Wy — 3Up2s)
0

+ Zrrx (umvw - 2w:€) + Wz (U’I)w:v - ’Ug + 221)

+3Ugz(Voa 2z — 3Va2ps + WeaWs) + 30z (2Us 220

il

2
— Uga Wy + 'wamm) - waacufﬁ) ’

27
H2(16) — / dzr (4uiwi — 4umviwm — Uz, Wy + vi
0

Al

+ 4”325296 + 425) ,

21
H§16) = / dx (kl (u(zwwm - Za:a:wa:) + U(UIZQW - ’UMCZQ:)
0

1

+ kgzm(vi — 2u W, + 221)> 3,

where k;,j7 = 1,2,3, are arbitrary constants. We observe also that the
Hamiltonian functional (6.366) coincides exactly up the sign with the poly-
nomial conservation law H®) € D(M).

Concerning the general case N € Z.,, applying the method devised
above, one can also obtain for the Riemann type hydrodynamic system
(6.284) both infinite hierarchies of dispersive and dispersionless conserva-
tion laws, their symplectic structures and the related Lax representations.
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6.5.6 Summary conclusions

As follows from the results obtained in this section, the generalized Riemann
type hydrodynamic equation (6.284) possesses many infinite hierarchies of
conservation laws, both dispersive non-polynomial and dispersionless poly-
nomial. This can be easily explained by the fact that the corresponding dy-
namical system (6.285) allows many (plausibly infinitely many) infinite sets
of algebraically independent compatible implectic structures, which gener-
ate via the standard gradient like relationship (6.312) the related infinite
hierarchies of conservation laws, and as a by-product, infinite hierarchies
of associated Lax representations. Such richness of structures and artifacts
is quite rare in the theory of Lax integrable nonlinear dynamical systems,
and is definitely worth further investigation.

6.6 Differential-algebraic integrability analysis of the gen-
eralized Riemann and KdV hydrodynamic equations

6.6.1 Introduction

As mentioned above, nonlinear hydrodynamic equations continue to be an
active area of research. The recent approaches developed in the literature
have proven to be quite useful. For example, much progress [150] has been
made in analyzing the Holm—Pavlov generalized hydrodynamic system

DNu=0, D;:=08/0t+ud/dx, Nc€Z,, (6.374)

where v € M C C*(R%R) is a smooth function. In addition, using
spectral and symplectic techniques devised in [174, 261, 326], Lax repre-
sentations in explicit form were obtained for the case N = 3 [150].

In this section, a new and very simple differential-algebraic approach
[312] to analyzing Lax integrability of the generalized Riemann type hy-
drodynamic equations at N = 3,4 is devised. It can be easily generalized
for treating the equations with arbitrary N € Z,. The approach is also ap-
plied to studying the Lax integrability of the KdV dynamical system. So,
we shall revisit both the Riemann hydrodynamic and the KdV dynamical
systems with this new approach.
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6.6.2 Differential-algebraic description of the Lax integra-
bility of the generalized Riemann hydrodynamic equa-
tion for N =3 and N = 4

Before dealing with the details, we give a brief description of some funda-
mentals of the approach.

6.6.2.1 Differential-algebraic preliminaries

Consider the ring K := R{{z,t}}, (z,t) € R2% of convergent
germs of real-valued smooth functions from C*°(R?*R) and con-
struct [91, 189, 199, 361, 394] the associated differential polynomial ring
K{u} := K[Ou] with respect to a functional variable u, where © denotes the
standard monoid of all operators generated by commuting differentiations
0/0x := D, and 9/0t. The ideal I{u} C K{u} is said to be [189, 199, 361]
differential if the condition I{u} = ©I{u} holds.
We add now the differentiation

D, : K{u} — K{u}, (6.375)

depending on the functional variable u, which satisfies the Lie-algebraic
commutator condition

[Ds, D] = (Dyu) Dy, (6.376)

for all (x,t) € R2. As a simple consequence of (6.376), the following general
(suitably normalized) representation of the differentiation (6.375)

Dy, =090/0t +ud/0x (6.377)

in the differential ring K{u} holds. Next, we impose on the differentiation
(6.375) a new algebraic constraint

DNu =0, (6.378)

defining a smooth functional space (or manifold) MW of functions u €
R{{x,t}}, which allows a natural reduction of the initial ring K{u} to
the basic ring K{u}|m, € R{{z,t}}. In this case, the following prob-
lem of constructing the corresponding representation of the differentiation
(6.375) arises: find an equivalent equivalent linear representation of the
reduced differentiation Dy, : RPN Lz 11} — RPN {{z ¢}} in the
functional vector space RP(Y){{z t}} for some specially chosen integer di-
mension p(N) € Z;..
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As we shall show for the cases N = 3 and N = 4, this problem is com-
pletely analytically solvable, giving rise to the corresponding Lax integra-
bility of the generalized Riemann hydrodynamic system (6.374). Moreover,
the same problem is also solvable for the more complicated constraint

Dyu — D3u =0, (6.379)

which is equivalent to the Lax integrable nonlinear KdV dynamical system.

6.6.2.2 The generalized Riemann hydrodynamic equation: the case
N=3

To proceed with analyzing the representation problem for the generalized
Riemann type equation (6.378) for N = 3, we first construct an adjoint to
the differential ring C{u} that is invariant with respect to the differentiation
(6.377), called the Riemann differential ideal R{u} C K{u} as

Riu}:={\ Y fODju—X Y fPDDiut Y fP DD
neZy ne€ly neZy
:D3u=0,f% e K{u}, k=1,2,3,n € Z,} c K{u}, (6.380)

where A € R is an arbitrary parameter, and state the easily proved but
important result.

Lemma 6.5. The kernelker D, C R{u} of the differentiation D; : K{u} —
K{u}, reduced modulo the Riemann differential ideal R{u} C K{u}, is gen-
erated by elements satisfying the following linear functional-differential re-
lationships:

DM =0, D@ = fO, D f® = \f@, (6.381)

where  f®) = fB\) = Y, 0 N € K{utmg, = R{{z.t}}, k& =
1,2,3, and A € R is arbitrary.

It is easy to see that equations (6.381) can be recast both in the matrix
form as

000
Dif =qNf, a(A):=[A00], (6.382)
0X0

where f:= (f&, @, fONT € K3{u}|m,, A € R is an arbitrary spectral
parameter, and in the compact scalar form as

D}f3=0 (6.383)
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for an element f3 € K{u}|am, . Note here that the Riemann differential
ideal (6.380), satisfying the D;-invariance condition, is in this case maxi-
mal. Now, using the relationship (6.383), we can construct by means of a
new invariant, the so-called Lax differential ideal L{u} C K{u}, isomorphic
to the Riemann differential ideal R{u} C K{u} and realizing the Lax in-
tegrability condition of the Riemann type hydrodynamic equation (6.284).
Namely, it follows directly from Lemma 6.5 that we have the result.

Proposition 6.5. The expression (6.382) is an adjoint linear matriz repre-
sentation in the space R3{{x,t}} of the differentiation D; : K{u} — K{u},
reduced to the ideal R{u} C K{u}. The related D,- and Di-invariant
Laz differential ideal L{u} C K{u}, which is isomorphic to the invari-
ant Riemann differential ideal R{u} C KC{u}, is generated by the element
f3(\) € K{u}, A € R, satisfying condition (6.383), and equals

L{u} == {g1 f3(A\) + g2D¢ f3(A\) + g3 D7 f3(A) : D f3(\) = 0,
ANER,g; € K{u},j=1,2,3} € K{u}. (6.384)

We now construct a related adjoint linear matrix representation in the
functional vector space R3*{{x,t}} for the differentiation D, : K{u} —
K{u}, reduced modulo the Lax differential ideal L{u} C K{u}. For this,
we need to take into account the commutator relationship (6.376) and the
important invariance condition of the Lax differential ideal L{u} C K{u}
with respect to the differentiation D, : K{u} — K{u}. As a result of simple
but lengthy calculations, one obtains the following matrix representation.

Ay —Vp 2y
D.f =Lu,v,z; A f, Llu,v,2;A] = 32 -2 \ug A\vg |, (6.385)
6A2r[u,v,2] =3\ Aug
where v := Dyu, z := Dy, (...), := D(...), a vector f € R¥*{{z,t}}, A € R
is an arbitrary spectral parameter and a smooth functional mapping r :
M(g) — R{{x,t}},M(g) = m?le{M(g), solves the following functional-
differential equation
Dir+rDyu=1. (6.386)

Moreover, the matrix £ := £[u, v, z; \] : R3{{x, t}}— R*{{x,t}} satisfies the
determining functional-differential equation
Dyl + {Dyu = [q(N), 4], (6.387)

where [-, -] denotes the usual matrix commutator in the functional space
R3{{x,t}}. The following proposition solving the representation problem
can be easily verified.
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Proposition 6.6. The expression (6.385) is an adjoint linear matriz repre-
sentation in the space R3{{x,t}} of the differentiation D, : K{u} — K{u},
reduced modulo the invariant Laz differential ideal L{u} C K{u} given by
(6.384).

Remark 6.8. It should be mentioned that the matrix representation
(6.382) coincides with that in [150], which was derived by completely
different methods, based mainly on the gradient-holonomic algorithm
[174, 261, 326]. The derivation of these representations (6.382) and (6.385)
is much easier and simpler and can be explained by a deeper insight into the
integrability problem obtained using the differential algebraic approach.

Observe that the invariance condition for the Lax differential ideal
L{u} C K{u} with respect to the differentiations D, D; : K{u} — K{u}
is also equivalent to the related Lax representation for the generalized Rie-
mann type equation (6.284) in the following dynamical system form:

Uy U — Ully
v | = Klu,v,2]:= | z—uv, | . (6.388)
2t —uzg

The following theorem that can be readily proved using the above results,
neatly summarizes the results so far in this section.

Theorem 6.10. The linear differential-matriz expressions (6.382) and
(6.385) in the space R*{{x,t}} for differentiations Dy : K{u} — K{u} and
D, : K{u} — K{u}, respectively, provide us with the standard Lax represen-
tation for the generalized Riemann type equation (6.284) in the equivalent
dynamical system form (6.388), thereby implying its Lax integrability.

Next we construct, making use of the differential-algebraic tools, the
functional-differential solutions to the determining equation (6.391), and
also the corresponding differential-algebraic analogs of the symplectic struc-
tures characterizing the differentiations D, Dy : K{u} — K{u}, as well as
the local densities of the related conservation laws, which were derived in
[150, 306].
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6.6.2.3 Solution set analysis of the functional-differential equation
Dir+rDyu=1

We consider again the generalized Riemann type dynamical system (6.388)
on a suitable 27-periodic functional manifold M sy C R¥{{z,t}} :

Uy U — Ully
v | = Klu,v,2] = | z—uv, |, (6.389)
z —uzy

which, as shown above and in [150, 306], has the Lax representation

fo =L, v,z Al f, fi=pO)f, pl):=—ullu,v,z;\] + q(N),

Auy, —A\Up 2 000
lu,v,2; N = 33 —2X2u, Mg |, g\ = A00 |,
64 r[u,v,2] =323 Au, 0AO
—N2uu, AUV, —UZy
p(f) = —3uN+ X 22 %2uwu, —Auv, |,

—6Mu rlu, v, 2] A+ 3u® —N2uu,
(6.390)
where f € Loo(R;E?), A € R is an arbitrary spectral parameter and the
function r : M — R satisfies the following functional-differential equation:

Dyr+rDyu=1 (6.391)

under the commutator condition (6.376).
We now describe all functional solutions to equation (6.391), by making
use of the lemma in [149, 306].

Lemma 6.6. The functions

By =£&(2), By =u—tv+2t?/2, By =v—2zt, By =x—tutvt?/2—2t*/6,

(6.392)
where € : DIM — R{{z,t}} is an arbitrary smooth mapping, are the main
invariants of the Riemann type dynamical system (6.389), satisfying the
determining condition

D,B = 0. (6.393)

As a simple consequence of the relationships (6.392), we obtain the
following result.
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Lemma 6.7. The local functionals

u 'U2 Uy U2 uv U3
bo = () b=t o py= e g Y (6304
0 f(z)v 1 > 2223 2 2 22;%7 3 z 2 +322 ( )
and
51 = B,EQ = 'Ul
z Zz

on the functional manifold M(g) are, respectively, the basic functional so-
lutions bj : Mgy — R{{z,t}}, 0 < j <3, and by : M3y — R{{z,t}},k =
1,2, to the determining functional-differential equations

Dib=0 (6.395)
and

Db =1. (6.396)

Thus, we are led to the following theorem about the general solution set
of the functional-differential equation (6.395).

Theorem 6.11. The following infinite hierarchies
1" = (aDy) by, 1Y) = (aDy) iy, (6.397)

where a :=1/2,, 0< 7 <3, k=1,2 and n € Z,, are the basic functional
solutions to the functional-differential equation (6.395), that is

D™ =0 (6.398)
fors=1,20<j<3andallneZ,.

Proof. 1t suffices to observe that for any smooth solutions b and b :
Mz — R{{z,t}} to functional-differential equations (6.395) and (6.396),
respectively, the expressions (aD,)b and (aD,)b are solutions to the de-
termining functional-differential equation (6.395). Iterating the operator

aD,, one obtains the desired result. O

Now we analyze the solution set to the functional-differential equation

(6.391), making use of the transformation
a

=— 6.399

e (6:399)

where 7 : M(3) — R{{z,t}} is any solution to equation (6.398) and a

smooth functional mapping a : M3y — R{{z,t}} satisfies the determining

functional-differential equation

Dia = an. (6.400)



230 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

Then every solution to functional-differential equation (6.391) has the form

r= - 4, (6.401)
an

where g : /\;1(3) — R{{z,t}} is any smooth solution to the functional-
differential equation (6.398).

To find solutions to equation (6.400), we use the following linear a-
expansion in the corresponding Riemann differential ideal R{a} C K{a} :

a = cs+ coa + c1G + ot € R{a}, (6.402)

where & := Dy, é& := D2« and take into account that all functions a, &
and ¢ are functionally independent owing to the fact that & := D}a = 0.
Substituting (6.402) into (6.400), we obtain

¢1+cp=0,¢=mn ca+c1 =0, ¢3+c2=0. (6403)

Whence, by virtue of (6.396), we have for the special solution = 1 to equa-
tion (6.398) two functional solutions for the map ¢ : /\;1(3) — R{{z,t}}:

o) =2 o)== (6.404)

Consequently, solving the recurrent functional equations (6.403) yields

2
(1 2 Uy Uy,
ay’ = [(zv —u"/2)/2]z, az = g - @7 (6.405)
3 2 .2
aél) _ el ugy u(uz — v?) +L7
62,23 22,22 623 22y
which lead to the following three functional solutions to (6.391):
3 2 2
(1) _ V2V Ug u(uz —v¥z, v 6.406
" 623 2.2 623 to (6.406)
2
@) — (v —u2/2 @) Y Yz
T (xv—u/2)/2]z, T it vt

2
Ug 'Um

Now, for the special solution 7 := by = 2= — 5% to equation (6.398), one

easily sees from (6.403) that the functional expression
3 2

@ _ (Y2 YaUs 3\, Us Vg 6.407

" (623 222 * 4z, I 2y 2z§) (6.407)

also solves the functional-differential equation (6.403). Then, proceeding

as above, one can construct an infinite set Q of the desired solutions to

the functional-differential equation (6.403) on the manifold M s). Thus, we

have proved the following result.
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Theorem 6.12. The complete set R of functional-differential solutions to
equation (6.891) on the manifold M(3) is generated by functional solutions
in the form (6.401) to the reduced functional-differential equations (6.398)
and (6.400).

In particular, the subset
3 2 2
S (1) _ VsV ugv u(uz —v¥z v 9y 9
R ) = B e W) Y [ — u22)/,

2 3 9
@ Y ) (Me YV 3 U Vg 4
r 7 22, (6%% 22 +4Z$)/(Zz 2zg)}CR (6.408)

coincides with (6.339) found in [149, 150, 306].

6.6.2.4 The generalized Riemann hydrodynamical equation for
N=4
Now consider the generalized Riemann type differential equation (6.374)
for N = 4, namely
Dlu=0 (6.409)

on an element u € R{{x,¢}} and construct the related invariant Riemann
differential ideal R{u} C K{u} as follows:

R{u} == {N > fVDru— N " 2 D,Dru

nely neZly
+A Y fPDiDRu = Y [V DD (6.410)
nely nely

D=0 eR, f¥ e K{u},1 <k<4,neZ}
at a fixed function v € R{{x,t}}. The Riemann differential ideal (6.410),
satisfying the Dy;-invariance condition, is in this case also maximal. The
corresponding kernel ker D; C R{u} of the differentiation D; : K{u} —
K{u}, reduced modulo the Riemann differential ideal (6.410), is given by
the following linear differential relationships:

Dy fM =0, D f® = fM DB = Af@ D, @ = x5O, (6.411)
where f®) = fO(N) =, o, fPA € K{u}m, = R{{z. )}, 1 <k <
4 and A € R is arbitrary. The linear relationships (6.411) can be easily
represented in the space R*{{z,¢}} in matrix form as

0000
Dif =qN)f, a(A) = 3 3 8 8 ; (6.412)
00A0
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where f:= (f, f@ G fUNT ¢ R4 {2, t}}, and A € R. Moreover, it is
easy to see that relationships (6.411) is equivalent to the compact scalar
equation
Dif® =, (6.413)
where fy € K{u}. Thus, we can now construct the invariant Lax differential
ideal, isomorphically equivalent to (6.410), as
L{u} = {g1fW + 92D f + g3 D ) + 9D} Y - DEF =0,
gj € K{u},1 <j <4} C K{u}, (6.414)
whose D, -invariance can be readily checked. This gives rise to the repre-
sentation

D, f = Lllu,v,w, z; | f; (6.415)
with
“Nuy,  Nuy —dwg ze
O, 0,0, 2 N] = —4\* 3X3%u, —2)\2%u, Aw,
P 1005 6AY =3X\3uy, Ao, |
—20\87y 10M57; —4Nt A3,
where

Diyu = v, D := w, Dyw := 2, Dyz := 0, (6.416)
(u,v,w,2)T € M(4) C R3¥{{x,t}}, and the maps r; : M(4) — R{{z,t}},5 =
1, 2, satisfy the functional-differential equations

Diry +r1Dyu =1, Diro +roDyu =11, (6.417)

which are analogous to (6.386). The equations (6.417) have a plethora of
solutions, amongst which are

ww?  vw? vw? Twd wS
— p,(W - , 41
" (57 ~ 3 T2t T 07 Tans) (6.418)
— (uw3 B @ n 3w n vw® _ w” ):
2TUTN328 T 624 T 8025 12025 420267
and
= (=2t + =+ w)/ (6.419)
n = (=t + pveu )/ .
+ (=3uw? + 3v0w — weuw — wev? + zpuv)/(102%),
ro = (—uzu + 20)/(5z)
+ (=3uzvw/5 + 3v,v? /10 + 3v,uw/10 — 2wauv/5 + zu? /4 + 3w?/10) /22
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possessing the following important property:

If pairs (rgs)ﬂ"és)) € R for 1 < s < m, then for arbitrary real numbers

& ER, 1 <s<m, meZy, such that Y & =1,
s=1

e Y ety e R (6.420)
s=1 s=1

As a result, there exists a countable set (related to R) of compatible im-
plectic pairs n(®), 9() . T*(M) — T(M), 1 < s < m, satisfying the corre-
sponding gradient-like relationship (6.371) for all A € R, and a countable
set of related infinite hierarchies of conservation laws

27
’y](-S) = / aﬁ-‘?ﬂu,v,w,z;r]dx, jEZL, 1 <s<m,
0

satisfying the gradient-like relationships
ﬁ(s)grad'y](fgg = n(s)grad'yj(s) (6.421)
for all j € Z4+ and each s = 1,...,m. Thus, we have proved the following

proposition.

Proposition 6.7. The expressions (6.412) and (6.415) are the linear ma-
triz representations in the space R*{{x,t}} of the differentiations Dy :
K{u} — K{u} and D, : K{u} — K{u}, respectively, reduced modulo the
invariant Laz differential ideal L{u} C K{u} given by (6.884).

It is now a simple matter to use the representations (6.412) and (6.415)
to construct the Lax representation characterizing the integrability of

Uy v — Ul
vy w — uv
= Klu,v,w, z] := T, (6.422)
wy Z — uwy
2 — U2y

which is equivalent to the generalized Riemann type hydrodynamic sys-
tem (6.409). In particular, the following result follows readily from this
approach.

Theorem 6.13. The dynamical system (6.422), equivalent to the general-
ized Riemann hydrodynamical system (6.409), possesses the Lax represen-
tation

o =Lu,v,z,w; A|f,  fe=p0)f, pl):=—ullu,v,w,z; A\ + q(N),
(6.423)
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where f € RY{x,t}}, A € R is a spectral parameter and

“Muy, Nu, —dwy 2z 0000
—42* 3X3%u, —2X\%u, \w A00O
12 (A = v v v A) =

[, 0,0, 2] 10N 6 —3\%u, A2, |0 1O 0A00
—20A87ry 10M3r; —4X* A3, 00MO

AUy “Nuv,  Auw, —UZg

4, _a\3 2 _
() = A+4N*u —3Nuu, 2M\°uvg AUW,, 7 (6.424)

10X%ur; A — 6 % 3\3uu, —MN2uv,
200\ury —10X%ur; A + 4\ *u —\3uu,

so it is a Lax integrable dynamical system on the functional manifold M(4).

This result can be easily generalized to the case of an arbitrary integer
N € Z,, thereby proving the Lax integrability of the whole hierarchy of
Riemann type hydrodynamic equations (6.284).

Remark 6.9. The Riemann hydrodynamic equation (6.374) as N — oo is
equivalent to the Benney type [27, 223, 315] chain

D™ =) D=9/t + uD9/0x, (6.425)

for suitably constructed moment functions u(™ := DPu(® 4 = y €
R{{.’L‘,t}}, n e Z+'

6.6.3 Differential-algebraic analysis of the Lax integrability
of the KdV dynamical system

6.6.3.1 Differential-algebraic problem setting

We consider the KdV equation in the following (6.379) differential-algebraic
form:

Dyu — D3u =0, (6.426)
where u € K{u} and the differentiations D; := 0/9t + ud/0x, D, := 9/0x
satisfy the commutation condition (6.376):

[Dy, Dy] = (Dyu)Dy. (6.427)

It is convenient to also interpret the relationship (6.426) as a nonlinear
dynamical system

Dyu = Dypru (6.428)
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on a suitably chosen functional manifold M C R{{z,t}}.
Using the expression (6.426), it is easy to construct a suitable invariant
KdV-differential ideal KdV{u} C K{u} as follows:

Kdv{u} :={ Z Z R DDy e K{u} : Dyu— D3u =0,
k:@n€Z+
%) e K{u}, k=0,1,2,n € Zy}  K{u}. (6.429)

The ideal (6.429) is not maximal, and this seriously affects the form of
the reduced (modulo the ideal) representations of the derivatives D, and
D; : K{u} — K{u}. Next, we need to find ker D; C KdV{u} for the
differentiation D; : K{u} — K{u}, reduced modulo the KdV-differential
ideal (6.429). We readily compute that it is generated by the following
differential relationships:

Dif @ ==\, Dif® =-\f? +2f® Dy,
Dyf =2 + fYDu+ fP Dy, (6.430)
where f0 = fB(N) =%, o, VA € K{ulm = R{{z,t}} b =0,1,2,

and A € R is an arbitrary parameter. The following result is a direct
consequence of the relationships (6.430).

Proposition 6.8. The differential relationships (6.430) can be recast in
the following linear matrixz form:

Dif =gt o= (PN, ) (6.431)

where f = (f1, f2)7 € R*{{x,t}}, A € R, giving rise to the corresponding
linear matriz representation in the space R2{{x,t}} of the differentiation
D, : K{u} — K{u}, reduced modulo the KdV-differential ideal (6.429).

6.6.3.2 The Lax representation

Now, making use of the matrix differential relationship (6.431), we can
construct the Lax differential ideal related to the ideal (6.429)

L{u} == {(g, flg> € K{u} : Dif = q(N)f,
frg € K*{u} } € K{u}. (6.432)

Since the Lax differential ideal (6.432) is, by construction, D;-invariant and
isomorphic to the Dy- and D -invariant KdV-differential ideal (6.429), it is
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only necessary to check its D, -invariance. As a result of this condition, the
following differential relationship

D.a 2D”§> (6.433)

Duf =t Alf, fui] = (P 2

holds, where the map @ : M — R{{x,t}} satisfies the functional-differential
relationships

Dia =1,Dyu — D3u =0, (6.434)

and the matrix £ := f[u; \] : R?{{z,t}} — R?{{x,t}} satisfies for all A € R
the determining functional-differential equation

Dl +4Dyu = [q(N), €] + Doq(N), (6.435)
generalizing the equation (6.387). This proves the following result.

Theorem 6.14. The derivatives D, : R{{z,t}} — R{{z,t}} and D, :
K{u} — K{u} of the differential ring K{u}, reduced modulo the Laz differ-
ential ideal L{u} C K{u}, which is isomorphic to the KdV-differential ideal
KdVv{u} C K{u}, allow the compatible Lax representation (generated by
the invariant Lax differential ideal L{u} C K{u})

Dif = q()‘)fa Q()‘) = (Dmuo_ A QDZZZIg )\) s

D.a 2Dma.> 7 (6.436)

Dwfzﬁ[u,)\]f; g[u7 )‘] = ( -1 —-D.,a

where the map a : M — R{{x,t}} satisfies the functional-differential rela-
tionships (6.434), f € R*{{z,t}} and X\ € R.

It is interesting to note that the Lax representation (6.436) is very dif-
ferent from that given by the well-known [406] classical expressions

D,u/6 —(2u/3 — 4X)
Dif =qa(N)f, qa(N) == | Dagu/6 — (u/6—A) :
| | x(u/3—ay) Dau/6
Duf = bulu NIf, Lufus N] = (u /607 \ é) , (6.437)

where, as above, the following functional-differential equation (equivalent
to the nonlinear dynamical system (6.428) on the functional manifold M)

Dl + Ll Dyu = [QCZ(A)vfcl} + Dm‘]cl(/\)a (6438)
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holds for any A € R. We suspect that this fact is related to the exis-
tence of different Dy-invariant KdV-differential ideals of the form (6.429),
which are not maximal. Thus, a problem of constructing a suitable KdV-
differential ideal KdV{u} C K{u} generating the corresponding invariant
Lax differential ideal L{u} C K{u}, invariant with respect to the differ-
ential representations (6.437), naturally arises, and this warrants further
investigation. There is also the very interesting problem of the differential-
algebraic analysis of the related symplectic structures on the functional
manifold M, with respect to which the dynamical system (6.428) is Hamil-
tonian and integrable. Here we must mention the interesting work [400],
where the integrability structure of the KdV equation was analyzed from
the differential-algebraic point of view.

6.6.4 Summary remarks

As demonstrated in this section, the differential-algebraic tools, when ap-
plied to a given set of differential relationships based on differentiations D,
and D, : K{u} — K{u} in the differential ring R{{x,¢)}} and parametrized
by a fixed element u € M, make it possible to construct the corresponding
Lax representation as that realizing the linear matrix representations of the
basic differentiations. This scheme was elaborated in detail for the gener-
alized Riemann type differential equation (6.378) and for the classical KdV
equation (6.428). As these equations are equivalent to the corresponding
Hamiltonian systems with respect to suitable symplectic structures, this
shows that there are still many questions in this vein that need to be an-
swered.

6.7 Symplectic analysis of the Maxwell equations

6.7.1 Introduction
We consider Maxwell’s electromagnetic equations to be given as
OFE/0t=V xB—J, 0B/0t=-V xE, (6.439)
< V,E >ps=p, < V,B >ps=0,
on the cotangent phase space T*(N) to N C T(D;E?), which is the smooth
manifold of smooth vector fields on an open domain D C R3, all expressed in

light speed units. Here (E, B) € T*(N) is a vector of electric and magnetic
fields, p: D — R and J : D — E? are, simultaneously, fixed charge density
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and current functions on the domain D, satisfying the equation of continuity

Op/0t+ < V,J >gs=0 (6.440)
for all t € R, where V is the gradient operation with respect to a variable
x € D, and x is the usual vector product in E? := (R?, < -, >ps), which is
three-dimensional Euclidean vector space R? endowed with the usual scalar
product < -, >gs.

We shall represent equations (6.439) and (6.440) as those on a reduced
symplectic space. To this end, we define an appropriate configuration space
M C T (D;E?) with a vector potential field coordinate A € M. The cotan-
gent space T*(M) may be identified with pairs (4;Y) € T*(M), where
Y € T*(D;E?) is a suitable vector field density in D. On the space T*(M)
there exists the canonical symplectic form w(® € A?(T*(M)), allowing,
owing to the definition of the Liouville form

MaM)(A;Y) = /Dd3x(< Y,dA >ps) = (Y, dA), (6.441)

the canonical expression
w? = d\(aW) = d przaV) = (dY, AdA). (6.442)
Here d is the usual exterior derivative, A the wedge product, d®z, x € D,
the Lebesgue measure in the domain D and by prg : T*(M) — M is
the standard projection upon the base space M. Define now a Hamiltonian
function H € D(T*(M)) as
HAY)=1/2((YV,Y)+ (VX AV X A) 4+ (< V, A >ps, < V, A >ps)],
(6.443)
describing the Maxwell equations in vacuo, if the densities p = 0 and J = 0.
Actually, owing to (6.442) one easily obtains from (6.443) that
DA/ot = SH/SY =, (6.444)
Y/t .= —6H/6A = -V x B+V <V, A >ps,

are true wave equations in vacuo, where

B:=V x A, (6.445)
is the corresponding magnetic field. Now, defining
E:=-Y-VW (6.446)

for some function W : D — R as the corresponding electric field, the system
of equations (6.444) becomes, in light of definition (6.445),

0B/0t=-V x E, 0E/0t=V x B, (6.447)
coinciding with the Maxwell equations in vacuo, if the Lorentz condition
OW/ot+ <V, A >ps=0 (6.448)

is imposed.
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6.7.2 Symmetry properties

Since definition (6.446) was not envisaged in the context of the Hamiltonian
approach and our equations are valid only for a vacuum, we shall proceed
with the analysis making use of the reduction approach devised above.
Namely, we start with the Hamiltonian (6.443) and observe that it is in-
variant with respect to the following abelian symmetry group G := exp G,
where G ~ C)(D;R), acting on the base manifold M naturally lifted to
T*(M): for any ¢ € G and (A,Y) € T*(M)

pulA) = A+, pu(Y) =Y. (6.449)

Under the transformation (6.449) the 1-form (6.441) is obviously invariant
since

PEMaW)(A,Y) = (Y,dA + Vdy) =

= (Y,dA) — (< V,Y >gs,dyp) = MaW)(A,Y),

where we made use of the condition dy) = 0 in A(T*(M)) for any ¢ € G.
Thus, the corresponding momentum map is given as

I(AY)=—< V,Y >ps (6.451)

for all (A,Y) € T*(M). If p € G* is fixed, one can define the reduced phase

space M, = [71(p)/G, since the isotropy group G, = G, owing to its

commutativity and the condition (6.449). Consider now a principal fiber

bundle 7 : M — N with the abelian structure group G and base manifold
N taken as

N:={BeT(D;E®: <V, B>gp=0, <V,E(S)>g=p}, (6.452)

(6.450)

where
m(A)=B =V x A. (6.453)

Over this bundle define a connection 1-form A € A'(M)®G, where for all
AeM

A(A)-A(l) =1, d<A(A),p>meg= QP (A) € H*(M;Z), (6.454)
where A(A) € A (M) is a differential 1-form that we choose as
A(A) := —=(W,d < V, A >pa), (6.455)

where W € C1(D;R) is a scalar function, still to be determined. As a
result, the Liouville form (6.441) transforms into

A@DV) == (V,dA) — (W,d < V,A >s) = (Y + VW, dA) == (Y, dA),
Y =Y + VW, (6.456)
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giving rise to the corresponding canonical symplectic structure on T*(M)
as

@ = da(@)) = (dY, AdA). (6.457)

The Hamiltonian function (6.443), as a function on T*(M), transforms
into

ﬁp(A,f/) = 1/2[(}7,}7) + (VXA VXA +(<V,A>p, <V, A >ps)],
(6.458)
coinciding with the well-known Dirac-Fock-Podolsky [57, 105] Hamilto-
nian expression. The corresponding Hamiltonian equations on the cotan-
gent space T (M)

DAJOt :=SH)SY =Y, Y :=—FE—VW,
QY Jot := —0H/6A = -V x (VX A)+V <V, A >gs,

describe true wave processes, related to Maxwell’s equations in the vacuo,
except for external charge and current density conditions. In fact, from
(6.458), we obtain that

O?A)ot* —V?A=0= 0FE/0t + V(OW/Ot + < V,A>ps)=-V x B,

(6.459)
giving rise to the true vector potential wave equation, but the electromag-
netic Faraday induction law equation requires the imposition of the Lorentz
condition (6.448).

6.7.3 Dirac—Fock—Podolsky problem analysis

To remedy this situation (requiring the apparent addition of the Lorentz
condition), we apply to this symplectic space the reduction technique de-
vised above. Namely, owing to Theorem 2.3, the cotangent manifold 7 (V)
is symplectomorphic to the corresponding reduced phase space M p; that
is,

M, ~{(B;S) € T*(N): < V,E(S) >gs=p, < V,B>gs=0} (6.460)
with the reduced canonical symplectic 2-form

w?(B,8) = (dB,AdS) = d\(a(")(B,S), AaV)(B,S) = —(S,dB),
(6.461)
where

VXS+F+VW ==Y :=E+VW, <V,F >p:=p, (6.462)
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for some fixed vector map F' € C1(D;E?), depending on the imposed exter-
nal charge and current density conditions. The result (6.461) follows right
away upon substituting the expression for the electric field F =V x S+ F
into the symplectic structure (6.457), taking into account that dF = 0 in
AY(M). The Hamiltonian function (6.458) reduces to the symbolic form
H,(B,S)=1/2[(B,B)+ (Vx S+ F+VW,VxS+F+VW)

+( < V,(VX)™'B >gs, < V,(Vx) !B >gs)], (6.463)
where (Vx)~! denotes the corresponding inverse curl-operation mapping
[251] the divergence-free subspace CJ, (D;E3?) C CY(D;E?) into itself.
Thus, it follows from (6.463) that the Maxwell equations (6.439) become
a canonical Hamiltonian system on the reduced phase space T*(N), en-
dowed with the canonical symplectic structure (6.461) and the modified
Hamiltonian function (6.463). Actually, one readily computes that

08/0t := 6H/0B = B — (Vx)"'V < V,(Vx) ' B >gs, (6.464)
0B/0t == —0H/6S = -V x(VxS+F+VW)=-VxE,

where we made use of the definition £ = V x S + I and the elementary
identity V x V = 0. Thus, the second equation of (6.464) coincides with
the second Maxwell equation of (6.439) in the classical form

0B/ot = -V x E.

Moreover, from (6.462) and (6.464), one finds via the differentiation
with respect to ¢ € R that

OE /0t = 0F /0t +V x 0S/0t (6.465)
=0F/0t+V x B,
as well as, by virtue of (6.440),
< V,0F /0t >gs= 0p/O0t = — < V,J >ps . (6.466)

Now it follows directly from (6.466) that, up to non-essential curl-terms
V x (), the following relationship
OF 0t = —J (6.467)

holds. In fact, the current vector J € C'(D;E?) is defined up to curl-terms
V X () which can be included into the definition of the right-hand side
of (6.467), owing to the equation of continuity (6.440). Then, substituting
(6.467) into (6.465), we obtain exactly the first Maxwell equation of (6.439):

OE/0t =V x B — J, (6.468)
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which is naturally supplemented with the external charge and current den-
sity conditions
<V,B >g=0, < V,E >ps= 0,
8p/8t+ < V,J >ps= 0,

owing to the equation of continuity (6.440) and definition (6.460).

Concerning the wave equations, related to the Hamiltonian system
(6.464), we obtain the following: the electric field E is recovered from the
second equation as

(6.469)

E :=—-0A/0t — VW, (6.470)
where W € C(D;R) is some smooth function, depending on the vec-
tor field A € M. To retrieve this dependence, we substitute (6.467) into
equation (6.468), having taken into account that B =V x A :

O?A)ot* — NV (OW/0t+ < V, A >ps) = V2A+ J. (6.471)

Thereby, if to impose now the Lorentz condition (6.448), one obtains from
(6.471) the corresponding true wave equations in the space-time, taking
into account the external charge and current densities conditions (6.469).

6.7.4 Symplectic reduction

As the problem of fulfilling the Lorentz constraint (6.448) within the canon-
ical Hamiltonian formalism is still not completely resolved, we are forced
to analyzing the structure of the Liouville 1-form (6.456) for the Maxwell
equations on a slightly extended functional manifold M x L. For the first
step, we rewrite the 1-from (6.456) as
A@all) = (Y,dA) = (Y + VW, dA) = (Y,dA)
+(W,—d < V, A >g3) := (Y, dA) + (W, dn), (6.472)
where
Ni=—<V,A>g. (6.473)
Considering now the elements (Y, A;n, W) € T*(M x L) as new independent
canonical variables on the extended cotangent phase space T*(M x L),
where L := C(D;R), we can express the symplectic structure (6.457) in
the canonical form
®? = d\(@V) = (dY, AdA) + (dW, Adn). (6.474)
Subject to the Hamiltonian function (6.458), we obtain the expression

H(A,Y;n,W) =1/2[(Y =VW,Y =VW)+(V x A,V x A)+(n,n)], (6.475)
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with respect to which the corresponding Hamiltonian equations take the
form

0A/Ot :=0H/Y =Y — VW, Y :=-F,
Y /ot .= —0H/0A = =V x (V x A),
on/ot .= H/0W =< V,Y — VIV >gs,

OW /ot := —5H/én = —n. (6.476)
Thus, from (6.476) we find that
OBJ/Ot+V x E =0, 0°W/ot* —V*W =< V, E >3, (6.477)

OFE/ot —V x B=0, 0*A/ot* —V?A=—V(OW/0t+ < V, A >gs).
These equations describe electromagnetic Maxwell equations in vacuo, not
taking into account both the external charge and current density relation-
ships (6.469) and the Lorentz condition (6.448). Hence, as above, we apply
to the symplectic structure (6.474) our reduction technique. We then find
that under transformations (6.462), the corresponding reduced manifold
M » becomes endowed with the symplectic structure

®?) = (dB,AdS) + (AW, Adn). (6.478)
The corresponding expression for the Hamiltonian function (6.475) is
H(S,B;n,W)=1/2[(VXxS+F+VW,VxS+F+VW)+(B,B)+(n,n)],
(6.479)
with Hamiltonian equations
0S/ot :=0H/)B = B, OW /ot := —0H/én = —n, (6.480)
OB/ot .= —0H/0S =-V x(VxS+F+VW)=-VxE,
onfot :=6H/SW = — < V,VX S+ F+ VW >p=— <V, E > —AW,
coinciding under the constraint (6.462) with the Maxwell equations (6.439),
which describe true wave propagation in space-time and include both the
imposed external charge and current density relationships (6.469) and the
Lorentz condition (6.448). This solves the problem mentioned in [57, 105].
Moreover, it is easy to obtain from (6.480) that
D*W/ot? — AW = p, OW/Ot+ < V, A >gs= 0, (6.481)
V x B=J+0E/ot, 0B/0t = -V x E.
We can now, employing (6.481) and (6.469), easily calculate [63, 321] the
magnetic wave equation

D*A/Ot* — AA = ], (6.482)
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which supplements a suitable wave equation for the scalar potential W € L,
thereby completing the calculations. Thus, we have proved the following
proposition.

Proposition 6.9. The electromagnetic Mazwell equations (6.439) together
with the Lorentz condition (6.448) are equivalent to the Hamiltonian sys-
tem (6.480) with respect to the canonical symplectic structure (6.478) and
Hamiltonian function (6.479) that, respectively, reduce to the electromag-
netic equations (6.481) and (6.482) under external charge and current den-
sity relationships (6.469).

This result, we think, can be used to develop an alternative quantiza-
tion procedure of Maxwell’s equations, which are free of related quantum
operator compatibility problems as discussed in [35, 57, 105].

6.8 Symplectic analysis of vortex helicity in magneto-
hydrodynamics

6.8.1 Introduction

Geometric methods have proven to be very effective in illuminating many in-
teresting physical properties of vortex flows [15]. For example, it was proved
using geometric techniques [266, 293] that quantum vortices in superfluid
helium can be studied either as open lines with their ends terminating on
free surfaces of walls of the container or as closed curves. Nowadays, the
closed vortices are treated as topological circles. The existence of structures
such as knotted and linked vortex lines in the turbulent phase, which is al-
most obvious [372] from the geometric perspective, has forced researchers
to develop new mathematical tools for their detailed investigation. In this
vein, Peradzy1iski [303] proved a new version of the helicity theorem using
differential-geometric methods, which he applied to the description of the
vortex dynamics for an incompressible superfluid. The Peradzynski helicity
theorem describes in a unique way, both the superfluid equations and the
related helicity invariants, which in the conservative case are very important
for studying the topological structure of vortices.

In this section we revisit Peradzynski helicity theorem in the context of
the modern symplectic theory of differential-geometric structures on mani-
folds, and present a new unified proof [317, 318] of this fundamental result.
In addition, we prove a magneto-hydrodynamic generalization of this theo-
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rem for the case of an incompressible superfluid flow. Our analysis also has
other useful corollaries: in the conservative case we construct a sequence
of nontrivial helicity type conservation laws, which plays a crucial role in
determining the stability of superfluids under suitable boundary conditions.

6.8.2 Symplectic and symmetry analysis

We consider a quasi-neutral superfluid contained in a domain M C R3,
where M is a three-dimensional manifold with a piecewise smooth bound-
ary, interacting with a “frozen” magnetic field B : M — E3, where E3 is
Euclidean 3-space with the standard inner product (-,-)gs and vector cross
product x. The magnetic field is assumed to be source-less and satisfy-
ing the condition B = V x A, where A : M — E? is the magnetic field
potential. The corresponding electric field E : M — E3, related to the
magnetic potential, satisfies the necessary superconductivity conditions

E4uxB=0, 0E/dt=V x B, (6.483)

where u : M — T (M) is the superfluid velocity.

Let OM denote the boundary of the domain M. The boundary condi-
tions (n,u)|gar = 0 and (n, B)|sp = 0 are imposed on the superfluid flow,
where n € T*(M) is the vector normal to the boundary OM, considered to
be almost everywhere smooth.

Then adiabatic magneto-hydrodynamics (MHD) quasi-neutral super-
fluid motion can be described, owing to (6.483), by the system of evolution
equations

Ou/ot = —(u,Vyu— p~'VP+ p~}(V x B) x B,

Op/ot = —(V, pu), on/ot = —(u, Vn), OB/ot =V x (u x B),
(6.484)
where p: M — R, is the superfluid density, P : M — E3 is the internal
pressure and 7 : M — R is the specific superfluid entropy, which is related
to the internal MHD superfluid specific energy function e = e(p, n) via the
First Law of Thermodynamics as

T dn = de(p,n) — Pp~*dp, (6.485)

where T' = T'(p,n) is the internal absolute temperature in the superfluid.
The system of evolution equations (6.484) conserves the Hamiltonian func-
tion (representing the total energy)

1 1
Him [ |5l + pelpn) + 51BP | . (6.436)
M L2p 2
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since the dynamical system (6.484) is a Hamiltonian system on the func-
tional manifold R := C°°(M;T*(M) x R? x E?) with respect to the [178]
Poisson bracket:
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where p := pu € T*(M) is the specific momentum of the superfluid motion
and [, -], is the canonical Lie bracket of variational gradient vector fields:

L9y = w0 )

Su’ Spe ou’ T ou Su’ T op
for any smooth functionals f, g € D(M) on the functional space M. More-
over, as it was shown in [178], the Poisson bracket (6.487) is actually the
canonical Lie—Poisson bracket on the dual space to the Lie algebra G of the
semidirect product of vector fields on M and the direct sum of functions,
densities and differential one-forms on M. Namely, the specific momentum
w=pu € T*(M) is dual to vector fields, p is dual to functions, 7 is dual to
densities and B is dual to the space of two-forms on M. Thus, the set of
evolution equations (6.484) can be recast as

Ou/ot = {H,u}, Op/ot = {H, p},

(6.488)

(6.489)
on/ot = {H,n}, 0B/ot = {H, B}.

The Poisson bracket (6.487) can be rewritten for any f,g € D(M) as
{f,9} = (Df,9 Dg), (6.490)

T
with Df = (g%g%) e T*(M), and 9 : T*(M) — T(M)
the corresponding (modulo the Casimir functionals of bracket (6.487)) in-
vertible [176, 177] co-symplectic operator, satisfying the standard [3, 326)

properties
9 = -1, §(6w, A 97 ow) = 0, (6.491)

where the differential variation complex condition 4% = 0 is assumed, the
differential variation vector dw := (du, dp,dn,dB)T € T*(M) and * denotes
the conjugate mapping with respect to the standard bilinear pairing (-, -)
of T*(M) and T(M). Note here that the second condition of (6.491) is
equivalent [3, 326] to the fact that the Poisson bracket (6.487) satisfies the
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Jacobi commutation condition. Thus, one can define the closed generalized
variational differential two-form on M as

w® = (dw, N0 Sw), (6.492)

which provides a symplectic structure on the functional factor manifold M
(modulo the Casimir functionals of bracket (6.487)).

Let Di(M) = {¢+ : M — M} be the subgroup of the diffeomorphism
group Diff (M), consisting of invertible transformations ¢; : M — M, gen-
erated by the MHD superfluid evolution equations (6.484). Consequently,

dp(z)/dt = u(p(z)) (6.493)

for all z € M and suitable t € R, for which solutions to (6.484) exist and
are unique. The symplectic structure (6.492) is invariant with respect to
the induced mapping of diffeomorphisms ¢; : M — M on M, that is

Graw?® = w® (6.494)

for suitable ¢ € R. Then the corresponding diffeomorphism subgroup
Dy(M) := {p, : M — M} satisfies the evolution equation

dge(w)/dt == Kpr(1(w)) (6.495)

for any w € M and the same suitable t € R, where the vector field
Ky : M — T(M) coincides with the system of MHD evolution equations
(6.484). This fact easily follows from the standard [3] differential-geometric
considerations related to equation (6.494). Thus, from (6.494) one obtains
that

d

0= E¢t7*w(2) = Lgyw® = (igy 0+ 0igey )0 = ig,w?®  (6.496)

for all these suitable t € R, where Lk, is the standard Lie derivative
with respect to the vector field Ky on M and we used the Cartan formula
Lk, =1iKk,0+0dik,. Now, owing to the Hamiltonian equations (6.489), the
equality ix,w® = —§H holds, and since 6> = 0, the invariance property
(6.494) is proved.

As the properties of equations (6.484) on M are completely determined
by the diffeomorphism subgroup D;(M) C Dif f (M), we shall reformulate
the set of equations (6.484) making use of the invariant properties on the
manifold M. First, observe that the mass conservation law of our superfluid
flow is equivalent to

d
— Bz =0 6.497
g Dtp T ( )
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for any domain D; C M moving together with the interior fluid. It is an
easy calculation to rewrite (6.497) in the following equivalent form:

/ (0/0t + Lo)(p ) = 0 (6.498)

for all domains D, C M and suitable ¢t € R, where as above, we denoted by
L, = i,d + di, the Lie derivative along the vector field v : M — T'(M)
on M in the Cartan form.

It follows from (6.498) that we have the following local differential—
geometric relationship:

(0/0t + L,)(p d*x) = 0. (6.499)
Since the evolution of our superfluid is locally adiabatic, the following equal-
ity
(0/ot+ L,)n =20 (6.500)
is obvious and implies that dn/dt = 0 for all suitable ¢ € R.

Now take the momentum conservation law in the integral Ampere—
Newton form

4 pu d>x +/ PdS, — / (j x B) d®x =0, (6.501)
dt Jp, 5,=0D, D,

where dS; is the corresponding oriented surface measure on the boundary
Sy := 0Dy of a domain D; C M, P : M — R is the internal pressure
and j : M — E3? is the corresponding induced current density in the
MHD superfluid under the superconductivity condition. Hence, owing to
neutrality of the superfluid, the induction condition

VxB+4j=0 (6.502)

holds. Then from (6.501) and (6.502), one readily computes the infinitesi-
mal form of the evolution for the velocity vector v : M — T(M):

(0)0t + Ly )u=—p *VP+p ' (V x B) x B, (6.503)

which obviously coincides with the first equation of system (6.484).

Consider now at each t € R the subgroup of diffeomorphisms D, =
{¢ : M — M} C Diff(M), generated by the following vector field v :
M — T(M) on M:

dyr(x)/dT = V(Y- (2)) = p~ B(y-(2)), (6.504)

defined for a suitable evolution parameters 7 € R. Since the subgroup D,
does not depend explicitly on the evolution parameter ¢ € R, its action can
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be interpreted as re-arranging the superfluid particles within any chosen
domain D; C M. Owing now to the commutation property

[0/0t + Ly, L,] =0, (6.505)

equivalent to the fact that the subgroup D; and D, commute for any suit-
able t,7 € R, from the invariance condition

dp/0T =0, (6.506)
we see that
Yo = Ly (6.507)

for all n € Z; are invariants of the MHD superfluid flow (6.484), if the
density v € A3(M) is also an invariant on M. In fact, we find that

(0/0t + L)y = (0/0t + Ly) Ly = L7 (9/0t + Ly,)y = 0, (6.508)
since we have
(90/0t + L)y =0. (6.509)

Such a density can be found, observing [178] that the superconductivity
relations F 4+ u x B = 0, E = —0A/0t and the last equation of system
(6.484) imply the invariance condition

(8/0t + Ly)da™M =0, (6.510)
where the one-form a(!) € A'(M) equals
oM = (A, dx). (6.511)

Moreover, since the differential operations 9/0t + L,, and d commute [3],
one checks that the stronger cohomological condition

(8/0t + Ly)aM) =0 (6.512)

holds on M, if the time-dependent gauge mapping A — A + V1), where
oY /0t + Ly + (u, A) = 0, is applied to the magnetic potential A : M —
E3. Now from conditions (6.510) and (6.512), one easily shows that the
density

v :=a® A da (6.513)

satisfies equation (6.509). Thus, it generates, in view of formula (6.507),
new conserved quantities, which can be rewritten as
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for all n € Z,. Accordingly the following functionals on the functional
manifold M

H, ::/ Fn d%:/ pL™(p~ (B, A)) d*x (6.515)
M M

for all n € Z4 are invariants of our MHD superfluid dynamical system

(6.484). In particular, for n = 0 we obtain the well-known [178] magnetic

helicity invariant

Hy = / (A,V x A) d*z, (6.516)
M

which exists independently of the boundary conditions imposed on the
MHD superfluid flow equations (6.484).
The results obtained prove the following theorem.

Theorem 6.15. The functionals (6.515), where the Lie derivative L, is
taken along the magnetic vector field v = p~'B, are global invariants of
the system of compressible MHD superfluid and superconductive equations

(6.484).

In the next subsection, we attend to the symmetry analysis of the in-
compressible superfluid dynamical system and construct the new local and
global helicity invariants. Superfluid hydrodynamical flows [346] are of
great interest for their many applications featuring complex vorticity struc-
tures.

6.8.3 Incompressible superfluids: Symmetry analysis and
conservation laws

Concerning the helicity theorem result of [303], where the kinematic helicity
invariant

H, ;:/ (u,V x u) dx (6.517)
M

was derived, making use of differential-geometric tools in Minkowski space
in the case of incompressible superfluid at the absent magnetic field B = 0,
we shall describe its general dynamical symmetries. The governing equa-
tions are

oufot = —(u, Vyu+ p VP, Op/ot + (u, Vp) =0, (V,uy =0,
(6.518)

where the density conservation properties

(0/0t + Ly,)p = 0, ()0t + Ly,)d%x =0 (6.519)



Algebraic, Differential and Geometric Aspects of Integrability 251

hold for all suitable ¢ € R. Define now the vorticity vector £ := V X u,
which from (6.518) satisfies the vorticity flow equation

9EJOt =V X (u x &). (6.520)
The first equation of (6.518) can be rewritten as
1
Ou/ot =ux (Vxu)—p 'VP— §V|u|2. (6.521)

Then, applying the operation (V x ) to (6.521), one easily obtains the
vorticity equation (6.520). Moreover, equation (6.520) can be recast as

OE /0t + (u, V)€ = (€, V), (6.522)
which allows a new dynamical symmetry interpretation.
Set
0z /0T = v(x,t) == p ¢, (6.523)

which defines for all 7 € R the diffeomorphism subgroup D, C Diff (M) of
the manifold M. It is easy to check that this subgroup commutes with the
subgroup D; C Diff (M), since the condition

(0/0t + L, )v = Lyu (6.524)

holds for all £, 7 € R, which is the same as relationship (6.522). The condi-
tion (6.524) implies the commutation property

[0/0t + Ly, L,) =0, (6.525)

which is analogous to (6.505).

Now, we can make use of the above invariant generation technique in
the case of the superfluid equations (6.484). For this we need to construct
a source density invariant v € A3(M) of equations (6.508) and inductively
construct a hierarchy of additional invariants as

Yo = Ly (6.526)

for all n € Z.
Define 3(1) € A'(M) to be the one-form

BN = (u, dz) (6.527)
and observe that
(0)0t + L)Y = —p~1dP + %d|u|2 —d(pP+ %W). (6.528)
The differential two-form dg(!) € A%(M) satisfies

(0/0t + L)dBW = 2(p~' P + %|u|2) —0 (6.529)
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owing to the identity d?> = 0. Hence, the differential density three-form
v = B A dBMY) € A3(M) satisfies, owing to (6.528) and (6.529), the
condition
(9/0t + Lu)y = (0/0t + L)(BD A ds™M)
(6.530)
=d(p7 P+ Lu?) AdBY =d ((p71P + L|ul?) dBW)) .

Now, integrating of (6.530) over the whole manifold M we obtain, by virtue
of Stokes’ theorem, the expression

%fMﬁ(l) AdpY) = %fM(u x (V xu)) d®z = %fM(u x &) d3x

= $ons (071 P+ [ul?) (du, Adz) = 0,

(6.531)

if the boundary conditions (u,n) = 0 and {|sps = 0 are imposed on the
superfluid vorticity flow. The surface measure (du,Adzx) on OM can be
equivalently represented as

(du, Ndxy = ({dx, V)u, Adz) = (V X u,dS) = (£,dS), (6.532)

where dS is the standard oriented Fuclidean surface measure on 9M. Since
the vorticity vector &|aar = 0, the result (6.531) follows immediately.

Assume now that the vorticity vector £ = V x u satisfies the additional
constraints L¢|apr = 0 for n € Zy. Then, we compute from (6.532) and
(6.505) that

4 [ Lty=4 [ Lydz= [, LM(0/0t+ L)y
= [y Lid (o' P+ 3lul?) dBD) = [, dLy (o' P + §lul?) d5D)
= [y AL ((p7' P + 5lul®) (du, Adw)) =[5, Ly ((p~' P + 3lul®) (&, dS))
= Jons L% (071 P+ 3lul?) (€, dS))
= Jorr Lo CnlLu&, Ly " ((p7' P + 5]ul?) dS)) = 0,

(6.533)
which generate the generalized helicity invariants

H, = / pL™(u x &) d*x (6.534)
M

for all n € Z4. Observe that all of the constraints imposed above on
the vorticity vector £ = V X u are automatically satisfied if the condition
supp £NOM = @ holds, where supp denotes the usual support of a function.
The results obtained can be summarized as the following theorem.
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Theorem 6.16. Assume that an incompressible superfluid, governed by
the set of equations (6.518) in a domain M C E3, possesses the vorticity
vector & = V X u, which satisfies the boundary constraints L’p’_1£§|aM for
all n € Zy. Then all of the functionals (6.534) are generalized helicity
invariants of (6.518).

The results above have some interesting modifications. To present them
in detail, observe that equality (6.528) can be rewritten as

(80t + Ly,) Y — dh = 8/t + L,)3Y =0, (6.535)
where
h:=p P+ %|u|2, BN = (u— Vo, dz), (6.536)
and the scalar function ¢ : M — R is chosen such that
(0/0t + Ly,)p = Vh. (6.537)
Then it is clear that
(8/0t + Ly)d3™M =0, (6.538)

which follows from the commutation property [d,d/0t + L,,] = 0. Whence,
we see that the density fi := (1) A dB™M) € A3(M) satisfies the condition

(9/0t + L) = 0, (6.539)

for all ¢ € R. Similar equalities hold for densities i, := L € A3(M),
ne€ Ly:

(8/0t + Lo)jin = 0, (6.540)

owing to the commutation property (6.505). Thus, the following functionals
on the corresponding functional manifold M are invariants of the superfluid
flow (6.508):

— P n _ 3
M, = /D = /D L= Velg da (@54)

for all n € Z and an arbitrary domain D; C M, independent of boundary
conditions imposed on the vorticity vector £ = V X v on M. Notice here
that only the invariants (6.541) strongly depend on the function ¢ : M —
R, which implicitly depends on the velocity vector u € T'(M). We mention
here that the practical importance of the constructed invariants (6.541) is
still not entirely clear.
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6.8.4 Conclusions

The symplectic and symmetry analysis of the incompressible MHD super-
fluid, as shown above, appears to be effective for constructing the related
helicity type conservation laws, which are usually important for practical
applications. In particular, these conserved quantities play a decisive role
[178, 15], when studying the stability of MHD superfluid flows under spe-
cial boundary conditions.

Here we should also comment that the differential-geometric reformula-
tion of the MHD equations (6.484) suggested in [178] is slightly misleading.
Namely, the equality (9/0t + L,){p~'B,dx) = 0 is not equivalent to the
magnetic field equation 0B/9t —V x (V x B) = 0 as one can verify by easy
calculations. Nonetheless, the commutator relation [0/0t 4 Ly, L,-15] =0
devised and all the Casimir invariants found in [178] are valid. How-
ever, there are still some open problems related to the construction of
non-Casimir type MHD superfluid flows using their Hamiltonian structure,
which warrant further research. Some of the results in this direction may
eventually be obtained using group-theoretical and topological tools devel-
oped in [15, 335, 388], where the importance of the basic group of diffeo-
morphisms Diff(M) of a manifold M C R3 and its differential-geometric
characteristics was demonstrated.

6.9 Algebraic-analytic structure of integrability by quadra-
tures of Abel-Riccati equations

6.9.1 Introduction

Over a century and a half ago, Liouville posed the problem of determin-
ing when the Riccati equations dy/dr = y? + a(x)y + b(z) is integrable
by quadratures. Since then, many research efforts have been made to solve
this problem, and although considerable progress has been made - especially
during the last three decades - there still seems to be no completely satis-
factory resolution. Within the last two decades, some promising progress
has been made on the Liouville problem by studying it in the context of
Lax integrability, and this is the general line we take in this section.

In the sequel, we shall further develop an approach to determining the
integrability by quadratures of generalized Riccati-Abel equations, which
has been applied with some success to a special case, namely the basic
Riccati equation. We shall reduce a given Riccati-Abel equation to an
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equivalent nonlinear evolution partial differential equations with natural
Cauchy—Goursat initial data, and determine their Lax type integrability,
which is directly related (via Liouville) to integrability by quadratures.
The foundation for this approach lies both in modern differential-geometric
and Lie-algebraic techniques, and leads to a partial solution of the Liouville
problem that essentially resolves the matter for the Riccati equation.

Our purpose is to describe the class of functions @ and b € C*°(R; R) in
the generalized Riccati—-Abel equation

dy/de =y" +a(x)y+b(z), (6.542)

where n € Z,, for which this equation is integrable by quadratures (that is,
solvable in terms of elementary and algebraic functions and their integrals
[14, 358]). The roots of the integrability theory that we employ - in partic-
ular the differential-algebraic Picard—Vessiot approach - trace back to the
classical articles [189, 199] and were further developed in [208, 347]. First
we consider the Cauchy problem for equation (6.542) with fixed functions
a,b € C*(R;R):

dy/dx = y" + a(x)y + b(x), y(zo) = yo, (6.543)

with yo € R being an arbitrary Cauchy datum at a point zg € R. From the

regularity and uniqueness Theorem [14] it follows that there exists a unique

solution of (6.543), differentiable with respect to z¢ and yo € R satisfying

the conditions
9y

61‘0 T=x0

9y

=1 6.544
6:1/0 T=x0 ( )

= — (yg —|—a($o)y0 +b($0))’

Thus, differentiating (6.543) with respect to z¢ and yo € R, we obtain
a system of nonlinear evolution equations in the form:
dy/dt = v, du/dt=n(n—1)y" v (6.545)

on the jet submanifold My = {(u,v)T € J(R x R%R3) : v, = wv}, where
t € {zo,y0} C R is an evolution vector parameter, with the following
Cauchy—Goursat data:

dy " dy
g lomay (Yo +a(zo)yo + b (z0)), s ooy L,
(6.546)
n—1 ay
ulz:zo = NYy +a ({Eo) 5 v|:v:a:0 = a m:10~

Solutions of (6.543) and (6.545) are characterized by the following simple
but important lemma (see also [90]).
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Lemma 6.8. All solutions of equations (6.545) with conditions (6.546) that
reduce to quadratures are also solutions of equation (6.543), which is also
reducible to quadratures.

The analysis that follows is focused on proving integrability by quadra-
tures of the Cauchy—Goursat problem (6.546) for the system of partial dif-
ferential equations (6.545) on the jet submanifold M§°. First, the detailed
analysis will be carried out for the system (6.545).

6.9.2 General differential-geometric analysis

We begin by proving that the evolution equations (6.545) are integrable by
quadratures, inasmuch as they can be linearized via a Lax representation.
Making use of the gradient-holonomic algorithm system (6.545) on the jet-
submanifold M§® C Jip(R x R%*R3) can be recast as a set of 2-forms
{a} € A%(J,,(R x R?* R?)) on the adjoint jet-manifold J7, (R x R*;R?) as
follows:

{a} = {al = dy(o) Adz +vOdx A dt; a9 := dv @ A dt — u@ @ dg A dt;
(6.547)

T ~
as = duO Ndz+n (n—1) (y(o))"_zv(o)dx/\dt : (t, z,u®), U(O),y(o)) S M},

0y (R x R%;R?) with local
coordinates (z,t,u®) = u,v(® =0,y =) t € {xo,y0} CR.

The set of 2-forms (6.547) generates a closed ideal I(a) C A%(M) ® g,
that is dI(a) C I(«), since

where M is a finite-dimensional submanifold in J°

doy = —dr Aoy, dag = —0Odt A ag + u@dx A o,

daz = n(n —1)(n — 2)v© (yO)"=3dt A ag — n(n — 1)(y )" 2dz A as.

(6.548)

Therefore, the ideal I(a) C A%(M) ® g, where g is a Lie algebra, and is

Cartan—Frobenius integrable (due to the Cartan theorem) with the three-

dimensional integral submanifold N3 = {(x,mo,yo) € R3} C M defined
locally by the condition I(«)|ny = 0.

Integrability by quadratures of system (6.545) is equivalent [90, 308]

to the vanishing on the integral submanifold N3 C M of the curvature
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Q € A%2(M) ® g of the corresponding connection form I'y, A € R, on the
principal fiber space P(M,G):

Qy :dF,\—l-F,\/\F/\EI(a)@g, (6549)
where g is the Lie algebra of a structural group G of the principal fiber
bundle P(M, Q).

Now, we seek this connection form I'\ € Al(]\;[) ® g belonging to some,
as yet undetermined, Lie algebra g of a structure group G. This 1-form can
be represented using (6.547), as follows:

D= T (0@, 0@, 5@ ) do+ T (0@, 0@,y ) ar, (6.550)

where the elements Ff\w),Fg\t) € g, t € {xo,yo}, satisfy the determining
equations

ors” arg ors” ory)
() A (0) A g
0 = 3% v oty 0O Ao+ G sy nde+ 5 ® e
) or(d
PO )/\dt—I—a (O)dy(o)/\dt—i—[F(I Ndz A dt
v

= g1(dy @ A dz +vOda Adt) + go(dv® Adt — uOvOda Adt)  (6.551)
+g3(du® Adz +n(n—1)(y )" 20Odz A dt) e I(a) @ g

for some g-valued functions g1, g2,93 : M — g.
From (6.551) one easily finds that

ory _ ory) oory) ory) ory)
[C] au(o) = 93, (3'1}(0) =Y 8y(0) = g1, au(o) — Y a’U(O) = g2,
(6.552)
3F(t) (z) (t) n—
T =0 [E000] = 00 — a0 gl — 1))
The set (6.552) has the following unique global solution:
I = X1u® + 3 X (@), TV = Xo©, (6.553)
m=2

where X; € g, 0 < j < n, are some constant elements on M of the Lie
algebra g that we seek, which satisfying the structural equations
[X1, Xo] = =Xo, [X2, Xo] =n(n—1) X1, [Xmnt1, Xo] = (n—m) Xon,
(6.554)
where n > m > 2.
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6.9.3 Lie-algebraic analysis of the case n = 2

We can use (6.549) to determine the Lie algebra structure of g, by taking
into account the holonomy Lie group reduction theorem of Ambrose, Singer
and Loos [12, 173, 238]. Namely, the holonomy Lie algebra g(h) C g is gen-
erated by the covariant derivatives composition of the g-valued curvature
form Q, € A2(M) ® g:
g:=spanc{VI'V¥ .. . VirQy eg:jr€Zi}, 1 <k<n}, (6.555)

where the covariant derivatives V; : A(M) — A(M) are given as
V,;:=0/0z; + I‘g\j)(z)7 zj € M, j=1,...,n. Therefore, reducing the asso-
ciated principal fibered frame space P(M,G) to the principal fiber bundle
P(M,G(h)) using the Ambrose-Singer theorem, where G(h) C G is the cor-
responding holonomy Lie group of the connection I'y on P, we must verify
that g(h) C g is a subalgebra in g: VI'V7Qy € g(h) for all m,n € Z..

To do this, we shall wrap up the above transfinite procedure. One can
easily verify that the simplest equality

g(h) =g(h)y :=spanc {VI'ViQ eg:m+n=0,1}
meets all of the conditions mentioned above. This means that one can put
g(h) = g(h)l ‘= spall¢ {V;nv?gj c€g: J = ]-7 27 37m +n= 07 ]-}
99;

21 99j .
= spang {gj €8] + [g;, T )],8—;+ (g;, TP €g:j= 1,2,3}

= spang {Xo, X1, [X1, Xo|} =spanc {X; €g:j=0,1,3}, (6.556)

where [X7, X5] = X3 € g. To satisfy the set of relations (6.554) we need to
use expansions over the basis of the external element X5 € g(h):

3
Xopi= Y ¢X; (6.557)
Jj=0,j#2

Substituting the expansion (6.557) into (6.554), we compute that gy = —A,
g1 =0, g3 = 1, for an arbitrary complex parameter A € C, that is

g(h) = Spang¢ {X07 X17 X3} 3
where

[Xo, X3] = —2X1, [X1,X3]=-2AXo+ X3, Xo=-2Xo+ X3. (6.558)
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We can now prove that this finite-dimensional holonomy Lie algebra g(h),
which is generated by commutator relationships (6.554) and (6.558), has
the general solution

Xo=L_1—-2Lg+ Ly, X1=L_1— Lo,

A A
XQ_.(21)L_1+ALO2Lh (6.559)

with L_y, Lo, L1 € g(h) satistfying the canonical sl(2)-commutation rela-
tions with parameter A € C.

It is straightforward to find a (2 x 2)-matrix representation of L-elements
of g; namely,

00 1/10 0-1
L_l_.(10>, Lo__2<0_l>, Ll__(o . ). (6.560)

Therefore, from (6.553), (6.559) and (6.560) we obtain the following expres-
sions for FE\I), Fg\t), t € {zo,yo}:

_u A A
(z) _ 2 2 2 ¢ _ vV
() = N B _,< ' U), (6.561)
u—2-12_2
2 2 2
and the 1-form I'y € AY(M) @ g
Iy = (Xlu + Xg)dl' + Xovdt, (6562)

generating parallel transport of vectors f € H from a linear representation
space H of the holonomy Lie algebra g(h):

df +Tf =0 (6.563)

along the integral submanifold N® C M of the ideal I(a) C A2(M) x g,
which is generated by the set of 2-forms (6.547). The result (6.563) means
also that the dynamical system (6.545) is endowed with the standard Lax
representation, containing the spectral parameter A € C, which is a neces-
sary condition for its integrability by quadratures [14, 227, 262, 326, 406].

6.9.4 Generalized spectral problem

Now we proceed to consider the following generalized spectral problem for
the system (6.545) on the 27-periodic manifold M:

Lf:(&@x+FfWuuM)f:Q (6.564)
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f € H := L*>®(R;C?). Still, we need to analyze the spectral properties of
problem (6.564) in more detail.

Let Y(x,20; A) be the fundamental solution of equation (6.564), which
is normalized to the identity matrix at x = 9 € R, that is Y (2o, z0; A) =1
for all zg € R, A € C. Any solution of (6.564) can obviously be represented
as

f(@,20;A) = Y (2, 20;A) fo(A), (6.565)
where fy(\) € C? is some initial Cauchy data at x = 2o € R.

Consider the value of f(z,zo;\) € H at © = xg + 20N, where N € Z..
Owing to the periodicity of the manifold M in the independent variable
x € R, one readily infers from (6.565) that

f(xo 427N, 05 A) = SN (w0; A) fo(N),
where S(zg; A) := Y (zo + 27, 20; A) is the monodromy (transfer) matrix of
the periodic differential equation (6.564).

The monodromy matrix S(zg; A), A € C, possesses the following useful
properties [232, 233, 262, 406]: 1°) the matrix S(zg;\), A € C, as a func-
tion of the parameter zo € R satisfies the Novikov—Marchenko equation

ds/dx = [-T$, S] (6.566)
for all g € R, where [,-] is the usual matrix commutator; 2°) the eigen-

value g(A) of the matrix S(xzo;A), A € C, does not depend on the variable
2o € R; and 3°) the eigenvalue g(A) of the matrix S(zg;\), A € C, as
a functional on manifold Mg°, is independent of the evolution parameter
t € {xy,y)} CR. Since do(\)/dt =0 for all t € {xo,y0} C R, we claim and
shall show that as |A| — oo, o(A) € D(M) is a generating functional of con-
servation laws of system (6.545). Hence, one can find an infinite hierarchy
of conservation laws of system (6.545), making use of (6.564). We intro-

duce the function o(x;\) := % log f1(z,70; ), A € C, where fi(z,70;\)

is the first coordinate of the vector-eigenfunction f € H of the monodromy
matrix S(x; \):

which is normalized at x = z¢, that is fi(z = x¢,z0;\) = 1. Substituting
the function f € H into (6.564) one readily finds the following differential

Riccati equation for the function o(x; \):

=t (e D) 2 (L2 :
Iz =70 Tl 2 2 T\2% %) ¢

u=v,/v, (6.567)
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where (+)pg :=d"(:)/da"™, x € R, n € Z,.
Assuming that o(z; A) has an asymptotic solution of the form
o(z; ) ~ Z oilu,v]o™ 77 (N), (6.568)
JELy
as |A| — +oo, with respect to the parameter g(A) € C which is an analytic

function, and & € Z, is a fixed number, one easily derives from (6.567) the
recursion formulae for o;{u,v], j € Z4:

o 1 2 oy Uy . uZ
-0y =5, 00z =—(0001)°, 01.=—(20002+07)+ — + —,
2 2 4
02,0 = —(20‘00’3 + 20‘10’2), 03,0 = —(20'00'4 + 20103 + U%),
Os0 = —(20005 + 20104 + 20203), ... ,

and from them the following polynomial functionals o;[u,v], j € Z4:

og = —/—1, 0'1:0, UQZ—T

2

1 1
iuz + um> , 03 = Z(um + uuyg),

16

4
U
2 2
o4 = <2uum 4+ 2Uppy + UL — — — UgU ) ,

4

—_ 3 2 2
05 = _7<uzza::r + UlUgga + UgUge — U Uy — U Ugg — 2“3;“/)7

8
V2,

13 .
2 2,2 3

7= 33"
3 6
+3u Uppe + 16UUL ULy + 5u§ _ Zuzlum _ U8) ,
and so on.
Since
27
o(A) = exp /a(a:; Adz|
0

A € C, (6.568) and 3) implies that all the functionals

27
o7 :/dmj [u,v],
0
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j € Zy, are conservation laws for (6.545). Thus, we have explicit solutions
for v, j € Z4; namely,

2m

/2
Yo = wiV2, 1 =0, Vz{/qux,

2w
2 5 u®
V5 = 07 Y6 = — ?\)/2>/ (_uwuwzm + §U2Ui + 8) da?, Y7 = O, (6569)
0

iV 2 7 7 7 5
V8 = 7,6\5{1»/ <—u:pwmxxux + §U2’U@Umxw + Zuuiuxcv + gusumw - 64u8) dl‘, s
0
and so on.

6.9.5 Novikov—Marchenko commutator equation

We shall now make use of the Novikov—Marchenko equation (6.566) for a
deeper analysis of the system (6.545). Let us denote A()) := tr S(z; \),
A € C, as a normalized trace of the monodromy matrix S(x;\) : C? — C?
at z € R. By virtue of the results stated above, we know that the functional
A(X) € D(MG?) is a generating function of conservation laws for (6.545).
Clearly, the same is true for all functionals tr S*(z;\), k € Z, A € C, at
z € R, but they may not all be functionally independent. It follows from
the Novikov—Marchenko equation (6.566) and [247, 406] that the following
relation holds

negradA (\) = AdgradA (N, (6.570)

for all A € C, where (n,9) is a pair of implectic operators
[137, 262, 286, 288, 290, 291, 326] acting from T* (M§°) into T (M§°).
Since the system (6.545) is considered on the singular submanifold My, we
are forced to introduce new frame-regularizing coordinates (7,t) € R x R?
defined as

T=x, t=x+t, (6.571)
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where t € {zo,y0} C R. In these coordinates, the system (6.545) takes the
form of a nondegenerate evolution system on J(R; R?):
~ I
s WG (6.572)
dt dt
The connection matrices Ff\i), Fg\t) € g corresponding to (6.561) are
given as follows:

u ~+)\ AL -
_ —— =T+ = - ~ T -
(2 L] e (D) e
U+’U—§—1§+'U_§

Whence, the Novikov—Marchenko equation (6.566) takes the form

c=(5-2 + ~+~73—1
Sz = |V 5 521 v u B) S12,

S12,2 = -2 (5_ 2) s+ (2’77“‘ u— )\)3127 (6574)

- A ~ o~
321,5:—2(v+u—21>s+(u2v+)\)521,

for the components s;;(Z; A), ¢,j = 1,2, of the monodromy matrix S(z; \) :
1
C?> - C?2 at 7 € R for all A € C, where s := 5(311 — 892). For the operator
L:=0/0T + F&E), with I‘(f) given by (6.573), one readily finds that
1 S — S12
grad A(\) = = , (6.575)
2 2s — S12 + S21
for all A € C. Now, it follows directly from expression (6.575) and equations
(6.574) that we have the spectral gradient identity
fgradA(X) = AMdgrad A(N), (6.576)

valid for all A\ € C, where

—20 9% + du - 00
= . = ( ) , (6.577)
—02 + U0 90+ v 00

with 0 := 0/9z. Using (6.575) and (6.576), one can further make the Moser
reduction [270, 271, 326] of problem (6.572) on a finite-dimensional non-
local invariant submanifold carrying a natural symplectic structure, which
gives rise to a new reduction of the problem to that of Liouville-Arnold

type.
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6.9.6 Representation of the holonomy Lie algebra sl(2)

We now analyze, using some results of [12, 173, 197, 198, 238], the follow-

ing useful representation of the holonomy Lie algebra sl(2) by means of the

following vector fields on the circle S':
9] 0

Lfl = 8757 LO = 5876’

0
L =8&2=
1 867

€ St ~R/2x7Z. The corresponding connection operators F(‘t) and I‘(t) €g
A A
then take the form

A 0

@ _ |1y _A 4|9
ry’ = 2)\5 (u—ANE+u 5 1 o6 (6.578)
r® = (v —20€ — va)%.
Consider now the system
0F _ 401 9F _ gof (6.579)

dr T og ot T og
where f € H(S') is a complex analytic continuation of f from the circle S!

to all C, and A% = fFE\x), B(% = fFE\t), as defined by (6.578).
The following lemmas [66, 67, 65, 228] can be readily verified. A proof

of the first result below (in particular, (6.580)) follows simply from the defi-
nition of the associative product in the space of reduced pseudo-differential
expressions, which can be verified by a straightforward calculation.

Lemma 6.9. The dynamical system (6.545) is equivalent to the vector field
Laz representation

dL 1~ =
~ = {LJ)(L)} , (6.580)
where
Footo oo g9 0p9
L= Ox 0§ 0 0x’ (L)) = Ox O  0€ Ox
and 1 := 1(z;€) ~ 3 1 [u,v] €U~ € H(C) is an element of the Lie

Jj=0
algebra, £ € C is symbol expression and s € Zy is a nonnegative integer.

Lemma 6.10. The following equality holds: 1 = f, where f € H(C) is an
analytic solution of (6.579).
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Proof. Since L f = 0 with the operator L defined in Lemma 6.10, using
the usual method of characteristics we find that

d_ ol ol
dx Ox/ O¢
On the other hand, from the characteristic equations of the first equation
in (6.579), one finds that dx/1 = —d&/A. Whence, A% = %, sol € H(C)
is a solution of (6.579), and the proof is complete. O

Taking into account Lemmas 6.8 and 6.10, one can find the following
asymptotic solution of (6.579)

I(x;€) ~ le [u,v] €=U,
i>1

After simple calculations, we find for functionals [; € H(C), j € Z the
following recurrent chain of differential equations:

A
le = —§l2, l21z = ()\ — U)ZQ — )\13,
A
l3,w = (U_ 2—1> 12+2(>\—u)lg—g>\l4,...,

A k
lk:,z = (’LL — 5 — 1) (k — 2)[]@71 + (]C — 1)()\ — U)lk — 5)\lk+1, cee
and so on, which yield

2 2
=9, Ila= _XQPI» ls = ﬁ(()‘ — )Py + Pza),

4

ly = —
1T 3N

|:(—2’LL2 — Uz + 3 u — SA2 + /\) Yz + 3(>\ - U)‘pxm — Pz |

ls —4N3 4 (120 4+ 4)A% — (14u® + 4u + 6uy )\ + 6u® + Tuuy + gy ) @

= g
+(10A% = 2X(10u + 1) + 11u® + duy ) us + 6(1 — N Pozs + Puzaz] +- - -

and so on, with ¢ = ¢ (z;A), A € C, a t-independent function. Thus, we
have accumulated the desired information about the integrable by quadra-
tures Cauchy—Goursat conditions (6.546). A more detailed analysis of the
structure obtained requires new tools that are better suited to this task.
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6.9.7 Algebraic-geometric properties of the integrable Ric-
cati equations: The case n = 2

A proof of the following result can readily be fashioned directly from our
work in subsection 6.9.2.

Lemma 6.11. The system (6.545) on M possesses the commutator Lax
matrix representation

Xy, Th] = 0, (6.581)
where Xy 1= 0/0x + Fg\m), Ty :=0/0t + Fg\t), t € {zo,y0}, that is
u_ A A
XA:%_ 2u+2A+1 %U+A 7 T/\:gt—<_vva>,(6.582)
2 2 2

are linear matriz differential operators in the space of complex vector-valued
functions with A € C an arbitrary complex parameter.

The notation (6.581) implies that the commutator of the operators
(6.582) on the solutions of (6.545) is identically zero for all A € C. The Lax
representation (6.581) enables us to find the solutions to equations (6.545)
by means of the classical algebraic-geometric methods [111, 262, 358, 406],
via reduction to the Jacobi problem of inversion of Abelian integrals on hy-
perelliptic Riemann surfaces, which employs multi-dimensional Riemann
Y-functions [406, 409]. Following [247, 262, 406], we consider the follow-
ing compatible linear equations for the vector-valued complex function
gx = (91,92)7 € H = Loo(R* C?):

X/\QA(J?7CUano) = 07 T)\g)\(xax07y0) = 0) (6583)

where A € C is an arbitrary parameter. By a direct computation from
(6.583), we obtain the equations for ¢ = g1g2, ¥ = —g?, x = g3 in the form

o= gerv(u-5-1). Ftrom Fovw-n+on

Ox ot
0 0 A
szw~o,a§=ﬂm—»+x(w+2+0,
%)
a—f = —20(x + ), (6.584)

which are compatible on the solution submanifold of the system (6.545).
The solutions of (6.584) are characterized by the following lemma
[247, 262]:
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Lemma 6.12. The system of differential equations (6.584) possesses a
polynomial (in A € C) solution

N N N
C= CGl@w o, y0)X, = v, 20,50, x =D xulw,z0,40)A*

k=0 k=0 k=0
(6.585)

with N € Z4 fized, if and only if the coefficients (i, Vi, xx, 0 < k <
N, satisfy certain compatible, autonomous systems of nonlinear nonlocal
ordinary differential equations, and

_ YN-1— (N1 _YN-1— (N1
u(z,z0,90) = ——————, (¥, 20,%0) = —————— v(, Zo, Yo)-

N (N
(6.586)
If, furthermore, the relations

C(xla 1’67 y67 >‘*) = C*(‘rlv 1'6, ytl)a )‘)7 'I/J(LC/7 1’6, y67 >‘*) = ¢*($/a x,07 y67 )‘)a
¢N(xla x/07 y(l)) = CN('ZJ7 J’JO? yé) = _XN(x/7 .'176, y(/))a
X(Ilv I{)a y67 >‘*) = X*(Ila 1176, y67 >‘)a
CN,1($/7 3367 y(/)) - wal(‘rE/7 1'6, y{)) = C;\/'fl(mlv :E67 y{)) - w?\ffl(xl’ 1'67 y(/))
(6.587)
obtain at some point (z',xf,vyy) € R x R2, then the autonomous systems
of monlinear ordinary differential equations have a solution for all x € R,

t € {zo,y0} C R, and the functions u(x,xo,y0) and v(z,x0,yo) found from
(6.586) are real infinitely differentiable solutions of (6.545).

Proof. First, we substitute solution (6.585) into system (6.584) and
equate the coefficients of like powers of A € C. As a result, we obtain
systems both of differential and algebraic equations. Using these algebraic
equations, we obtain two autonomous nonlocal systems of nonlinear ordi-
nary differential equations of the form

0z; 0z;
sz = F1i(20,- -+, 23N +2), ot = Fi(z0,. .., 23N +2), (6.588)

where z; = (i, 2n4146 = Vi, ZaN424i = Xi, 0 <@ < N, and Fiy, k= 1,2,
0 < i < 3N +2, are polynomials in z € R3¥*3, The compatibility condition
of system (6.588) can be written as

3N+2
OFy; 0Fy; .
——F5, — ——F; | = <3<3N+2
Z(azj %~ s 1j> 0, 0<i<3N+2,

which can be verified by a direct calculation. On the other hand, from these

=0

autonomous systems one easily obtains the relationship for the function w:
" YN-—1—(N-1

v
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_YN-1— (N1

which together with the condition v, = Civ coincides with sys-
N
tem (6.545). Thus, the proof is complete. O

As a consequence of system (6.584), one readily deduces that %((Q +

0
x¥) =0, t € {z9,y0} C R, and 6—(@“2 + x¥) = 0, determining in the
i3
natural way from initial data for {,v,x a certain polynomial Poy_1(A),
A € C, with constant real coefficients of the form

2N—1 2N -2
Ponoa(N)=C+xv =Y pM= ] 0 - E), (6.589)
k=0 §=0

with the conditions P(0) # 0 and E; # E; # 0 for i # j =0,...,2N —
2. Expanding the polynomial solution v (z, xo, yo, A) with respect to zeros
N’j(x,m();y())v 0 S] < Nv as

N
=5 [T = ny), (6.590)
j=1
from (6.584), passing to the limit as A — u,;(x, xo, yo), we obtain the fol-
lowing system of nonlinear equations for the zeros p;, 1 < j < N:

Op; _ —miv/Pan—1(p)  Opy Pon—1(py) (6.501)

or (g —pmm) 0t Ty — )

n#j nj

where u; 1= du/dt, t € {xo,yo} C R. Note that since ¢, is a constant, we
have assumed for convenience that ¢y = 1.

6.9.8 Jacobi inversion and Abel transformation

Equations (6.591) belong to the class of equations integrable by means of the
Abel transformation on the hyperelliptic Riemann surface R of the function
w = +/Pan_1(A), A\, w € C. So we shall consider systems (6.591) as defined
on the hyperelliptic Riemann surface R of genus N — 1 of the function

Pon_1(A), which can be realized as a two-sheeted covering surface of
the extended complex plane C with cuts along the intervals [Ea;, Faji1],
0<j<N-2 [Eyn_2,00]. Let wj(A), 1 < j < N, be the following Abelian
integrals:

A d N
s0= [ 5O =Y one' (6.592)
o - k=1
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normalized by the conditions:

% dw;(\) = b1j, (6.593)

(23

where ag, 1 <k < N — 1, are a-cycles of the Riemann surface R and ay is
the outline on the upper sheet of R surrounding 0 € R. It follows directly
from (6.593) [262, 406, 409] that the coefficients Cji, 1 < j,k < N, of
(6.592) are unique. The zeros Ej, 0 < j < 2N — 2, of the polynomial
Pyn_1(\) are not singular, so the integrals w;(\) have singularities only at
the points 07 and 0~ € R (zeros on the upper and lower sheet of R). The
differentials dw;, 1 < j < N, in neighborhoods of 0% € R have the form

dwj()\):< )\W+reg )d/\,

with logarithmic residues at 07 and 0~ € R equal to

LGNy %N

Pon—1(0) 2mi’

respectively. Thus dw;, 1 < j < N — 1, are Abelian differentials of the first
kind on R, and dwy is an Abelian differential of the third kind on R with
logarithmic singularities at 07 and 0~ € R and residues equal to 1 and
—1, respectively. The differential dwy is normalized, since its a-periods are
equal to zero. The standard [247, 262, 406, 409] substitution

N

Vj(:E?anyO) = ij(uk(xaz(]ay()))7 (6594)
k=1
transforms (6.591) into
Cin
vj(@,20,90) = Cj1x + = 1)N’Y($o,yo) +(0,0), (6.595)

where 1 < j < N and the function ~y(xo,yo) satisfies the equations
N oy
—uy [ ] 15 5 =0 (6.596)
=1 o

where ¢ € {z9,y0} C R and 7(0,0) = 0. Considering (6.594) as expressions
on R, we have the following inversion problem: given v;(z,zo,yo), find
Wiz, zo,y0), 1 < j < N, making use of equations (6.596). This Jacobi
inversion problem is clearly nonstandard, as it is considered on the Riemann
surface R of genus N —1 with the normalized base of Abelian integrals of the
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first kind w;, 1 < j < N—1, and one normalized Abelian integral of the third
kind, wy. To solve this problem we consider the e-deformed hyperelliptic
Riemann surface R., € € C, of the function /(A2 + €2)Pay—1()\), having
the genus N, and the following augmented equations on this surface:

e\ UBe T ) Pava ()

Oz Hn;éj (Wje = Hn.e)

)

e (B ) Pona ()
DE — , (6.597)
ot Hj.e Hn7£j (Hj,e = Hne)

where t € {z0,%} C Rand p;. € R, 1 < j < N. The following result
obtains.

Lemma 6.13. Let the initial data for equations (6.591) and (6.597) satisfy
the inequalities

pax 1145(0,0,0)| < M, min |1(0,0,0) — 15(0,0,0)| > ma, 6505
1gl§nN |MJ(07070)| > my, /Lj(0,0,0) = Nj,6(07010)7

for all ¢ € C, where M,mi,mo € Ry are positive. Then, there exists

a sequence {e = k € Zy} with lim,_er, = 0, such that w;e, (z,z0,Y0)

converge uniformly to p;(z,zo,y0), 1 < j < N, as k — oo for sufficiently

small z € R.

Proof. Tt follows from (6.597) and (6.598) that for small enough = € R
and t € {x0,y0} C R, there exist positive constants ¢; and ¢y that are
independent of ¢ € C, and (z,z0,y0) € R x R?, such that

0 0
%Uj,s(l'vavyO) < e, auj,s(l“,xo,yo) < e,
for all 1 < 5 < N. Therefore, the set of functions

{12 (T, 20,90) : 1 < j < N} is compact in the uniform metric. Whence,
there exists a sequence {e : k € Z,}, with limg_ . €5 = 0, such that the
sequence of functions {u; ., (z,z0,%0) : k € Z1} converges uniformly (with
respect to z € R and zo,y0 € R) to p;(x, z0,y0), 1 < j < N, satisfying
equations (6.591) and the chosen initial data. Now, by virtue of (6.598),
the solution of (6.591) is unique, so for all subsequences of {ej, : k € Z,}
one obtains the same limg_, o0 itj.c, (%, 20, Y0), (T,Z0,70) € R x R?, which
completes the proof. O
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Let w; (%), 1 < j < N, be a normalized base of Abelian integrals of the
first kind in R

qj.-(€)dg =
o( e s g6 =Y Ca N TE (6599
v / T VO L Ot (659)

Then, the Jacobl inversion problem
N

Vie(@,0,50) = > wje(ti.e (2, 0,50)) (6.600)
k=1

recasts (6.597) into
Vj,e(xa Xo, yO) = le,sx + (_1)N CjN,E ’Ys(xm yO) + Vj,s(ov 07 0)7 (6601)
where

2l I,
E:ftHuj,E, 5 =0 (0 =0

for all z € R, t € {xo,y0} C R2, due to the linearity of (6.601) in z € R
and 7. (wo,y0) € C.

6.9.9 Convergence of Abelian integrals

To study the convergence of the Abelian integrals (6.599), we make canoni-
cal cuts of the Riemann surface R. by a- and b-cycles. An arbitrary branch
of each integral w; () is regular on the cut region R}, and tends continu-
ously as € — 0 (away from the points 07 and 07), to the respective branch
of the integrals w;(A), 1 < j < N, on R*, the region obtained by cut-
ting R. Since the set of regular Abelian integrals {w;.(\):1<j < N}
is uniformly continuous and bounded with respect to sufficiently small
e € C on an arbitrary compact region £ C R* located at a positive
distance from the points 07 and 0~ € R*, the Abelian integrals wj.()),
1 < j < N, converge uniformly to w;(A) on K C R*, as ¢ — 0. Whence,
iii% vje(x,20,90) = vj(x,x0,y0) if and only if the initial data p;(0,0,0),
1 < j < N, do not belong to small neighborhoods of 07 and 0~. There-
fore, the problem (6.600) approximates the problem (6.594) as e — 0. The
problem (6.594) is obviously the standard Jacobi inversion problem on the
Riemann surface R., and we have proved the following important lemma.

Lemma 6.14. Ifc — 0, then the Jacobi inversion problem (6.600) tends to
the Jacobi problem (6.594), where ~v(xo,yo) := lime_ove(20,Y0), To,Y0 €
R, and w;(A) = lirr(l)wjvs()\), 1<j<N.

E—
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Assuming that 1x(0,0,0) € R, 1 < k < N, are pairwise distinct, it
follows from a basic theorem of Riemann that there exists a nontrivial
Riemann 9-function 9. (A) = Vs (w:(A) — ec) defined as

e (u) = Z exp[mi < Bem,m > 42w < u,m >|,

mezZN
where B, is the matrix of B-periods of the base {w;, 5()\) :1<j<N}on
R.,u € CV, <., . > istheusual inner product inCY, e. = (vjc(x,20,90)+
kje:1<j< N), and k;. = zBmfl 1 <j < N. The -

2’
function is regular on the (a, b)—cycles cut surface R; and has just N zeros
tie(z,20,%0), 1 < j < N; namely, the solution of the Jacobi inversion
problem. It follows from a simple computation that the following limit
exists:

T(\) = lim 0. () = In -1 (@(A) — )

+ exp[Qm’(wN(/\) —en)]In_1(wA) —e™) (6.602)

where e* = (v;(z, xo,yo)—i—k B BNJ : 1<j<N-1),exn =vn(z,20,y0)+
RES

kv, k == E By — 2 wA) = (wj(N), 1 <j<N-1), and In_1(u) is

the usual Rlemann Y- function of u € CN71, and Bpyj are B-periods of the

Abelian integral wy (A) on the surface R. Let us also consider the following
7-function on CV associated with (6.602):

B B _
T(u):T(ulv"'7uN):ﬂN—1 (ul ;Vlv"wuN—lNng)
B B _
+ exp(2miun)IN_1 (u1 + %, couUN_1+ N2N1> ,  (6.603)

where v € CV, and Byj, 1 <j < N —1, are defined as above. It is easy
to see that

T()\) = T(UJ()\) - V('T7x0ay0) - 6)7

with v(z, z0,y0) = (vj(#,20,90) : 1 < j < N —1), and w, e € CN~" are
defined as above. Additional properties of the function T'(\) can be found
in [112, 113, 409].

Lemma 6.15. The zeros of the T-function (6.602) are the solution to the
Jacobi inversion problem (6.600).
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Proof. It suffices to show that u;(x, zo,yo) = ;1_1% Wi e(T,20,%0), 1 < j <

N. But this follows immediately from the fact that the functions 9.(\)
tend continuously to the function T'(A), A € K, which is bounded on any
compact I in R* that is a positive distance from 0~. Thus, the proof is
complete. O

6.9.10 Analytical expressions for exact solutions

Following [247, 262, 406, 409], one can find explicit expressions for the
symmetric functions Ingp; and ) p;. To find the first sum, we consider
the region R* with one more intersection along the curve o starting at
the point 07 € R* and ending at co € R*, and the function S(\) =
log A + 2miwn (X), A € R, which is an Abelian integral of the third kind
with logarithmic residues at 07 and co € R equal to 2 and —2, respectively.
Consider now the integral
7- % / B(A) dlog T(\).
OR*UL+TUL—
It follows from the classical residue theorem that

N N N
I=Y B(u)—B07) =) loguy+2mi Yy wn(p) - B07)
k=1 k=1 k=1

N

Zloguk + 2mivn (z,t) — 6(07).
k=1

On the other hand, since §(A) and T'(X) are continuous on b-cycles, we have

BHA) =B~ (\) = —B;, Bj= fdlogwrzm?fdw(x),
A€aj,1<j<N-—1,and gH(\) — B~ () = —2mi, A € 0, so

T= - Nl( § B (Ndlog T*(\) — § ﬁ-umlogT-(A))

+21m< £6+(A)dlogT+()\)— i ﬂ(A)dlogT(A))

o—

= ( B~ (N)dlog §+E;§> ! Nz:: B, fdlogT )—LJJ; dlog T(N).
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Therefore,
N
Zloguk(x,l’o,yo) = —2mivn(z, 0, y0) + B(07)
k=1
N-1 N-1 T(o0)
- ; j{ﬂ_()\)dwj()\) — ; Bjn; +2In T0T)’
G.j -

(6.604)
where n; = §dlogT— (), 1 < j < N. Following [247, 262, we find

similarly that

Zuk x, 0, Yo) ?{)\dwj — TeS)x=co (AdInT(N)). (6.605)
i=lg,
First we compute the residue on the right-hand side of (6.605), making
d
use of the following expansion of the function 7 log T(\) in 7= A~1/2:
T
=1 0logT(\) dw;(\)

d d N
—logT(\) = —2)\3/2—1og T(\) = —2)\3/2
g 08T ATy les T A J; 0%, A

o’y 4 6’logT(A)
j=1 )\\/P2N 1( 0w

Since ¢;(\) = Z C’jk)\N’k, 1<j<N-—1, (see (6.592)) one has
j=1

qj(N) —3/2 ( do _ )
S AN S g )\ 1— 2x >\ +-
A Pon_i(N) 2
+ CjaA5/2 (1—6?/\—1—621A—2+~--> +

where dy, d; are constants. Whence,
N—-1
d Ci1 dlogT(A)
—logT(\) = -2 4 4 | —==
/\dT 0g T(A) ; [72 + } 0w;
and

reSy—oo {Adlog T(N\)} = —2 Z le (310gT( )>

0w,

7=0

&?log T(N\)
_420110,1 ER

3,j=1
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Moreover, it follows from (6.595) that

0 9?log T(\)
WlogT ZCﬂCu 00,00,

1,j=1

Thus, from these results we find that
Z/ik T, 20, 10) Z ]{ Adw; (A 4— log T'(c0). (6.606)

From (6.586) and (6.545) we easily find an exact expression for the solution
y(‘r’w07y0)a (957550,1/0) € R x RQZ
a(z)

10
y(w, 20, Y0) = —— 35 log H - (6.607)

Furthermore, owing to (6.546), the following relations are valid for

7($0»yo) :
v v +alzo)yo +b(zo) Iy 2
I 4 . S 6.608
Oz N (xo;7) Yo N(z0;7) ( )

where N (z;v(xo,90)) = H wi(z; 0, y0), o, Yo € R, is determined as
s’

N(z;v(zo,y0)) = 11:2(((())3)) exp { — 2mivn (z, t)+ (6.609)
N-1 N-1
-|— dwj ) — Bjnj}.

aj
Lemma 6.16. The identity

Y(x,y) = (0, Yo) (6.610)
holds for any solution to the Cauchy—Goursat problem (6.545), (6.546).

Proof. Tt is straightforward to show that the function v : R? — R satisfies
the equation

d Oy O d )
dw’Y(l‘ y(z;20,Y0)) = B + a*y%y(%xo’yo)
_ ¥ Fal@)y +b(z) 2 dyl@)

N(z;7)  N(z;v) de
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for the solutions to (6.604), where t € {zo,y0} C R, that is v(z,y) =
(20, yo) for all zg, yo € R. The equality of the mixed derivatives of y(zo, yo)
yields the expression
10 a(x
Yo=755. log N(z = 20;7(20,¥0)) — (20),
determining the function y(xg, yo) implicitly. Now from (6.545) and (6.611)

(6.611)

we also compute that

w= DN (), Lo, w)) = 22— 12
a*(z) | a'(z) _
=-——y Tt b(z) := L(x), (6.612)
that is
L (x;7(20,90)) = L(), (6.613)

for all xg,yo € R. Hence, it follows from (6.545), (6.584), and (6.590) that
v =Yn_1,/2(¥N-1 — (Nn=1), thus w, = =D pi/u, t € {zo,y0} C R, so
that using the condition (6.613) one can easily reduce it to the characteristic
expression

0 [ )
o > (i + 5-loguy) | =0, (6.614)
j=1
which directly yields the desired result. O

The above equation and the exact formulas (6.604) and (6.606), for
detecting the Riemann surface parameters generating integrable Riccati
equations, and this leads directly to a proof of the next result.

Theorem 6.17. The Riemann surface R of the function w? = Pyn_1()\),
(\,w) € R, satisfying the condition (6.614), generates solutions to (6.543)
representable by quadratures via (6.607) for given differentiable functions
a,b: R — R if the function z := log N(+;) :— R, with N(-;7) given by
(6.609) and defining via (6.607) and (6.612) the desired functions a,b €
C>®(R;R), satisfies the well-known Liouville equation

0?2020y + €% = 0, (6.615)
x € R, which is integrable by quadratures and equivalent to (6.614).
At the same time equation (6.608) makes it possible to find a still un-

known function v : R? — R incorporated implicitly into the solution (6.607)
to the Riccati equation (6.543).
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6.9.11 Abel equation integrability analysis for n = 3

For the case n = 3, the holonomy Lie algebra g(h) is strictly infinite-
dimensional. This means that there exists no finite-dimensional represen-
tation of the holonomy Lie algebra. The simplest infinite-dimensional Lie
algebra containing sl(2) as a subalgebra is the Lie algebra of the group of
diffeomorphisms of the circle S! or the Virasoro algebra:
i1 0 o

L = 5]“6*5, [Li, Lj] = (j — @) Lit;, (6.616)
where ¢ € St ~ R/27Z and j € Z,. The associated Lie algebra g(h) is
generated by the system (6.554) and has the general representation

A
Xo=-L_1, Xi=L_i1+Ly, X5= (3 + 2) L 1+ 6L + 3L,

X3 = (2 + 2) L+ (3 + 2) Lo+ 3Ly + Lo, (6.617)

where A € C is a spectral parameter. Upon substituting the representation
(6.616) into (6.617), we readily find the following (A, B) expressions of the
induced Cartan—Ehresmann connection I'y :

A:<;@—1)—QH;>§—@€—é7B=u (6.618)

2 3
here A2 = 1@ g2 _ _p0 g R. Th d
where 2~ T a—g——)\,an t € {zg,y0} C R. The correspond-
ing symbol expression [ (z;€) ~ > ljf’(j’l) solving equation (6.578) is

jz1
described by the series of coefficients

h=¢ =0 Lb=5 li=—yp.,

1/1 A
Is =~ | 5Pez — 5 x 929: Yy
5 4(2@ <u+2)<p+u<p>

where ¢ = p(;A) : R — R is also a (z9,90) € R*independent function
(as in the case of n = 2) containing information about the integrable by
quadratures Cauchy—Goursat conditions (6.546). It is easy to verify that
for n = 3 one has obvious analogs of Lemma 6.9 and Lemma 6.10.

6.9.12 A final remark

Important problems concerning the integrability of the Riccati-Abel equa-
tion (6.542) still remain open in the area of analyzing the Lie-algebraic
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properties of the corresponding solution manifolds for the n = 3 case.
Naturally, these problems are related to the Cauchy-Goursat conditions
(6.546), and their corresponding finite-dimensional Moser reductions via
the momentum mapping approach and methods from modern symplectic
and differential-algebraic theories.



Chapter 7

Versal Deformations of a Dirac
Operator on a Sphere and Related
Dynamical Systems

7.1 Introduction: Diff (S')-actions

If we are given a smooth differential operator in the variable = €
R/277Z ~ S', its normal form, as is well known, is the simplest form ob-
tainable by means of the Diff(S')-group action on the space of all such
operators. A versal deformation of this operator is a normal form for some
parametric infinitesimal family including the operator. Here we shall un-
dertake the analysis of versal deformations of a Dirac differential operator
using the theory of induced Diff(S')-actions endowed with centrally ex-
tended Lie—Poisson brackets. After constructing a general expression for
transversal deformations of a Dirac differential operator, we interpret it via
the Lie-algebraic theory of induced Diff(S!)-actions on a special Poisson
manifold and determine its generic moment mapping. Using the standard
Marsden—Weinstein reduction with respect to certain Casimir generated
distributions, we describe an extensive class of versally deformed Dirac dif-
ferential operators that depend on complex parameters. Suppose we are
given the linear 2-vector first order Dirac differential operator on the real
axis R:

Lyf:= —% + Wu,v; 2] f,  Ia[u,v; 2] = <Z ) A ) ﬁ Z) : (7.1)
acting on the Sobolev space L>°(R; R?) and depending on 27-periodic coeffi-
cients u, v, z € C*(R/27Z;R) and a complex parameter A € C. The variety
of all operators (7.1), parametrized by A € C, will be denoted by L. Let
A := Diff(S!) be the group of orientation preserving diffeomorphisms of the
circle S'. A group action of A on £, can be defined as follows: Fixing a
parametrization of S', i.e., a C*>-covering p : R — S! such that the mapping
p: la,a+27) = S! is injective for every real a € R and p(x+27) = p(z) for

279
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all x € R, each ¢ € A can obviously be represented by a smooth mapping
¢ : R/27Z — R such that

P +2m) = (&) + 27 and (&) >0 (7.2)

for all £ € R. Upon making the change of variables

z=0(&), f(@(&)=e)f(&), (7.3)

with ¢ € A, p € G := C® (R/27Z; SL(2;R)) and z,§ € R, in (7.1), it is
easy to see that the differential operator Ly transforms into LE\“"’@) L —
We° defined as

LEVf(6) = —;l—é + 187 [, v; 2] f, (74)
where
19w v 2] = _q>1<5>dq;§) + ¢ (O v AR(E).  (7.5)

We assume now that the matrix ®(¢), € € S!, is chosen so that
lg\‘o’@)[u,v;z] = I\[@, ;2] for all A € R and some mapping (@,0;2)T €
C>(R/27Z; R3).

Whence, we obtain an induced nonlinear transformation A*(yp,®) :
Ly — Ly, (p, ) € AXG, where

A (0, @) [, v5 2] = 19 [, v; 2] (7.6)

for all mappings in C*°(R/27Z; R3).

This together with expression (7.5) determines an automorphism A* of
A, for a fixed ¢, that we shall study in detail. We are primarily interested
in describing normal forms and versal deformations of (7.1) with respect to
the automorphism A*.

It is well known [14] that a normal form of the operator (7.1) is the
simplest (in some sense) representative of its orbit under the group action
of A on the space L£y. A versal deformation of (7.1) is a normal form for
a stable parametric infinitesimal family including (7.1). As will be shown
in the remainder of this chapter, all such deformations can be described by
means of Lie-algebraic analysis of this group action on £, and an associated
momentum mapping reduced on certain invariant subspaces.
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7.2 Lie-algebraic structure of the A-action

Let us consider the loop group G := Gs1 (SL(2;R)) of all smooth mappings
S — SL(2;R) and its corresponding group .A-action on a functional mani-
fold M C C*°(R/27Z;R3), which is assumed to be equivariant; that is, the
diagram

M N g*

Aol Wdy, (7.7)

M KN g*
commutes for all [ € g* of the loop Lie algebra and ® € G. Consequently,
we can define on M a natural Poisson structure that induces the following
canonical Lie-Poisson structure on g*: for any v, u € D(g*),

{7, 1} == (1 [V (D), V(D)) (7.8)
Here (-,-) is the usual Killing type nondegenerate, symmetric, invariant
scalar product on the loop Lie algebra g = Cq:1(sl(2;R)), i.e. for any a,b € g,

27
(a,b) := /0 dx tr (ab) (7.9)

and V : D(g*) — g is defined as (Vy(1),0l) := Lv(l + €dl) |c=o for any
ol € g*,v € D(g").

In order to address the problems to be studied, we need to centrally
extend the group action Ag : M — M, ® € G, as follows: for & := (D,c) €
G := G x R the corresponding action Ag : M — M is defined so that the
diagram

ML g
Agl Ady (7.10)
ML g
commutes for all ® € G and [ = (I,¢) € g*. This leads to the following
(unique) choice of the extended Ad*-action in (7.10):
x " _,d®
Ady i (lic)egh — (ap’(ﬁ)Adq)ll(a:) —cP 1d€,c) (7.11)
forall e G, leg*at £ €R, 2 = p(€) and ¢ € R.

This expression follows from the fact that the loop Lie algebra g admits
only the central extension g & R. As the homology groups Hi(g) = 0 and
H(g) =1, it is represented as

[(a, ), (b, B)] := ([(a, b)]; (a, db/dx)) (7.12)
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for any a,b € g and o, 3 € R.

Taking ¢ to be unity and defining an appropriate diffeomorphism = —
p(z) = &, it is easy to see that Adgf1 has the same structure element as
that of the action A*(p,®) on L) defined above. Accordingly it is clear
that our Lie-algebraic analysis is intimately connected with the structure
of the G-orbits induced by the diffeomorphism group A = Diff(S'). We
define a natural Lie-Poisson bracket on the adjoint space g* as follows: for

any v, 1 € D(g) C g*,
Batio = (0, [V2(0), Va()]) + (wn, di{j“) a1

and deform it into a pencil of brackets using a constant parameter A € R
via
A d
{7 1¥o = {y,pba = (VA (), - Va(D) + L+ A [V (), Ve@)]), (7.14)

where J € s1*(2;R) is chosen here to be the constant matrix

J= ((1)_01> (7.15)

The following compatibility condition is almost obvious [242, 243].

Lemma 7.1. A pencil of brackets (7.14) is a Poisson brackets pencil for
each A € C and J € sl*(2;R), i.e. it is compatible.

Proof. It is well known that the Lie derivative of a Poisson bracket is
also a Poisson bracket if and only if

{71} == Lc{v, who = {Lry, mro = {7, Lrpubo (7.16)
satisfies the Jacobi identity for all v, u € D(g*), where L is the Lie deriva-
tive with respect to a vector field K : g* — T'(g*). Choosing K () := J, it
is easy to verify that the bracket (7.16) satisfies the Jacobi identity and is
the usual Poisson bracket on g*. Consequently, the Poisson bracket (7.16)
is also a Poisson bracket along a generic orbit of the vector field di/d\ = J.
Hence, the deformation (7.14) is also Poisson, as was to be proved. O

7.3 Casimir functionals and reduction problem

A Casimir functional h € I(g*) is defined, as usual, as a functional h €
D(g") that is invariant with respect to the following A-deformed Ad7_.-
action:

* Ak * — ng
Adyy:(1,1) € g — <Ad¢1(l+/\J) - 1dx,1> (7.17)
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for any ¢ € G, 1 € g* and A € R. It is easy to see from this definition that
h € I(g*) if the equation

dVh(l)
dx

is satisfied for all A € R. Assuming further that there exists an asymptotic
expansion of the form

— [l + \J, VA(1)] (7.18)

h(A) ~ > hjA ™ (7.19)

JE+
as |A| — oo, one can readily verify that ho € I1(§*) and that for all j, k € Z

{hj, hiyo = 0= {h;, hy }1, {vhito =1{v hjrits, (7.20)

where v € D(g*) is arbitrary. Let us now consider the action (7.7) at a
fixed I = l[u, v; z] € g*. It is easy to see that this action does not necessarily
preserve the form of the element | € g*. Thus, we must reduce the initial G-
action on g* to an appropriate subgroup; for this we develop the reduction
procedure employed in [243, 250, 326]. Define the distribution

Dy :={K eT(@E"): K1) =[J, V).l € §*,v € D(*)}. (7.21)

Distribution D; is integrable, that is [D, D1] C Dy, since the bracket {-,-}1
is Poisson. Now define another distribution

Do = {K € T(§"): K(I) = [l — d/dx,Vho],ho € [(§")},  (7.22)

which is clearly also integrable on g*, since [Dg, Dg] C Dy. The set of max-
imal integral submanifolds of (7.22) generates the foliation g%\Dy whose
leaves are the intersections of fixed integral submanifolds g% C g* of the
distribution D; passing through an element l[u,v;z] € g*. If the folia-
tion g%\Do is sufficiently smooth, one can define the quotient manifold
9r.q = 85/(85\Do) with its associated projection mapping g% — g.4. To
continue this line of reasoning, we shall obtain explicit constructions of
the objects introduced. The distribution D; is obviously generated by the
vector fields

dl 0 2b a b
G=(50) mo=(220), (7.23)
where ¢ € R is a complex evolution parameter and [ € g%, where g% C g*

is the isotropy Lie subalgebra of the element J € g*. Hence, the integral
submanifold g% consists of orbits of an element | = lu,v;z] € §*, with



284  NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

z € R, with respect to the vector fields (7.23). The distribution Dy on
T(g*) is generated by the vector fields
dl —Xz —2ux x 0
— = ho(l) = 7.24
(e =3 0). a
where 7 € R is an evolution parameter and [ = l[u,v; 2] € g*. It follows
immediately from (7.24) that
dz du dv
i ——=_9 — =2 2
e ux o = 2ux (7.25)
for all 7 € R along Dy. Eliminating the variable x from (7.25), we obtain

d | d d
o |:d37( ogu) z] 0 7 {d:c( ogv) + z} ; (7.26)
that is, the map
o Sz u\ v 0 exp(0~1a) .
90= (0 2) (g ™0 ) e w2
where
a=ugu =2z, Bri=uvv !+ 22, (7.28)

explicitly determines the reduction v : g* — g, discussed above. We
are now in a position to compute the bracket (7.14) reduced upon the
submanifold g¥.; by defining the functionals A, u € D(g*) to be constant
along the distribution Dy, that is

vi=Fov, pi=fov, (7.29)
for any 7, i € D(g}.q). From (7.28) one readily obtains the expressions

&y _ 4 _1(%
o0 da v 5,8$

V’Y(l)|l€@;ed = - - )

VilDliegs,, = , (7.30)
red Sii Sii Sii
-1(g) £-%
which satisfy the desired identities
(Vy(),dl/dr) =0= (Vu(l),dl/dr) (7.31)

for all I € g,y C g*. Substituting now (7.30) into (7.14), we obtain
{5/7 ﬂ})\ = {’77 M}/\ |l€@:ed: (V’?, (77 + )\19)V[1,) ) (732)
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where we have used the obvious relationship

(i fibrov = {Fou fiovh, (7.33)
and where
20
—dexp[—0~ Y a + B)]9?
ni=| -20-090-aexp[-0 Y a+B)]-0—dexp[-0~(a+ B)]0? |,
—20 -9 Bexp[-0~ (a+ B)] - 0
20
(7.34)

(7.35)

( 0 20 exp[—0~ (« +ﬁ)}8>
—20 exp[—-0~1(aB)]0 0 '

It is straightforward to verify that these integro-differential, implectic (co-
symplectic or Poisson) operators are compatible [137, 173, 242, 326] (see
also [4, 6-8, 10] for a general theory of iso-symplectic structures on func-
tional manifolds) on the reduced submanifold g%, on which it defines a
bi-Hamiltonian structure.

7.4 Associated momentum map and versal deformations of
the Diff(S') action

Let us introduce some additional notation for versal deformations [14, 42].
By a deformation of (7.1), we shall mean an operator of the same form with
a matrix I (e) whose entries are analytic in € in a neighborhood of € = 0 in
R™ and satisfies [, (0) = [ for all A € R. The coordinates ¢; € R, 1 <14 < n,
of € are called the deformation parameters and the space of these parameters
is called the base of the deformation. Two deformations I} (¢) and I§(e) of
a matrix [y are equivalent if there exists a deformation A*(p¢) : I (e) —
I} (€) generated by a diffeomorphism ¢, € Diff(S') satisfying ¢, |c=o= id.
From a given deformation Iy (€) one can obtain a new deformation Iy (¢) by
setting Ix(€) := Ix(€(€)), where ¢ : R™ — R”™ is an analytic mapping in a
neighborhood of € = 0 in R” such that €(0) = 0. The deformation [y (€) is
said to be induced from [)(€¢) by the map e : R™ — R™. A deformation
Ix(€), e € R™, is called versal if every one of its deformations [, (€), € € R™,
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is equivalent to one of its induced deformations. A versal deformation is
said to be universal if the induced deformation is unique. Before we give
a definition of a transversal deformation for the induced group greq orbits,
let us consider a family of smooth induced transformations ¢, (z) € G’md,
o € R, where p,(z) = 1+ O(0) as ¢ — 0. Each such transformation
generates (via formula (7.5)) a new matrix Ix(c), o — 0, that obviously
belongs to the orbit space associated to the G‘red action. The set of matrices

dl,\(O’) ~
cq* 7.36
do o Hred ( )
spans a linear subspace Vi C gr4 of finite codimension. Consider an arbi-
trary deformation I5(e), e € R”, of a given matrix [ € g’,4 and denote by
E)\ the linear span in g}, 4 over the matrices 0lx(€)/0€; |e=o, 1 < i < n. The
above deformation is said to be transverse to the induced G,eq orbit if the

subspaces E\ and V, together span their ambient space, that is
Ex+ V= §lea. (7.37)
The following general theorem [42] holds for versal deformations of the

Dirac operator (7.1) and can be proved by applying standard perturbation
theory techniques.

Theorem 7.1. A deformation l)(€), ¢ € R™, is versal if and only if it is
transverse to the induced group G orbit.

We are now ready to make use of the above results to describe the spaces
E)\ and V) analytically. Let ¥ € D(g},4) be any smooth functional on g} 4;
it generates a flow on the loop group Gyeq orbit via the (o, z)-evolutions

di dl a0
— =17, — = l .
o =i o (o ﬁ) (7.38)
with respect to the Poisson bracket (7.32). In view of (7.38), formula

(7.32) implies that the subspace Vy is isomorphic to the following subspace
of vector functions in T*(M) :

Vi o= {9at) i= (n + M)p : Vi = € T*(M)} . (7.39)

Theorem 7.1 suggests the following construction of versal deformations for
the Dirac type operator (7.1): As 1) is skew-symmetric, the operator i) is
formally self-adjoint in the space L?(R/27Z; R?). Therefore, the orthogonal
complement to the subspace V) with respect to the natural scalar product
in L2(R/277Z;R?) consists of 2m-periodic solutions to the equation

D = 0. (7.40)
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Whence, we have the following characterization of versal deformations of
the operator (7.1).

Theorem 7.2. The prolongation of the matriz Iy € g}, defined as

_ A exp(0713) 2 _
Ix(e) := + €iili D [ 7.41
A(€) <exp<a—1a> ) 222 i ® J (7.41)
generates a versal deformation of Dirac operator (7.1). Here ® is the usual
Kronecker tensor product in R2, €; €R, 1,5 = 1,2, €190 = —€21 are any
deformation constants, and f; € L>°(R/2nZ;R?), i = 1,2, are two linearly
independent, normalized solutions to the Dirac equations
i, o
gr Wfi=0, {fi.fi}|,_o=1 (7.42)

with spectral parameter A € R.

Proof. 1t is easy to verify that the set of solutions to equation (7.40) is
isomorphic to the set of functions

2
b= eifief
ij=1
and these functions satisfy the canonical Casimir equation

Wy, (7.43)

[l)" d}} dx

which is equivalent to equation (7.40). Owing to the fact that any matrix
I € g* in (7.1) can be transformed into the expression [)(0) € g* with
functional parameters a, 8 given by (7.28), this leads to the general form
(7.41) for versal deformations of operator (7.1), which finishes the proof.[]

The techniques developed here can be used for constructing classes of
the Dirac operators with a prescribed parametric dependence, which are
important for several applications in mathematical physics.
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Chapter 8

Integrable Spatially
Three-dimensional Coupled
Dynamical Systems

8.1 Short introduction

The Lax representations [173, 227, 326, 406] for integrable (1+41)-
dimensional nonlinear dynamical system hierarchies [54, 173, 326] on func-
tional manifolds were first interpreted as Hamiltonian flows on the dual
space to the Lie algebra of integro-differential operators in [7]. An alge-
braic method for constructing Lax integrable (2+1)-dimensional nonlinear
dynamical systems by means of two commuting flows from the hierarchy on
a suitable co-adjoint action orbit of an integro-differential operator with an
infinite integral part was proposed in [101, 369]. The relationship among
some Lax integrable (14+1)- and (2+1)-dimensional systems with the cor-
responding hierarchies of Hamiltonian flows on dual spaces to centrally
extended (via the standard Maurer—Cartan two-cocycle) Lie algebras has
been intensively investigated, in particular, in [121, 333, 357, 354].

Every such Hamiltonian flow on the dual space, either to the operator
Lie algebra or to its central extension, can be written as the compati-
bility condition of the spectral relationship for the corresponding integro-
differential operator and a suitable eigenfunction evolution. If the spectral
relationship admits a finite set of eigenvalues, there is the important prob-
lem of finding the Hamiltonian representation for the Lax hierarchy coupled
with the evolution of eigenfunctions and appropriate adjoint eigenfunctions.
This problem was partially solved in [288, 325, 337, 365] for the Lie alge-
bra of integro-differential operators and its super-generalization by means of
a property of variational Casimir functionals under a certain Lie-Béacklund
transformation.

In what follows, we shall first develop a general Lie-algebraic scheme for
constructing a hierarchy of Lax integrable flows from Hamiltonian systems

289
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on the dual space to the centrally extended Lie algebra of integro-differential
operators with matrix-valued coefficients.

Next, we study the Hamiltonian structure for the related coupled Lax
hierarchy that is obtained by means of the Backlund transformation tech-
nique developed in [337, 365].

Then, the corresponding hierarchies of additional or ghost symmetries
for the coupled Lax flows are also shown to be Hamiltonian. It is estab-
lished that an additional hierarchy of Hamiltonian flows is generated by
the Poisson structure that is equivalent to the tensor product of the R-
deformed canonical Lie—Poisson bracket [54, 325, 337, 365] with the stan-
dard Poisson bracket on related eigenfunctions and adjoint eigenfunction
spaces [14, 325, 337, 365], and the corresponding natural powers of suit-
able eigenvalue are their Hamiltonian functions. The method for introduc-
ing one more variable into (2+ 1)-dimensional nonlinear dynamical systems
using additional symmetries, which preserve Lax integrability, is developed
and an integrable (3 + 1)-dimensional analog of the Davey—Stewartson sys-
tem [368, 403] is constructed.

8.2 Lije-algebra of Lax integrable (2+1)-dimensional dy-
namical systems

Let G := C°°(S x S; g) be a current Lie algebra of mappings taking values in
a semisimple matrix Lie algebra g. Using G, one constructs the Lie algebra
g of matrix integro-differential operators
a:=Im + Z ;&
j<m

where a; € g, j < m, j € Z, m € N, and the symbol £ := 9/0x denotes
differentiation with respect to the independent variable x € R/27Z ~ S*.
The Lie structure in g is defined as

[a,b] :==aob—boa

for all a, b € g, where “o” is the composition operator taking the form:

1 0% 0%b
aob:= Z Ja—ga’agja

aEZy
On the Lie algebra g there exists the ad-invariant nondegenerate symmetric
bilinear form:

(a,b) := /OQW /0277 Tr (a0 b) dady, (8.1)
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where Tr-operation for all a € Q is defined as
Tra:=res¢tra =tra_q,

and tr and res are the usual matrix trace and residue operators, respectively.

Employing the scalar product (8.1) one transforms the Lie algebra g into a

metrizable Lie algebra. Accordingly its dual linear space of matrix integro-

differential operators g* is identified with the Lie algebra, that is g* ~ g.
The linear subspaces g% C g* and g* C g defined as

n(a)—1
g ={a:=¢"@ 4 Z ;& aj€9, j=0,...,na), ,
j=0
e .
g_ = b:= Zé‘*(]‘?”b], . bj S g, ] S Z+ 5 (82)
j=0

are Lie subalgebras in g and § = g+ ® §g—. Owing to the splitting §
into the direct sum of its Lie subalgebras (8.2) one can construct a Lie-
Poisson structure on g* by employing the special linear endomorphism R
of g [54, 121, 354, 357]:

R:=(Pp—P_)/2, Pi§:=Gs, Py P_=0.

The centrally extended Lie commutator on §. := g @& C is given
as [121, 333, 357):

[(a, @), (b, )] = ([a,b],w(a, b)) , (8.3)

where «, 3 € C, is generated by means of the standard Maurer—Cartan
two-cocycle on g :

w(a,b) := (a,[0/8y, b)) ,

0/0y is differentiation with respect to the independent variable y € S and
[0/0y,b] := 0b/Jy. The commutator (8.3) can be deformed using the above
endomorphism R of g :

[(a,a), (b, B)]r := (la,b]r, wr(a,b)) , (8.4)
where the R-commutator is
[a,b]r := [Ra,b] + [a, Rb] ,
and the R-deformed two-cocycle is determined as

w(a,b)r :=w(Ra,b) +w(a, RD) .
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For any Fréchet smooth functionals v, u € D(§%), the Lie-Poisson bracket
on g related to the commutator (8.4) and the extended scalar product:

((a, @), (b, B)) := (a,b) + a3,

where a,b € g and «, 8 € C, is given as

{7, 1tz (O) = (6, [V(0), Viu(O)]r) + cwr (Vy(£), V(L)) , (8.5)
where £ € g* and ¢ € C. Owing to the scalar product (8.1), the gradient
Vy(¢) € G of a functional y € D(g:) at the point £ € g* is naturally defined
as

5y(0) = (V(0), 80)

Consider the Casimir functionals v, € I(g%), n € N, given as

(0 = /O i /O " T (€70 )dudy | (8.6)

which are invariant with respect to the Ad*-action of the abstract Lie group
g. corresponding to g and satisfy the following condition [354]
(£ —c0/0y)o® = Do (ly—cd/Dy) (8.7)

at a point £ € g*. In (8.7)

go =M+ Z ijj €4,

j<m

where ¢; € G, [€,¢;] =0, j <m, j € Z and m € N,

=1+ &€,

r>0

where ®,. € g, r € N, and g_ denotes the appropriate abstract Lie
group [101, 121, 354] generated by the Lie subalgebra g_. As with [354],
one can show that the condition (8.7) is equivalent to

[0 = c0/0y, V()] =0 , (8.8)

for all n € N. When ¢ = 0, the Casimir functionals take the usual Adler
form [7, 325].

The Lie—Poisson bracket (8.5) generates a hierarchy of Hamiltonian dy-
namical systems on g5 with the Casimir functionals vy, € I(g}), n € N, as
the corresponding Hamiltonian functions, which take the form:

dl/dt,, == [RVAR(0), £ —cd/0y] = [(Vym(l))s, £ —cd/Y), (8.9)
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where the lower index “+” denotes the differential part of the correspond-
ing integro-differential operator. This equation is equivalent to the usual
commutator Lax representation. It is easy to verify that for every n € Z,
the relationship above is the compatibility condition of a system of linear
integro-differential equations of the form:

(6 —c0/0y)f = \f (8.10)
and

df fdtn = (Vo (0)+ ] (8.11)

where A € C is a spectral parameter, f € W := W(S x S; H) and H is a
matrix representation space of the Lie algebra g. The dynamical system
related to (8.11) on the adjoint function space W* := W*(S x S; H) is

df* [dtn = =(Vn(0)3 7 (8.12)
where f* € W* is a solution of the adjoint spectral equation
(6" + /o) f* = vf", (8.13)

with spectral parameter v € C.

In the sequel, it shall be further assumed that the spectral equation
(8.10) admits N € N distinct eigenvalues \; € C, 1 <4 < N, in which case
one studies the algebraic properties of equation (8.9) combined with N € N
copies of (8.11):

df;/dtn = (Vyn(0))+ fi (8.14)

for the corresponding eigenfunctions f; € W(S x S; H), 1 <i < N, and the
same number of copies of (8.12):

dfi/dt, = —(Vyn(0)5 f (8.15)

for the suitable adjoint eigenfunctions f* € W*(S x S; H) for N € N differ-
ent eigenvalues v; € C, 1 < i < N of (8.13), being considered as a coupled
evolution system on the space g @ W @ W*N. The same problem for
¢=0and N =1 has been studied in [287, 288, 325, 326].

8.2.1 The Poisson bracket on the extended phase space

To make the exposition here more concise, the following notation shall be
used for the gradient vector:

VAL fo J7) = (07/60, 67/6F, 6v/6F)T,
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where f := (f1,~. I, = ij{,) and 57/(5}‘: = E(S'y/éfh...,
69/00N), 9v/0F = (69/0f7 .. 61/0f%), at a point (7, f,]) € §" &
W @ W*N for any smooth functional v € D(g: & WV @ W*V).

On the spaces g: and W @ W*N there exist canonical Poisson struc-
tures such as

5/50 25 [0 — )0y, (67/60)1) — [ — cd/dy, 6/50]+ | (8.16)

where 6 : T*(§%) — T(3*) is an implectic operator corresponding to (8.5)
at a point £ € g* and

(0/6F, 0y /6])T L (—=0v/6F*, v/6])T (8.17)

where J : T*(WN @ W*N) — T(WYN @ W*N) is an implectic operator
corresponding to the symplectic form w(?) = Zi\;l d f;‘ Ad ﬁ at a point
(f, f*) € WN @ W*N_ It should be noted here that the Poisson structure
(8.16) generates equation (8.9) for any Casimir functional v € I(g}). Thus,
on the extended phase space g; ® W @ W*N  one can obtain a Poisson
structure as the tensor product © := 6 ® J of (8.16) and (8.17).

Consider the Bécklund transformation

GF T2l 1), =1 =17, (8.18)

generating on §& ® W& @ W*N a Poisson structure © : T*(g; @ WY @
W*NY — T(gz@WN@W*N). The main condition imposed on the mapping
(8.18) is that the resulting dynamical system

(de/dty, df [dto, df*/dt,)T = —O VT, (L, ] f*) (8.19)

coincide with equations (8.9), (8.14) and (8.15) in the case when functionals

., € 1(g%), n € N, do not depend on the variables (f, f*) € W& @ W*V.
To satisfy that condition, a variation of a Casimir functional 7, =

'Vn‘e:e(é,f,f*) € D(g: @ WN @ W*N) n € N, will be found, under the

constraint 6/ = 0, taking into account the evolutions (8.14), (8.15) and the
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Bécklund transformation (8.18). One has

N
si0 ) (< 570 /0fis0fi > + < 67, /0f7, 6 f; >)

i=1

57,(C, f, ")

Il
.MZ

s
Il
-

<< —df} [dtn,6f; >+ < df;/dtn, 6} >)’

I
] =

(< (67 /O0)% f7,0fi > + < (69 /60) 1 fi,6.f; >)

.
Il
_

[
M=

(< £ (69 /00) 46 fi > + < (070 /00)+ fi, 0 fF >)

s
Il
N

|
KMZ

~
Il
—

((67n/88, (8f:)67" @ £7) + (670 /0L, £ ® 67))

N
= (cm/c%, 53 fie f) = (07a/36.60) , (8.20)
=1

where v, € I(g}), n € N, and the bracket < -, > denotes a pairing of the
spaces W* and W.
As a result of expression (8.20), one obtains

N
Sllsig =Y _O(fi @ fF) . (8.21)

i=1

As ¢ and ¢ € §* are linearly dependent, one finds immediately from (8.21)
that

N
L=0+> fi& @ ff (8.22)

i=1

Thus, the Bécklund transformation (8.18) can be written as

N

0 F px B 0 — * *

GRS =0+> & e fr f )T (8.23)

i=1

Expression (8.23) generalizes results obtained both for the scalar form of
the Lie algebra of integro-differential operators in [337] and for the matrix
form in [325]. The existence of the Bécklund transformation (8.23) leads
directly to the following result.

f=f b=
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Theorem 8.1. The dynamical system (8.19) on §: @WN @ W*N is equiv-
alent to the following system of evolution equations:

dlfdtn = [(V7,(0)+,0 = [V, (0), 4]+

df/dtn = 57n/5f* ’ df*/dtn - 76771/5];7
where ¥, = Ynli—pig.p) € D@ & WN @ W*N) and ~, € I(g?) is a
Casimir functional at a point £ € g* for every n € Z under the Bécklund
transformation (8.23).

Now, simple calculations using
©=B6OB",
where B : T(g:@WNeW*N) — T(g:aWN@W*N) is a Fréchet derivative
of (8.23), readily produce the following form of the Béacklund transformed
Poisson structure © on gi & W& o W*N :
[0 —cd/0y, (67/6L) 4] — [€ — /Dy, dv /L], +
YL (fi€71 © (87/8f0) — (/816 @ ff)
—6v/0f* — (67/66)+.f ’
6v/0f + (07/66)3 f~

Ve 1 1) 2

(8.24)
where v € D(g: @ WY @ W*V) is an arbitrary smooth functional. Whence,
one has the following theorem.

Theorem 8.2. The hierarchy of dynamical systems (8.9), (8.14) and
(8.15) is Hamiltonian with respect to the Poisson structure © in the
form (8.24) that has the functionals 7, := v, € I(g}), n € N, as Casimir
invariants on §;.

Using expression (8.19), one can construct a new hierarchy of Hamil-
tonian evolution equations describing commutative flows generated by
Casimir invariants 7, € I(g}), n € N, which are in involution with respect
to the Poisson bracket (8.5) on the extended phase space §: @ W~ @ WV,

8.2.2 Hierarchies of additional symmetries

The hierarchy (8.9), (8.14) and (8.15) of evolution equations possesses an-
other natural set of invariants including all higher powers of the eigenvalues
Ak, k=1,..., N. They can be considered as Fréchet smooth functionals on
the extended phase space g ® W @ W*¥ owing to the obvious represen-
tation:

F=< i (6= c0/0y)* fx >, (8.25)



Integrable Coupled Dynamical Systems in Three-space 297

where s € N, holding under the normalizing constraints

<f]:7fk >=1.

In the case of the Backlund transformation (8.22), where

N
=0+ fig @ ff (8.26)

i=1
formula (8.25) gives rise to the following variation of the functionals A\j €
Dg:aWNaW*N) 1<k<N:
0N, =< dfp, (L —c0/0y)° fr >
+ < (fr,0(—=c0/0y)*) fr > + < fi, (= cO/Dy)* (0 fk) >
N .
= (M}, 805) + 3 (< (=M + 83,(¢ = c0/0y)") 7,6 i >)
i=1

N
=1

where 5,’; is the Kronecker delta and the operators M}, s € N, are deter-

mined as
s—1
Mg = (= c0/0y)" fi)& ' @ (€ + c0/dy) P f7) .
p=0

Thus, one obtains the exact forms of gradients for the functionals A} €
Dg:oWNeW*N) 1<k<N:

VALl fo 7)) = (M, (=M + 63,(€ — cd/dy)*)* f7,
(=M + 650 —cd/oy))fi: 1<i<N)T . (8.27)

The expressions (8.27), (8.16) and (8.17) lead one to a new hierarchy of
coupled evolution equations on g @ W& @ W*V:

dly /drs = —[Mj, 04 — c0/0y]+ , (8.28)
df; /drs 1 = (=M + 8,(0 — c0/3y)*) fi (8:29)
df; [drs s = (M — 8,(€ — cd/0y)*)" f (8.30)
where i =1,...,N and 75 € R, s € N, are evolution parameters. Owing

to the Bécklund transformation (8.26), equation (8.28) can be rewritten in
the commutator form:

dt/drs , = —[M};, L — cd/0y]
= MNP IME 0~ cD)dy) = New T TPde fdry (8.31)
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where p = 0,....s — 1. Whence, we are led to the following result.

Theorem 8.3. Fork=1,...,N and s € N, the dynamical systems (8.31),
(8.29) and (8.30) are Hamiltonian with respect to the Poisson structure ©
in the form (8.24), and the invariant functionals 7, := \; € D(g: @ WV &

Proof. It suffices to show that

[d/dtn,d/dm ] =0, [d/dr g, d/dT1 4 =0, (8.32)
where 1 < k,q < N and n € N. The first equality in formula (8.32) follows
from the identities
(VD)1 /d715 = (V3 (0)) s MLy, AMLdty = (V3 (€)) 1, M) |
and the second one is a consequence of the equation

dMy Jdryq — dMy [dry i = M}, M],

so the proof is complete. O

Thus, for every £ = 1,...,N and all s € Z; the dynamical systems
(8.31), (8.29) and (8.30) on gi & W™ @& W+ form a hierarchy of additional
homogeneous “ghost” symmetries for the Lax flows (8.9), (8.14) and (8.15)
on gt @ WY @ W*N,

If N > 2, one can obtain a new class of nontrivial Hamiltonian flows
d/dT,, :=d/dt, + Z,I;:ll d/dry, n € Zy, on g & WY @ W*N in Lax form
using the invariants considered above for the centrally extended Lie algebra
g of integro-differential operators. These flows act on the eigenfunctions
(fi, ) e WeW*, 1 <i< N, and generate integrable (N +1)-dimensional
nonlinear dynamical systems.

For example, in the case in which £ := 0/0x+f1£ '@ ff + fol 1@ f5 € §*
with (f1, fo, f1, f3)T € W3S x S; H) x W*%(S x S; H), the flows d/dr :=
d/dr 1 and d/dT := d/dTy = d/dty + d/dra1 on g; & W2 & W*? acting on
the functions f;, f¥, i = 1,2, give rise to dynamical systems such as

fir =tz —chiy+fou, fi,=f,—cfi,+[u, (8.33)
f2,'r - _fla ) f;,r = _fl*u ’
and
= fiee + fior Twfi +2f107 (8.34)
fik,T = 7fi:cz - ff,TT - wfl* - inkvr ’
Jor = fouz w2 — f17U+ fru,,
for = —f20e —wfs + [l u— flu-,
cwy =wz —2([1® fT + [2® f3)a ,

u$=f1Tf2*, aw:ffo27 ’Ua::firfl*a
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where one sets (Vya(f)) 4 := 9%/0x% + w for a function w € G depending
parametrically on the variables 7,7 € R. The systems (8.33) and (8.34)
represent a Lax integrable (341)-dimensional generalization of the (2+1)-
dimensional system equivalent to that of Davey—Stewartson [368, 403] with
an infinite sequence of conservation laws, which can be found from (8.6) and
have the following form

27 27
V() = tr / / (flc‘?"_lfl*/ax”_l + fgan_lf;/ax"_l)dxdy ,
o Jo

where n € N. Its Lax linearization is given by the spectral problem (8.10)
extended by the set of evolution equations:

fr=-Mf, (8.35)
fr = (Vra(0) — M2)f (8.36)

for an arbitrary eigenfunction f € W (S x S; H). The relationships (8.35)
and (8.36) give rise to the additional nonlinear constraint:

wr =2(f1 ® 1)z (8.37)

When dim H = 1, the Lax representation (8.10), (8.35) and (8.36) for
the above (3+1)-dimensional generalization (8.33), (8.34) and (8.37) of the
Davey—Stewartson system [368, 403] has the equivalent matrix form

0 0 1T
%: 0 O 3 F,
—fi —=f2 A+ c0/0y
e [~ eojon)a i
== —u 00 |F,
-h 00
dF

ar



300 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

where F = (FYL,F2 F3 = f)T e W(SxS;C?), C := {Cpn, € g€(3;C) : 1<
m,n < 3}, and

Cii = —(N+c0/0y)? —ua — 2f1f;
Ciz=—fifs — (A +c0/0y)u — s ,
Ciz =2((A+c0/oy) fi — fiz) —afs .
Co1 = —(A+cd/Oy)u —u, — f1f5,
Co2 = —fof; +utt,

Ca3 = (A +c0/0y)f5 — [, +uft,
Cs1 = —(A+c0/0y) f1 — fre — f1r >
Cs2 = —(A+c0/0y) f2 — fa.e +0f1,
Cs3 = (A4 c0/0y)* +w — fofs,

to which one can effectively apply the standard inverse spectral transform
method [111, 244, 262, 406].

The results obtained above can also be used to construct a wide class of
integrable (34+1)-dimensional nonlinear dynamical systems with triple Lax
type linearizations [325].

8.2.3 Closing remarks

Several regular Lie-algebraic approaches [325, 333, 354, 369] for construct-
ing Lax type integrable multi-dimensional (mainly (2+1)) nonlinear dy-
namical systems on functional manifolds and their super-symmetric gen-
eralizations are well known. In this chapter a new method has been
developed for introducing one more variable into Lax integrable (2+1)-
dimensional dynamical systems arising as flows on dual spaces to a cen-
trally extended matrix Lie-algebra of integro-differential operators. This
approach is based on the recently discovered natural hierarchy of additional
invariants [337]. The integrable (341)-dimensional dynamical systems ob-
tained using this method possess infinite sequences of conservation laws
and related triple Lax type linearizations. Owing to the latter property,
their soliton type solutions can be found by means of either the standard
inverse spectral transform method [244, 406] or Darboux-Bécklund trans-
formations [253, 343, 366].

The structure of the constructed Lie-Bécklund transformation (8.23),
which is a key ingredient in the method devised, is strongly dependent
on the ad-invariant scalar product chosen for an operator Lie algebra G
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and on a suitable Lie algebra decomposition (see [54, 326]). Since there
exist other possibilities for choosing the corresponding ad-invariant scalar
products on g, such decompositions give rise naturally to other Backlund
transformations.



This page intentionally left blank



Chapter 9

Hamiltonian Analysis and
Integrability of Tensor Poisson
Structures and Factorized Operator
Dynamical Systems

9.1 Problem setting

Consider a Tr-metrizable associative operator algebra g endowed with the
standard commutator Lie structure and admitting a decomposition into
two Lie subalgebras g+ @ g_ = g. Then it follows from the basics [121, 326]
of the Lie-algebraic theory of dynamical systems that one can construct on
g* a so-called Lax flow as follows:

RN 91)
here [ € g*, v € I(g*) is a Casimir function on g*, that is [V~(1),{] = 0,
with the associated gradient decomposition V~(1) := Vv, (1) & Vy_(I) for
all [ € g*, where t € R is an evolution parameter.

The flow (9.1) is Lax integrable since its Casimir functions on g*
generate a complete set of mutually commuting invariants in view of the
well-known [7, 121, 206, 326] Adler—-Kostant—Symes theorem. In general,
a Casimir function v € I(g*) can be constructed as an analytic functional

on g* of the form

v = Try[l], (9.2)

where Tr(ab) := (a,b) is the ad-invariant nondegenerate symmetric Tr-
metric on g ~ g*.

The expression (9.1) clearly defines the Hamiltonian vector field d/dt
with respect to the usual Lie—Poisson bracket on g*, modified to conform to
the Lie-bracket [-, -]z := [P+ (), P ()] = [P-(:), P—(-)] on g, where P.g :=
g+ are the corresponding projectors. Let us take another element le g%,
and construct the flow d/dt on g*
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didt = {vm(i)ﬂ (9.3)
where it is assumed that ¥ = v € I(g*). Thus, one has two integrable flows
(9.1) and (9.3) subject to the same Casimir function v € I(g*), generating
the same vector field d/dt on g*. Now we pose the following problem : find
the relationships between elements [ and le g* evolving with respect to
flows (9.1) and (9.3) and describe their dual Hamiltonian properties. This
problem is the subject of what follows in this short chapter.

9.2 Factorization properties

It follows from the Lax form of equations (9.1) and (9.3) that there exist
one-parameter subgroups a(t) and a(t) € expgy, t € R, such that for any

1(0) and 1(0) € g*
U(t) = Adg,)l(0) = a1 (#)1(0)a(t), (9.4)
i) = Adz ,L(0) = 7 ()I(0)a(0)
where it is obvious that
da(t)/dt = — a(t)Vy1 (1),
da(t)/dt = — a(t)Vy. (D), (9.5)
for all t € R. From (9.4) it is seen that for all t € R

a(t)i(t)a”" () = 1(0),
a(t)l(tya='(t) = 1(0). (9.6)
Assume now that there exists an element B(0) € expgy such that the
expression
Ady0)1(0) = T(0)

holds, or equivalently

B~1(0)1(0)B(0) = 1(0). (9.7)
Whence, the equalities (9.6) give rise to the relationships
I=BB, (9.8)
where we assume by definition that B € exp g4 is given as
B := B(t) = a(t) ' B(0)a(t) (9.9)

for all t € R.
Let us now assume that an element A € exp g is defined as

A:=IB. (9.10)
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It is evident that this is equivalent to the statement that the expression
A(0) =1(0)B(0) € exp g+ holds for the given element {(0) € g*. As a result
of the representations (9.10) and (9.9), one can readily find the following
evolution equations on A, B € exp g4, introduced first in [102, 101]:

dA/dt = V(1A — AV, (D),

dB/dt = V1 (1)B — BVv+(1) (9.11)
for all ¢ € R. This leads us to the following factorization theorem.

Theorem 9.1. Let an element | € g* admit the factorization | = AB™1
with A, B € expg4. Then the Laz flows (9.1) and (9.3) are also factorized
into two flows (9.11) with the element | = B~*A = A71A € g*.

Proof. Only the last representation | = B~'A = A=A € g* needs to
be proved. In fact, owing to (9.8) [ = B~1B, from (9.10) one immediately
finds that [ = B'A=1-B 1A= A"YB-B 1A= A"1A € g*, which
completes the proof. O

We have now constructed two factorized equations (9.11) subject to the
representations | = AB™!, | = B~1A € g* with elements A, B € expg,

and the common invariant Casimir function v(I) = v(I) € I(g*). Next we
proceed to an analysis of the Hamiltonian properties of the flows (9.11).

9.3 Hamiltonian analysis

Consider the flows (9.1) and (9.2) to be Hamiltonian on g*®g* and subject
to the following tensor doubled Poissonian structure, suggested in [43, 337]:

a0 (Vs (0), 1] = [V (D), 1]
(o)~ (rod- o ) O

where v € D(g") is any smooth functional on g* ® g*. Now employing the
transformation

®(A,B;1,)=0&1—AB ' =0, |—-B 'A=0, (9.13)

which obviously may be considered as a standard Backlund transformation,
we can construct a new Poisson structure n: T*(G4 xG4) — T(G4 xG4)
on the subgroup space G4 x G+ with respect to the phase variables (A, B) €
G+ x G4. With this, one finds [326] the transformed Poissonian structure
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n:T* (G xGy) — T(G4 xGy) at (A, B) € G4 x G4, which corresponds
to (9.12) and (9.13), where
n = TUT",
- v/ /—1
T= (I)(zj)(I)(A,B)' (9.14)
Making use of the expressions

@EA,m—(:gi.; ?ﬁf»’ qy(li)‘((l) (1)>

C(~(-1eTY OB (1-1el ) UB()
B ( —(1—1®lH"1()B (1—-1®I1-Y)1B() >
. (—BOA-Tedt - BOO-Te)T
(¥am)™" = (7—1(-)31(1 It t ()BA-Itel)! > (8.15)
together with the ¥-structure (9.12), one finds from (9.14) that
(——1®IYHTIB (-1l ) UB()T!
" < ~(1-1elY)1()B (1-1e1 ) 1B() )
11—l ) ()BA—-101") 7 ()]
—[LA-le )T O)BL-1a ") ()]

—1
®(a.5)

[(1OBIA - T o)), - (B0 - T @)L ]
—[ OB = @)™ 0+ (OB -1 @)™y
(9.16)

—[(BOA-T o))
HBOA -1t ) ™), 14

()BT 01,1
—[()BA-1"" @)~ 1]+
at l=AB~land [ = B-14 € g*.

Now take any functional v € I(g*) and define the functional 5 :=
Yi—ap-1 € D(G4 x G4). Then one can construct, owing to the Poisso-
nian bracket (9.16), the following Hamiltonian flow on G x G

d -
where (A, B) € G4 x G4 and 7 € R is an evolution parameter. The flow
(9.17) is characterized by the following result.

Theorem 9.2. The Hamiltonian vector field d/dm on G1 X G4 defined by
(9.17) and the vector field d/dt defined by (9.11) coincide on G4 x G 4.
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Proof. This can be proved using a straightforward but tedious calcula-
tion starting with the definitions of the flows. O

This theorem completely solves a problem posed in [326] about the
Hamiltonian formulation of factorized equations (9.11).

9.4 Tensor products of Poisson structures and source like
factorized operator dynamical systems

Now let us assume that an operator pair (4, B) € G4 x G is transformed

as (A4, B) :— (A, B), where A := a~'Aa, B := b~ Bb for some a,b € G,
dependlng on a scalar function J € C“(R R). Take a suitable Poisson
structure 9 7 on a functional manifold M > J, and construct the following
tensor P01sson structure on M x G4 x G4 :

(7.9 ®19AB )ZT*(MXG+ Xé+)—>T(MXé+ Xé+). (918)
Since the extended mapping
(J;A,B)E (J=J,A=ada ", B=bBb) (9.19)

is assumed to be a Backlund transformation of the corresponding Poisson
structures, we can easily calculate the resulting Poisson structure on the
manifold (M;G1 x G4) 3 (J; A, B). As for the construction of Lax inte-
grable flows related to this mapping, it suffices to take a Casimir functional
o= fy(lN), where | := AB~! € G* and find the corresponding source-
like flow on the manifold (M;G, x G ), having taken into account that
[:=AB~' =& 'Aab~'Bbc G* :

%(J;A,B)T = —ﬂ(L];A,B)v;}?(J;A’B)’ (9.20)
where B, (j.a,8) = V) ® V(4 p) Qn the other~ h?nd, the flow (9.20) 1~s
globally equivalent to the Lax flow di/dt = [V~(l),] on the space G* 3 I,
which immediately shows that our flow possesses an infinite hierarchy of
commuting conserved quantities, thereby guaranteeing that, with some ad-
ditional conditions, its complete integrability by quadratures. The theoret-
ical scheme presented above provides a complete explanation of a series of
purely computational results announced in [73]. Other applications of this
approach in hydrodynamics and plasma physics have recently been found.
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9.5 Remarks

We have presented a purely Lie-algebraic solution to the problem concern-
ing factorization of operator dynamical systems posed by Dickey [101, 102].
Our solution employs only the standard properties of tensor-multiplied
Poisson structures and some specially constructed [43, 326] Backlund trans-
formations. The approach presented in the work appears to be effective for
many applications of factorized operator dynamical systems in diverse fields
of mathematical physics, in particular in quantum computing mathematics
[194, 262, 319, 320, 367], mathematical genetics and other applied fields.



Chapter 10

A Multi-dimensional Generalization
of Delsarte—Lions Transmutation
Operator Theory via Spectral and
Differential Geometric Reduction

10.1 Spectral operators and generalized eigenfunctions ex-
pansions

Let L € L(H) be a linear closeable operator with a dense domain D(L) C 'H
in a Hilbert space ‘H. Consider the standard quasi-nucleous Gelfand rigging
[28] of this Hilbert space H with the corresponding positive H and negative
‘H_ Hilbert spaces as follows:

D(L)CHy CHCH- CD'(L), (10.1)

which is useful for an investigation of the spectral properties of the operator
L in H. We shall use the following definition motivated by considerations
from [28-30].

Definition 10.1. An operator L € L(H) will be called spectral if for all
Borel subsets A C o (L) of the spectrum o(L) C C and for all pairs (u,v) €
H4+ x Hy the following expressions are defined:

L/[,(L)Adw)v (u, B(A)v) = /A (u, P(A)0)dpa (A), (10.2)

where p, is a finite Borel measure on the spectrum o (L), E is a self-adjoint
projection operator measure on the spectrum o (L) such that E(A)E(A’) =
E(A N A’) for any Borel subsets A, A’ C o(L), and P(\) : Hy — H_,
A € o(L), is the corresponding family of nucleous integral operators from
H4+ into H_.

It follows from the expression (10.2) that one can write down formally
in the weak topology of H that
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B(A) = [ PO (10.3)

for any Borel subset A C o(L).

Similarly, one has the corresponding expressions for the adjoint spectral
operator L* € L(H) whose domain D(L*) C H is also assumed to be dense
in H :

(B*(A)u, v) = /A (P*(A)u, v)dp? (V), (10.4)

B (A) = /A P*(\dpz (M),

where E* is the corresponding projection spectral measure on Borel subsets
A € o(L*), P*(A) : H — H, A € o(L*), is the corresponding family of
nucleous integral operators in ‘H and p} is a finite Borel measure on the
spectrum o (L*). We also assume that the following conditions

P(u)(L — pv =0, P*(\)(L* —A)u=0 (10.5)
hold for all u € D(L*), v € D(L), where A € o(L*), u € o(L). In particular,
it is assumed that o(L*) = 6 (L).

Next, we describe the generalized eigenfunctions [190, 359, 350] cor-
responding to operators L and L* via the approach devised in [28]. We
shall say that an operator L € L(H) with a dense domain D(L) allows
a rigging continuation, if there is another topological subspace dense in
Hy, D4 (L*) € D(L*), such that the adjoint operator L* € L(H) maps it
continuously into H.

Definition 10.2. A vector ¥, € H_ is called a generalized eigenfunction
of the operator L € L(H) corresponding to an eigenvalue A € o(L) if

((L* — ADu, ) =0 (10.6)
for all u € Dy (L*).

It is evident that when ¢y € D(L), X € o(L), then Lipy = )y as
usual. The definition (10.6) is related [28] to an extension of the operator
L :H — H. As the operator L* : Dy (L*) — H, is continuous, one can
define the adjoint operator Le,; := L*% : H_ — D_(L*) with respect to
the standard scalar product in H, that is

(L*v,u) = (v, L") (10.7)
for any v € Dy (L*) and u € H_ and it coincides with the operator L : H —
H on D(L). The definition (10.6) of a generalized eigenfunction ) € H_
for A € o(L) is equivalent to the standard expression

Leztthy = M. (10.8)
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If we define the scalar product

(u,v) :== (u,v)+ + (L u, L*v) 4+ (10.9)
on the dense subspace Dy (L*) C H, then this subspace can be trans-
formed naturally into the Hilbert space D (L*), whose adjoint “negative”
space D', (L*) := D_(L*) D H_. Take now any generalized eigenfunction
Yx € Im P(\) C H_, X € o(L), of the operator L : H — H. Then, as one
can see from (10.5), L¥,,x = Ay for some function ¢y € Im P*(\) C H_,
A € o(L*), and L}

tot t Ho — D_(L) is the corresponding extension of the

adjoint operator L* : H — H by means of reducing, as above, the domain
D(L) to a new domain D (L) C D(L) dense in H on which the operator
L :Dy (L) — Hy is continuous.

10.2 Semilinear forms, generalized kernels and congruence
of operators

Let K : H x H — C be a semilinear form in a Hilbert space H, then we
have the following well-known classical result.

Theorem 10.1 (Schwartz [28]). Consider a standard Gelfand rigged
chain of Hilbert spaces (10.1) that is invariant under the complex invo-
lution C :— C*. Then any continuous semilinear form K : H xH — C can
be written, by means of a generalized kernel K € H_ @ H_ , as

Klu,v] = (K,v ® u)nen (10.10)
for any u,v € Hy C H. The kernel K € H_ ® H_ has the representation
K = (D®D)K,

where K € H ® H is the usual kernel and D : H — H_ is the square root
VI of the positive operator J* : H — H_, which is a Hilbert-Schmidt
embedding of Hy into H with respect to the chain (10.1). Moreover, the
related kernels (D @ K, (1@ D)K € H x H are the usual ones.

Now, consider again the operator L : H — H with a dense domain
D(L) € H allowing the Gelfand rigging continuation (10.1) introduced
above, and let D, (L*) C D(L*) the related dense subspace of H .

Definition 10.3. A set of generalized kernels Zy € H_ @ H_ for A €
o(L)Na(L*) will be called elementary for the operator L : H — H if for
any A € o(L)Na(L*), the norm ||Zx]|n_on_ < oo and

(Zn, (A =N)v) @u) =0, (Zy,v® (L* —ATu) =0 (10.11)



312 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

for all (u,v) e H_- @ H_.

Assume further, that all our functional spaces are invariant with respect
to the involution C :— C* and set Dy := Dy (L*) = D4 (L) C H4. Then
one can construct the corresponding extensions L., O L and L}, D L*,
which are linear operators continuously acting from H_ into D_ := D/.
The chain (10.1) is now extended to the chain

DiCHLCHCH-_CD_ (10.12)

and it is also assumed that the unit operator I : H_ — H_ C D_ is
extended naturally as the embedding operator from H_ into D_. Then
equalities (10.11) can be equivalently written [28] as

(Lewt @1) Zy = M2y, (1@ L%,,) Zx = N2y (10.13)

ext

for any A € o(L) N a(L*). Take now a kernel K € H_ ® H_ and suppose
that the following operator equality

(Lew ® 1) K= 1@ L%,,) K (10.14)

exrt

holds. Since equation (10.13) can be written in the form
(Lewt @ 1) Zy = (1@ L%,,) 7 (10.15)
for any A € o(L) Na(L*), the following characteristic theorem [28] holds.

Theorem 10.2 (Chapter 8, p.621 of [28]). Let a kernel K € H_ @ H_
satisfy the condition (10.14). Then owing to (10.15), there exists a finite
Borel measure p, defined on Borel subsets A C o(L) N & (L*) such that the
following weak spectral representation

K= / Zadps (M) (10.16)
o(L)N& (L*)

holds. Moreover, it follows from (10.13) that we have the following repre-
sentation

Zx = ¥r @ o,

where Leztthn = APy, Ll pox = APy, (Un, 7)) E Ho— X H__ and X €
o(L) N a(L*), where

Hiyy CHLCHCH-_CH__ (10.17)

is an appropriate nucleus rigging extension of the Hilbert space H.
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Proof. It is easy to see from (10.15) that the kernel (10.16) satisfies
equation (10.14). Consider now the Hilbert—Schmidt rigged chain (10.17)
and construct a new Hilbert space Hk with scalar product

(u,v)k = (|K|,U®U)H®H (10.18)

for all u,v € Hy, where |K| = VK*K € H_ ® H_ is a positive-definite
kernel. The norm || - ||k in H4 is weaker than || - ||+ in H4 since for any
weHy, IullP= (Rlu® u)ygm < IKIl-llu @ ulls = K]l |lull2, so we
have the embedding H, C Hk. Now we define the following rigged chain
related to Hxk:

Hir C(Hy) CHk CH- _k (10.19)

and consider (see [28, 32]) the following expression

(u,E(A)v)K:/Adpa()\)(u,P(/\)v)K, (10.20)

where A C C, u,v € H44, E:C—B(H44) is a generalized unity spectral
expansion for the spectral operator L : H — H whose domain D(L) is
reduced to Hy4+ C D(L), P:C — Ba(Hyy;H- _ k) is a Hilbert—Schmidt
operator of generalized projecting and p, is a finite Borel measure on C.
Assume that the kernel K€ H_ ® H_ has the representation

> T 1 1 T
(K0@u)y90 = (K|, S 008K )05, = (SK0,8v)  (10.21)

for all u,v € H44, where Sg) and Sg) € B(H,4) are appropriate bounded
operators in H4 4. Then making use of (10.19) and (10.20), one finds that

(K,o@u)ygp = / dp, N SYu, P(VSE ). (10.22)
o(L)N&(L*)
Since there exist [28, 32] two isometries Jx “H_ - x — Hitand J: H__ —
H 4 related, respectively, with rigged chains (10.19) and (10.17), the scalar
product on the right-hand side of (10.22) can be transformed as

(8w, PSS Mo)e = (S u kPOUSE o)y (10.23)

for all u,v € H4 4, where JxSkP(X) €B2(H ) as a product of the Hilbert—
Schmidt operator P(A) €B2(H44+;H_ _ k), A € o(L)NG(L*), and bounded
operators Jx and Sk. Then from a simple corollary of the Schwartz Theorem
10.1, it can be readily seen that there exists a kernel Q) € Hy, ® H for
any A € o(L)Na(L*), such that

(Sﬁ)’_lu, JKP(/\)SE)’_I’U)JFJFZ (Q,\aU@’U)H@H (10.24)
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for all u,v € H, . Defining now the kernel Zy:= (J_1®J_1)Q>\ EH__®
H__, A € (L) Na(L*), one finds finally from (10.22)-(10.24) that for all
u,v € Hyy,
(K 0®u) g5 = / dpy (V) (Z, 090 g (10.25)
o(L)N& (L)
As the constructed kernel ZyeH__ ® H__ obviously satisfies the relation-
ship (10.15) for every A € (L) N&(L*), the theorem is proved. O

The above construction for a self-similar congruent kernel K € H_ @ H_
in the form (10.16) related to an operator L € L(H) can be modified for the
case when self-similarity is replaced by simple similarity as we shall show
in the succeeding section.

10.3 Congruent kernel operators and related Delsarte
transmutation maps

Consider in a Hilbert space H a pair of densely defined linear differential
operators L and L € £(H). In this context, we shall find the definition
below to be quite useful.

Let a pair of kernels Ky € H_ @ H_, s = =+, satisfy the congruence
relationships

(Lemt & 1)Ks - (1 & L:a:t)f(s (1026)
for the extended linear operators L, L € L(H). Then the kernels K, €
H_®@H_, s ==, will be called congruent to this pair (L, i) of operators
in H.

Since not every pair L, L € L(H) can be congruent, the natural problem
is how to describe the set of corresponding kernels Ky € H_ ® H_, s = +,
congruent to a given pair (L, f/) of operators in H. The next question is
that of existence of kernels Ky € H_ ® H_, s = =+, congruent to this pair.
The question has an obvious answer when L = L and the congruence is
then self-similar. The interesting case when L # L is nontrivial and can
be treated more or less successfully if there exist suitably defined bounded
and invertible operators s € L(H), s = %, satisfying the transmutation
conditions

LO, = QL. (10.27)

Definition 10.4. (Delsarte [93], Delsarte and Lions [95]) Let a pair of
densely defined differential closeable operators L,L € L(H) in a Hilbert
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space H be endowed with a pair of closed subspaces Hg, Ho C H_ subject
to a rigged Hilbert spaces chain (10.1). Then suitably defined and invertible
operators s € L(H), s = &, are called Delsarte transmutations if the
following conditions hold: i) the operators 2 and their inverses 1, s =
+, are continuous; ii) the images Im Qgl|y, = Ho,s = +; and iii) the
relationships (10.27) obtain.

Suppose now that an operator pair (L, L) C £(H) is differentiable of
the same order n(L) € Z, that is

L) a\a| I CY) gladl
zlzoaa o L:_lz_:oaa(x)axa, (10.28)

where z € Q, Q C R™ is an open connected region in R™, the smooth
coefficients aq, o € C*®(Q; End CN) for all & € Z7, 0 < |a| < n(L)
and N € Z. . The differential expressions (10.28) are defined and closeable
on the dense domains in the Hilbert space H := L?(Q;CN) and D(L),
D(L) C Wn(L (Q; CN) C H. Accordingly there exists the corresponding to
(10.28) pair of adjoint operators L*, L* e L(H), which are also defined on
dense domains D(L*), D(L*) C W;L(L)(Q; CN)CH.
Take a pair of invertible bounded linear operators €25 € L(H), s = +,
and consider the following Delsarte transformed operators
L= QL (10.29)
s = +, which, by definition continues to be differentiable. An additional
natural constraint on the operators Qs € L(H), s = =, is the independence
[117, 121] of the differential expressions for operators (10.29) on the indices
s = #£. The problem of constructing such Delsarte transmutation operators
Qs € L(H), s = £, is very complicated but can be extraordinarily useful in
light of the special results obtained in [117, 284] for two-dimensional Dirac
and three-dimensional Laplacian operators.
Before attacking this problem, we consider some formal Ageneralizations

of the results described before. Take an elementary kernel Zy € H_ @ H_
satisfying the conditions generalizing (10.13):

(Lewt 1) Zy = A2y,  (I®L’,,) Zn = MZy (10.30)
for A € o(L)N&(L*), which are well suited to treating the equation (10.26).

Then one has an elementary kernel Zy € H_ @H_ for any A € o(L)No(L*)
that solves equation (10.26), that is

~

(Lews ®1) Zo = (1@ L%,,) Zs. (10.31)
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Thus, one can expect that for kernels Ky € H_ ® H_, s = +, there exist
the (similar to (10.18)) spectral representations

K, = / ) Zxdpes(N), (10.32)
o(L)N&(L*)

s = =+, with finite spectral measures p, s, s = %, localized on the Borel sub-
sets of the common spectrum o (L) N &(L*). Using the spectral representa-
tion like (10.17) applied separately to operators L € £(H) and L* € L(H),
we easily obtain the following result.

Theorem 10.3. The equations (10.30) are compatible for any A € o(L) N
a(L*) and, moreover, for kernels Ks € H_ @ H_, s = £, satisfying the
congruence condition (10.26), there erists a kernel Zn € Ho - @ H_ _
for a suitable Gelfand rigged Hilbert spaces chain (10.20) with the spectral
representations (10.32).

Now we turn to the inverse problem of constructing kernels K,eH_®
H_, s = =, like (10.32) that satisfy the congruence conditions (10.26)
subject to the same pair (L, L) of differential operators in H that are related
via the Delsarte transmutation condition (10.27). In some sense, we shall
state that only for such Delsarte related operator pairs (L,L) in H one
can construct a dual pair {Kg € H_®H_ : s = £} of the corresponding
congruent kernels satisfying the conditions like (10.26), that is

(Leat ® 1) Ke =Ko (1® L7,,). (10.33)

ext
Suppose now that there exists another pair of Delsarte transmutation
operators 2, and Q¥ € L(H), s = +, satisfying condition ii) of Definition
10.4 in terms of the corresponding two pairs of differential operators (L, L)
and (L*,L*) C L(H). Consequently, there exists an additional pair of
closed subspace ’HSE and 7:{8B C H_ such that

Im Q7|0 = Hg (10.34)

s = =, for the Delsarte transmutation operator Q® € L(H), s = =+, satis-
fying the obvious conditions
L' Q9 =0%. L (10.35)
s = 4, involving the adjoint operators L*, L* € L(H) defined above and
given, as follows from (10.28), by the usual differential expressions
n(L) n(L)

la| - lel 4
I = Z (_1)|a\gxia -al(z), L* = Z (—1)“"'2? - a,, () (10.36)

|a|=0 |a|=0
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for all x € Q C R™.
Now, following [145, 272], we construct the Delsarte transmutation op-
erators of Volterra type

Q=1+ Ki(ﬂ), (1037)

corresponding to two different kernels K+ and K_ e H_ @ H_, of integral
Volterra operators K (€2) and K_ (), related as follows

(u, K (Q)0) = (u x(ST7Y), Ka) (10.38)

for all (u,v) € Hi x Hy4, where X(S;ni)) are characteristic functions of

two m-dimensional smooth hypersurfaces Sfrm_ir) and Sim_) € K(Q) from a
singular simplicial complex IC(Q) of the open set  C R™, chosen so that
the boundary 3(39(;3_) U Sg(ﬁm_)) = 0Q. When Q := R™, it is assumed nat-
urally that OR™ = @&. Making use of the Delsarte operators (10.37) and
relationship such as (10.27), one obtains the following differential operator
expressions:

Li—L=Ki(Q)L - LiKi(Q). (10.39)

Since the left-hand sides of (10.39) are purely differential expressions, it
follows immediately that the local kernel relationships like (10.32) hold:

(Lewtx ©1) Ky = (1® L7,,) Ky (10.40)
The expressions (10.39) define, in general, two different differential expres-
sions Ly € L(H) depending both on the kernels Ky € H_ ® H_ and on

the chosen hypersurfaces Sg(!ni) € K(Q). As we prove later, the following
important theorem holds.

Theorem 10.4. Let smooth hypersurfaces S;@ € K(Q) be chosen such
that 8(59(;?) U S_,(ﬂwi)) = 0Q and 859(;1) = Foim ™ 4 Jg(;:_l), where
o'g(cm_l) D are homologous simplicial chains in the homology group
H,,-1(Q; C) and parametrized, respectively, by a running point x € Q and
fized points xy € 0Q, and satisfying the following homotopy condition:

. m—1
limg g, 03(5 )

m—
and a:(bi

= Foy,. Then the operator equalities

Ly =QLQ'=L=Q_LQ ' =1_ (10.41)

are satisfied if either of the following obtains: the commutation property
Q' Q_L]=0 (10.42)

or, equivalently, the kernel relationship

(Lee @ DO Q. = (1@ L7, )00 Q. (10.43)

ext
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Remark 10.1. It is noted here that special degenerate cases of Theorem
10.4 have been proved in [117, 283] for two-dimensional Dirac and three-
dimensional Laplace type differential operators. The constructions and
tools devised there were modified for the approach developed here.

Consider now a pair (Q4,€9_) of Delsarte transmutation operators in
the form (10.37) and satisfying all of the conditions from Theorem 10.4.
Then the following is true.

Lemma 10.1. Let an invertible Fredholm operator @ = 1 4+ & €
B(H)NAut(H) with ® € Boo(H) have the factorization

Q=07'0_ (10.44)

by means of two Delsarte operators Q4 and Q_ € L(H) in the form (10.37).
Then there exists a unique operator kernel decH_@H_ corresponding
naturally to the compact operator ®(Q) € Boo(H) and satisfying the self-
similar congruence condition

(Lew®1) &= (10 LE,,) &, (10.45)
related to the properties (10.42) and (10.43).

From the equality (10.45) and Theorem 10.2 one obtains the following
corollary.

Corollary 10.1. There exists a finite Borel measure p, defined on the
Borel subsets of o(L) N (L*) such that the following weak equality holds:

o= / Zadpo (N). (10.46)
o(L)N(L*)

As for the differential expression L € L(H) and the corresponding
Volterra type Delsarte transmutation operators Q4 € L(H), the conditions
(10.42) and (10.45) are equivalent to the operator equation

[(€2), L] = 0. (10.47)
In fact, since equalities (10.41) hold, one obtains

L(1+ () =L(Q;'Q.) = (2. L)
=Q;'(Q_LO)Q_ =Q'Q_L=(1+2(Q)L, (10.48)

meaning exactly (10.47).
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Suppose also that for another Fredholm operator Q% = 1+ ®® () €
L(H) with ®®(Q) € Bo(H), there exist two Delsarte transmutation
Volterra type operators 0§ € £(H) in the form

Qf =1+KE(Q) (10.49)

with Volterra [145, 78] integral operators K§ () related naturally to ker-
nels Ky € H_ ® H_, and the factorization condition

1+0%(Q) =09 '0® (10.50)

is satisfied. Then one has the following result.

m)

Theorem 10.5. Let a pair of hypersurfaces Sg(;i C K(Q) satisfy all of
the conditions from Theorem 3.2. Then the Delsarte transformed operators
%€ L(H) are differential and equal; that is,

Ly =08 09 =" =Q°L" Q% ' = [®, (10.51)
iff the following commutation condition
[@®(£2),L*] =0 (10.52)
holds.

Proof. We argue as before when analyzing the congruence condition for
a given pair (L,L) C L(H) of differential operators and their adjoints in
‘H. Using the Delsarte transmutation from the differential operators L and
L* € L(H), we have obtained above two differential operators

L=Q.007' "= 0%, (10.53)

which must be compatible and so related as

(L)* = (L"). (10.54)

The condition (10.54) due to (10.53) gives rise to the following additional
commutation expressions for the kernels QF and Q% € L(H) :

[L*, Q508 =0, (10.55)
which are obviously equivalent to the commutation relationship
L, Q9" Qy] =0, (10.56)

so the proof is complete. O
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As aresult of representations (10.56), one can readily prove the following
corollary.

Corollary 10.2. There ezist finite Borel measures py + localized on o(L)N
a(L*) such that the following weak kernel representations

QP « Q= / Zadpe+(N) (10.57)
o(L)Na(L*)

hold, where ﬁi* and Q4 € H_ @ H_ are the corresponding kernels of

integral Volterra operators Q3™ and Q4 € L(H).

The integral operators of Volterra type (10.37) constructed above
by means of kernels in the form (10.32) are, as is well known
[78, 117, 232, 233, 247], very important for studying many problems
of spectral analysis and related integrable nonlinear dynamical systems
[121, 247, 283, 282, 326, 406] on functional manifolds. In particular, they
serve as factors for a class of Fredholm operators entering the fundamen-
tal Gelfand-Levitan—-Marchenko operator equations [121, 233, 247], whose
solutions are kernels of Delsarte transmutation operators of Volterra type
related to the corresponding congruent kernels subject to given pairs of
closeable differential operators in a Hilbert space H. Thus, it is natural
to learn more of their structural properties subject to their representa-
tions both in the form (10.32), (10.37) and in the dual form in the general
Gokhberg—Krein theory [121, 145, 272] of Volterra operators.

To continue, we need to introduce some additional notions and defini-
tions from [78, 145] that are important for what will follow below. Define
a set P of projectors P> = P : H — H called a projector chain if for
any pair P1,Ps € P, Py # Ps, one has either P; < Py or Py < Py,
and P1Py = min(P,Ps). The ordering P; < Py means, as usual, that
PiH C PoyH, PyH # PoH. If PyH C PyH, then one writes P; < Ps.
The closure P of a chain P is set of all operators that are weak limits of
sequences from P. The inclusion relation P; C P5 of any two sets of projec-
tor chains is obviously transitive allowing to consider the set of all projector
chains as a partially ordered set. A chain P is called mazimal if it cannot
be extended. It is evident that a maximal chain is closed and contains zero
0 € P and unity 1 € P operators. A pair of projectors (P~,PT) C P is
called a break of the chain P if P_ < P, and for all P € P either P < P~
or PT < P. A closed chain is called continuous if for any pair of projectors
P1,P2 C P there exists a projector P € P such that Py < P < P5. A maxi-
mal chain P will be called complete if it is continuous. An increasing (with
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respect to inclusion) projector valued function P : Q 3 A — P is called
a parametrization of a chain P, if the chain P =Im(P: Q 2 A — P). A
parametrization of the self-adjoint chain P is smooth if for any v € H, the
positive valued measure A — (u, P(A)u) is absolutely continuous.

It is well known [121, 145, 272] that every complete projector chain
has a smooth parametrization. In what follows, a projector chain P will be
self-adjoint, complete and endowed with a fixed smooth parametrization
with respect to an operator valued function F : P — B(H), and expres-
sions like [, F(P)dP and [, dPF(P) will be used for the corresponding
[145] Riemann—Stieltjes integrals with respect to the corresponding projec-
tor chain. Now, consider a linear compact operator K €B.,(H) acting in a
separable Hilbert space H endowed with a projector chain P. A chain P is
called proper with respect to an operator K € B (H) if PKP = KP for any
projector P € P, meaning obviously that subspace PH is invariant with
respect to the operator K = By, (H) for any P € P. As before, we denote
by o(K) the spectrum of an operator K € L(H).

Definition 10.5. An operator K € B, (H) is called Volterra if o(K) = {0}.

As shown in [145], a Volterra operator K € B (H) possesses a maximal
proper projector chain P such that for any break (P~,P~) the following
relationship

PT—P)K (PT—P7) =0 (10.58)

holds. Since the integral operators (10.37) are of Volterra type and con-
gruent to a pair (L, E) of closeable differential operators in H, we will be
interested in their properties with respect to the definition given above and
to the corresponding proper maximal projector chains P(€2).

Suppose we have a Fredholm operator Q € B(H)NAut(H) self-congruent
to a closeable differential operator L € L(H). As we also have an elemen-
tary kernel (10.15) in the spectral form (10.16), our present task will be
a description of elementary kernels Zy, A € o(L) N a(L*), by means of a
suitable smooth and complete parametrization. To treat this problem, we
make use of very interesting recent results obtained in [272] that are de-
voted to the factorization of Fredholm operators. This work contains some
aspects of our factorization problem for Delsarte transmutation operators
Q € (L(H)) in the form (10.37).

We now formulate some preliminary results from [145, 272] for the prob-
lem at hand. As before, we denote by B(H) the Banach algebra of all linear
continuous operators in H, and also by B (H) the Banach algebra of all
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compact operators from B(H) and by By(H) the subspace of all finite-
dimensional operators in By, (H). Define

B~ (H)={KeB(H): (1-P)KP =0, Pe P}, 1050
B*(H)={K € B(H) : PK(1—P) =0, P € P}, (10.59)

and call an operator K € B*, (K € B™) up-triangle (respectively down-
triangle) with respect to the projector chain P. Denote also by B,(H), p €
[1, 0], the so-called Neumann-Shattin ideals and set

BE(H) = Boo(H) N B (H), Bo(H):=Boo(H)NB~(H).  (10.60)

According to Definition 10.5, the Banach subspaces (10.60) are Volterra,
since they are closed in B (H) and satisfy

BL(H)NBL(H) = 2. (10.61)
Denote by P* (P~) the corresponding projectors of the linear space
Boo(H) := BE (H) & BL(H) C Boo(H)

in BL(H) (B%(H)), and call them after [145] transformators of a triangle
shear. The transformators Pt and P~ are known [145] to be continuous
operators in the ideals B,(H), p € [1,00]. It follows from these definitions
that

PH®)+ P~ (D) = ®, PEH(®)=71PF7(d) (10.62)
for any ® € B(H), where 7 : B,(H) — B,(H) is the standard involution
in B,(H) acting as 7(®) := d*.

Remark 10.2. It is clear and important that the transformators P and
P~ strongly depend on a fixed projector chain P.

Now define
Vi i={1+Kys: Ky € BL(H)} (10.63)
and
Ve={Q"Q_:Q: e Vi) (10.64)

It is easy to check that V;[ and Vf_ are subgroups of invertible operators
from L£(H) and, moreover, V;r NV, = {1}. Consider also the two operator
sets
W :={® € B(H): Ker(1+P®P)= {0}, Pe P},
Wr={PeBo(H): Q:=14+ €V},

which are characterized by the following (see [145, 272]) theorem.

(10.65)
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Theorem 10.6 (Gokhberg and Krein [145]). The following conditions
hold: i) Wy C W; ii) B,(H) "W C Wy where B,(H) C B(H) is the so-
called Macaev ideal; iii) for any ® € Wy it is necessary and sufficient that
at least one of the integrals

K4 (Q) = /PdebP(lJrP(I)P)l, or

1I+K_ () '=1- / (1+POP)"'P®dP (10.66)
P
is convergent in the uniform operator topology, and, moreover, if one inte-
gral of (10.49) is convergent then the other one is convergent too; and iv)
the factorization representation

Q=1+0=(1+K (Q)'(1+K_(Q)) (10.67)

for ® € Wy is satisfied.

This theorem is too general since it does not take into account the crucial
relationship (10.47) connecting the operators representation (10.67) with a
given differential operator L € L£(H). Thus, it is necessary to satisfy the
condition (10.47). It follows from (10.26) and (10.41) that if this condition
is satisfied, the following crucial equalities

(I+K (Q)LA+K(Q) ' =L=01+K_ (Q)L(1+K_(2)"! (10.68)
in H and the corresponding congruence relationships
(Lezt ® 1)Ky = (1® L) Ka (10.69)

in Hy ® Hy hold. Here by K+ € H_ ® H_ we mean the correspond-
ing kernels of Volterra operators K4 (2) € BE (H). Since the factorization
(10.67) is unique, the corresponding kernels satisfy the conditions (10.68)
and (10.69). Accordingly the self-similar congruence condition must be
solved with respect to a kernel ® € H_ ® H_ corresponding to the inte-
gral operator ® € B, (H), and then the corresponding unique factorization
(10.67) must be found so that it satisfies conditions (10.68) and (10.69).

Toward this end, we first define a unique positive Borel finite measure
on the Borel subsets A C Q of the open set QQ C R™, which satisfies the
following condition for any projector P, € P, of a chain P, marked by a
running point z € Q:

(1, P (A)v)y = /A () 0dup, () (10.70)
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for all u,v € Hy, where X, : Q — By(Hy,H_) is for any z € Q a
measurable (with respect to some Borel measure pup, on Borel subsets of
Q) operator-valued mapping of Hilbert—Schmidt type. The representation
(10.70) follows due to the reasoning similar to that in [28], which is based
on the standard Radon-Nikodym theorem [28, 115]. Thus, in the weak
sense

A) = /A Xo(y)dpep, (4) (10.71)

for any Borel set A € Q and a running point * € Q. Thus, using the
weak reprebentation (10.71), we readily see that an integral expression like

Ipq(z fp P,)dP.g(P,), x € Q, for any continuous mappings f,g
Py — B(H) can be represented as
Lyale) = [ FPG)XWo(Pw)np, ) (10.72)

Consequently, for the Volterra operators (10.66) one has

K+,z(ﬂ) = - fQ(l + Pr(y)q)Pr(y))ilPr(y)(I)d:upr+(y)a
(1+K4 ()7 =1— [qdup, , ()PP (y)(1 + P, (y)@P(y)) "
(10.73)
for some Borel measure pp, . on Q and a given operator ® € B (H).
The first expression of (10.73) can be written for the corresponding kernels
K, .(y) e H_ @ H_ as

K .(y) = —/ Ao+ (\)a(z) @ pa(y), (10.74)
(L)na(L*)

where, in view of the representation (10.46) and Theorem 10.2, we define
the following convolution of two kernels for any running points x,y and

' e Q:
((1+Po(a) P (2)) ™) * (da(a”) @ oa(y)) = ¥a(2) ® paly)  (10.75)
for A € o(L) N &(L*) and some 95 € H_. By virtue of the representation

(10.32) at s = “+4 "7, from (10.74) one easily concludes that the elementary
congruent kernel

~

=) ® <P,\ (10.76)

satisfies the conditions (imt ® )ZA = )\ZA and (1® L*) \ = )\Z,\ for any
A € o(L)Na(L*). Now for the operator K4 (2) € BY (H), one finds the
following integral representation

7/<m) dy/ _ dpo+ (N (@)@L (1)), (10.77)
S a(L)N&(L*)
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which evidently satisfies the congruence condition (10.26), where we set
dpp, 4 (y) = Xgemdy, (10.78)

with x s being the characteristic function of the support of the measure

dpp,, that is supp pp, , = Ssrmx) € K(Q). Analogous reasoning can be
applied to describe the structure of the second factor operator K_(Q2) €
B (H):

o[ A Mh@EMO.  (107)
S o(L)N&(L*)

K(Q) of the finite Borel measure pp, _corresponding to the operator (10.79)
and defined on the Borel subsets of Q C R™.

It is natural now to set z € aS(’”) N 3S(m@? as an intrinsic point of the

boundary 05{"\9Q = —0S"N\IQ = ot™ " € K(Q), where K(Q) s, as
before, a smgular simplicial complex generated by the open set Q C R™.
Thus, for our Fredholm operator € := 1+ ® € V; the corresponding
factorization is

where, S( C Q, z € Q, is, as before, the support suppup, S(m) €

Q=01+K (Q) '1+K_(Q):=07'Q_, (10.80)

where the integral operators K4 (€2) € BZ(H) are given by expression
(10.77) and (10.79) parametrized by a running intrinsic point z € Q.

10.4 Differential-geometric structure of the Lagrangian
identity and related Delsarte transmutation operators

In the preceding section, we studied the spectral structure of Delsarte trans-
mutation Volterra operators Q4 € L(H) factorizing a Fredholm operator
Q= QI_lQ_ and determined their relationships with the approach sug-
gested in [145, 272]. In particular, we demonbtrated the existence of a
Borel measures pp, | localized upon hypersurfaces S 6 K(Q) and natu-
rally related to the corresponding integral operators Ki(ﬂ), whose kernels
K. () € H_ ® H_ are congruent to a pair of given differential operators
(L,L) C L(H) satisfying the relationships (10.37). In what follows, we
shall study some differential-geometric properties of the Lagrange identity
associated with two Delsarte related differential operators L and L in H
and describe by means of specially constructed integral operator kernels
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the corresponding Delsarte transmutation operators exactly in the same
spectral form as above.

Let a multi-dimensional linear differential operator L : H — H of order
n(L) € Z, have the form

L) gledl
L = a(@)=—, 10.81
(2]) Elj ()5~ (10.81)
and be defined on a dense domain D(L) C H, where, as usual, a € ZT
is a multi-index, x € R™, and for brevity we assume that the coefficients
ao € S(R™; EndCY), o € Z™. Consider the following easily derivable
generalized Lagrangian identity for the differential expression (10.81):

83:,»

where (p,%) € H* x H, the maps Z; : H* x H — C, 1 < ¢ < m, are
semilinear by construction and L* : H* — H* is the differential expression
that is correspondingly formally conjugated to (10.81):

<Lt > — < oL >= S (1)L Zi(0, ), (10.82)
=1

nlo) glal
INCEESY (*1)‘“'@ ~ag ().
|a]=0

By multiplying the identity (10.82) by the usual oriented Lebesgue measure
dx = /\j:ﬁndxj, we obtain

< Lo, p > do— < o, Ly > do = dZ™ Y|, 4] (10.83)
for all (¢,9) € H* x H, where

Z VN, p) i= " day Ay A Adwi s AZilp, Yl g1 A Aday, (10.84)
i=1
is an (m — 1)-differential form on R™.
Consider now all such pairs (¢(X), () € HEx Ho C Ho x H_, A, p €
Y., where as before

Hi CHCH- (10.85)

is the usual Gelfand triple of Hilbert spaces [28, 32] related to the Hilbert—
Schmidt rigged Hilbert space H. Here ¥ € CP, p € Z, is a fixed measurable
space of parameters endowed with a finite Borel measure p, and the differ-

ential form (10.84) is exact; that is, there is a set of (m — 2)-differential
forms Q=2 [p(\), (1)) € A™2(R™;C), A\, u € ¥, on R™ satisfying

2 Vlp(N), ¥ ()] = A2 [p(A), ¥ (u)]. (10.86)
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A way to realize this condition is to take closed subspaces H{ and Ho C H_
as solutions to the corresponding linear differential equations under some
boundary conditions:

Ho = {t(\) € H_ : Ly(A) = 0, ¥(N)|ser =0, X € B},
Hy = {p(N) € HZ : L"p(A) =0, ¢(N)|zer =0, X € B}

The triple (10.85) allows us to determine a set of generalized eigenfunctions
for the extended operators L, L* : H_ — H_, if T' C R™ is taken as an
(n — 1)-dimensional piecewise smooth hypersurface embedded in the con-
figuration space R™. Obviously, there can exist situations [117, 233, 232]
when boundary conditions are not necessary.

Now let St (ag(gmfz), aé’o”’z)) € Cp—1(M; C) denote two non-intersecting
(m —1)-dimensional piecewise smooth hypersurfaces from the singular sim-
plicial chain group C,,—1(M;C) C K(M) of a topological compactification

M := R™, such that their boundaries are the same, that is QSi(og(Em_z),
O';T_Q)) = om? _ O’a(;:l_m. In addition, 8(S+(U§;m_2),cr§?_2)) U

S_(05"7? 6=y} = & where 00" and o{""? € Cp_2(R™;C) are
(m—2)-dimensional homologous cycles from a suitable chain complex (M)
parametrized (still formally) by means of two points z,xg € M and related
to the chosen hypersurface I' C M. Then from (10.86) and Stokes’ theorem
[96, 97, 144, 386, 393], one finds that

(m=1)
/S S, 22 p(A), ¥ ()]

Q=D [p(N), (u)]

»/(;)Si (0’&’”72),0'&7;72))

= /05;"-” Q= [p(A), ()] ~ /U;m_” Q=2 [o(N), 9 ()]

= Qx()‘v /1') - Qwo (>\, :u)v

/ R CEORT)
Sx(

ol ol )

- Qm=2),7
/‘951(0&m2>,gg;"2>) [p(N), ¥ (n)]

-/ ey TP, 0] / oy 2T, 000

= Q?O‘a 1) — Qé@o (A 1)
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for the set of functions (¢(A),¥(n)) € HE x Ho, A, € X, with operator
kernels Q. (A, 1), Q2(\, 1) and Qg (A, 1), QE (N, 1), A\, 1 € T, acting natu-
rally on the Hilbert space L%{))(E; C). Moreover, these kernels are assumed
to be nondegenerate in L%p)(E; C) and satisfying the homotopy conditions

lim Q. (\, 1) = Quy (A, 1), lim Q2(\, p) = Q;@O()\,u).
Tr—T0 Z—X0

Define now actions of the following two linear Delsarte permutation
operators Q4 : ‘H — H and QF : H* — H*, still upon a fixed set of
functions (p(N), ¥ (u)) € HE X Ho, A\, p € X

BN = Qs (D) = / dp(i) / Ap(p) (m) 2™ (1, 1)y (11, ).
(10.87)

¢(N) = QL (p(V) ==/Edp(n)/Edp(u)w(n)ﬁi?"l(mn)ﬂﬁ?o(%u)

Making use of the expressions (10.87), owing to the arbitrariness of the
chosen set of functions (¢(A), ¥ (u)) € HE x Ho, A, 1 € X, we can easily find
the operator expressions for Q4 and QF : H_— H_, forcing the kernels
on()\ ) and QF (X, p), X, u € X, to vary, namely

/dp /dp (1, )% (1, A)
/ dp(n / dp(p 2 ()]

/ (m—2) (m 2) Z(m 1)[90(,“)’1/}()\)])
S+ (oa Py )

— (N — / ap(n) / dp(p) / dp(v) / Ap(E) (95 (0, v)
X QL (1, )] €, 1) / 207D (1), (V)]

m—2 m—2
S (0l o (m=2)

= P(A /dp /d,o o (1, 1)]

Do (), p(N)]

(m-2) (m 2))

—( / dp(i) / dp(p)d () (0, )
2 Dlp(u), ()]) $(N)

o_;m—2))0.;75,—2))

St (oa
X
S+ (

= Q- Y(N);
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500 = / dp(i) / dp() ()9 (1, )2 (A, )

/dp /dp (22 (1)

.y 2T 000

S+ (oa )

= o= [ dotn) [ dotw) [ dpt©) [ antetmnz e
£ 000957 on) [ Zm DT p(0), Y (1)

L (o™ ol )

= (1—/de(n)/zdp(u)@(n)ﬂ?g‘l(um)x

. / (m=2) ;(m=-2) Z(m_l)q[(')v"/}(:u)]) 90()\)
S (0" H0y )
= Qi (N,

where

02 =1 [ dolo) [ dpen)9; (e

x / 20D, ()] (10.88)
Sy (ol olm )y

are Volterra multi-dimensional integral operators. Note that now the ele-
ments (©(\), ¥(p)) € Hi x Ho and (@(N), (1)) € Hi x Ho, A\, i € &, inside
the operator expressions (10.88) are not arbitrary - they are fixed. There-
fore, the operators (10.88) realize an extension of their actions (10.87) on
a fixed pair of functions (p(A), ¥ (1)) € HE x Ho, A, i € 3, on the whole
functional space H* x H.

Due to the symmetry of expressions (10.87) and (10.88) with respect to
two sets of functions (¢(\), (1)) € Hy x Ho and (B(N), () € HE x Ho,
A, 1 € X, it is very easy to prove the following result.

Lemma 10.2. The operators (10.88) are bounded and invertible Volterra



330 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

type expressions in H* X H whose inverse are given as follows:

Qll = 17/de(n)/2dp(ﬂ)q/1( )Q (77 1)
g [qi(aémz),aéﬁ'2>) 2 D(2(m), ()]
Qi’*l = 1—/Edp(n)/Edp(u)(p(n)ggo,ﬂw?n)
* /»Si(g(m 2 glm=2) Z(m_l)J[(')ﬂZ}(u)] (10.89)

where the two sets of functions (o(\),¥(p)) € Hi x Ho and (G(N), P (p)) €
H x Ho, A, € X, are taken as arbitrary but fized.

For the expressions (10.89) to be compatible with mappings (10.87), the
following must hold:

Pp(A) = Q5D :fzdp fzdp ) () (n,
p(A) = Q76N = [y dp(n) [ dp(p) ()OS

where for any two sets of functions (p(N),¥(n)) € HE x Ho and
(@(N), () € Hy x Ho, A\, pu € X, one has

(<L), (1) > = < §(A), Lb(n) >)dx = d(Z"V[@(N), P(w)]),

Zm=D[p(N), ()] = dD(B(N), ()] (10.91)

when
L:=0Q.LO! L* =% (10.92)

Moreover, the expressions above for L : H — H and L* : H* — H* do
not depend on the choice of the indices of the operators €24 or €2_ and are
consequently differential. Since the last condition determines the Delsarte
transmutation operators (10.89), we need to verify the following result.

Theorem 10.7. The pair (L, L*) of operator expressions L := Q. Lot
and L* := QiL*Qi’f1 acting in the space H x H* is purely differential
for any suitably chosen hypersurfaces Si(ag(cmfz),og(fgkm) € Cp—1(M;C)

from the homology group C,—1(M;C).

Proof. To prove the theorem, it is necessary to show that the formal
pseudo-differential expressions corresponding to operators L and L* contain
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no integral elements. Making use of an idea in [284, 365], one can prove
this using the following lemma.

Lemma 10.3. A pseudo-differential operator L : H — H is purely differ-
ential if and only if the following equality

9lel ole
L— = (h, Ly — 10.
(h, (L) f) = (b Ly ) (10.93)
holds for any |a| € Z4 and all (h, f) € H* x'H, that is the condition (10.93)
is equivalent to the equality Ly = L, where, as usual, the symbol (---)

means the purely differential part of the corresponding expression inside the
parentheses.

Using this lemma and exact expressions of operators (10.88), simi-
lar to the calculations done in [365], one shows right away that opera-
tors L and L*, depending respectively only both on the homological cy-
cles o{™ ™2 J;(L»Td) € Cpm—2(M;C) from a simplicial chain complex K(M),
marked by points x,z9 € R™, and on two sets of functions (p(A), ¥ (u)) €
HE x Ho and (¢(N),9(n)) € Hi x Ho, \,p € X, are purely differential,

thereby completing the proof. O

The differential-geometric construction suggested above can be nontriv-
ially generalized for the case of m € Z, commuting differential operators
in a Hilbert space H giving rise to a new look at the theory of Delsarte
transmutation operators based on differential-geometric and topological de
Rham-Hodge techniques. These aspects will be discussed in detail in the
next two sections.

10.5 The general differential-geometric and topological
structure of Delsarte transmutation operators: A gen-
eralized de Rham—Hodge theory

Here we explain the corresponding differential-geometric and topological
nature of the spectral related results obtained above and generalize them
to a set £ of commuting differential operators that are Delsarte related with
another commuting set £ of differential operators in H. These results are
based on the generalized De Rham—Hodge theory [97, 96, 377, 386, 393] of
special differential complexes, which gives rise to effective analytical expres-
sions for the corresponding Delsarte transmutation Volterra type operators
in a given Hilbert space H. As a by-product, one obtains the integral opera-
tor structure of Delsarte transmutation operators for polynomial pencils of
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differential operators in H, which has many applications both in the spectral
theory of multi-dimensional operator pencils [152, 340, 342] and in soliton
theory [121, 247, 284, 326, 406] for multi-dimensional integrable dynami-
cal systems on functional manifolds - both of which are very important for
diverse applications in modern mathematical physics.

Let M := R™ denote as before a suitably compactified metric space of
dimension m = dim M € Z; (without boundary) and define a finite set £
of smooth commuting linear differential operators

n(L;)
L;(x]9) := Z aP (2)01 J oz (10.94)
|a]=0

with respect to xz € M, with sufficiently smooth coefficients a&j ) €
S(M; EndCY), |a| = 0,...,n(L;), n(L;) € Zy, 1 < j < m, and acting
in the Hilbert space H := L2(M;CN). It is also assumed that the domains
D(L;) := D(L£) C H,1 < j <m, are dense in H.

Consider now a generalized external anti-derivation

de : AIM;H) =AM H)

acting in the Grassmann algebra A(M;H) as follows: for any ) ¢
AR(M;H), 0 <k <m,

de®) =" du; AL;(2]0) 8% € AP (M H). (10.95)
j=1
It is easy to see that the (10.95) in the case L;(x]0) := 0/0x;, j =1,...,m,
coincides with the standard exterior differentiation d = Z;nzl dx; A 0/0x;
on the Grassmann algebra A(M;H). Making use of the operation (10.95)
on A(M;H), one can construct the following generalized de Rham cochain
complex

H— AO(M;H) %5 AV (M;H) % 25 A (M H) 25 0. (10.96)

The following important property concerning the complex (10.96) follows
easily from the equality dsdy = 0 implied by the commutation of the
operators (10.94).

Lemma 10.4. The cochain sequence (10.96) is a complex.

Next, we follow the ideas developed in [96, 377]. A differential form
8 € A(M;H) is dg-closed if dg = 0, and a form v € A(M;H) will be
called dg-homologous to zero if there exists on M a form w € A(M;H)
such that v = dyw.
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We shall use the standard algebraic Hodge star-operation
*: AR(M;H) =A™ k(M H), (10.97)

0 < k < m, as follows [86, 96, 97, 393]: if 3 € A¥(M;H), then the form
*3 € A™~F(M;H) satisfies:

i) the (m — k)-dimensional volume | x 3| of the form x3 equals the
k-dimensional volume |3| of the form (;

ii) the m-dimensional measure BT Ax( > 0 for a given orientation on
M.
Define also on the space A(M;H) the following natural scalar product: for
any 3,7 € A¥(M;H), k=0,...,m,

(8,7) = /M BT Axy. (10.98)

Using the scalar product (10.98), we have the corresponding Hilbert space
HA(M) := @ HE(M).
k=0

Notice also here that the Hodge star x-operation satisfies the following easily
verifiable property: for any 3,7 € Hk (M), 0< k < m,

(B,7) = (xB,%7), (10.99)

that is, the Hodge operation % : Ha(M)— Ha(M) is an isometry and its
standard adjoint with respect to the scalar product (10.98) operation sat-
isfies the condition (x)" = (x)~L.

Let d/; denote the formal adjoint of the external weak differential oper-
ation dg : Ha(M)— Ha(M). Making use of the operations d’. and d. in
Ha (M), one can define [86, 96, 393] the generalized Laplace—Hodge oper-
ator Ap : HA(M) — Ha(M) as

Ap = dpdp + ded. (10.100)
A form 8 € Hx(M) satisfying the equality
ArB=0 (10.101)

is called harmonic. One can readily verify that a harmonic form 8 € H, (M)
also satisfies the following two adjoint conditions:

.3=0, dB3=0, (10.102)

implied by (10.100) and (10.102).
It is not hard to check that the following differential operation in Ha (M)

d = xd)(x) 7! (10.103)



334  NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

also determines the usual [97, 144, 386] exterior anti-differential operation
in Ha(M). The corresponding dual to (10.96) the cochain complex

H— AR SN OGS S Amonr) B0 (10.104)

is evidently exact too, as d;d} = 0 owing to (10.103).
Let Hlkx( /;)(M ) denote the cohomology groups of dg-closed and
Hf\( U)(M ) the cohomology groups of dj--closed differential forms, respec-

tively, and Hf\( L) (M) be the abelian groups of harmonic differential forms

from the Hilbert subspaces Hf\(M ), 0 < k < m. We also define the standard
Hilbert—Schmidt rigged chain [28] of positive and negative Hilbert spaces
of differential forms

Hh (M) C HE(M) C HE (M), (10.105)
the corresponding rigged chains of Hilbert subspaces for harmonic forms
HX 22y, (M) C HE (pe £y (M) C HY (- gy - (M) (10.106)

and cohomology groups:

Hg(a)7+(M) c Hf\éﬁ) (M) < H?\(f),f(M)’ (10.107)
Ha oy (M) CHE (oo (M) CHE ey (M)
for any 0 < k > m. Assume also that the Laplace-Hodge operator (10.100)
is elliptic in HQ (M ). Now reasoning as in [86, 97, 386, 393], one can prove

the following generalized de Rham—Hodge theorem.

Theorem 10.8. The groups of harmonic forms Hﬁ(ﬁ*£)7_(M) are, respec-
tively, isomorphic to the cohomology groups (H*(M;C))* 0 < k < m,
where H*(M; C) is the k-th cohomology group of the manifold M with com-
plex coefficients, X C CP, p € Z, |Z| := card %, is a set of suitable “spec-
tral” parameters marking the linear space of independent d7.-closed 0-forms

from H?\(ﬁ)’f(M) and the direct sum decompositions
fo(z*z),—(M) G AHR (M) =Hj (M)

=Moo (M) @ deHY (M) © d HTH (M)
hold for any k =0,...,m.

Another variant of the above result was formulated in [377-380] and
reads as the following generalized de Rham—Hodge theorem.

Theorem 10.9 (Skrypnik [377]). The generalized cohomology groups
Hi(ﬁ)_(M) are isomorphic, respectively, to the cohomology groups

(HF(M;C))F1 0 <k <m.
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A proof of this theorem is based on a special sequence [377] of differential
Lagrange type identities. Define the following closed subspace
Hy = {e D (\) € HY (po),- (M) : dzp @ (N) =0, 9P (N)[r =0, A€ T}
(10.108)
for a smooth (m — 1)-dimensional hypersurface ' C M and ¥ C (o(£) N
(L") x Xy C CP, where H%(L*),—(M) is, as above, a suitable Hilbert—
Schmidt rigged [28, 32, 376] zeroth-order cohomology group space from the
cochain given by (10.107), and o(£) and o(L*) are, respectively, mutual
spectra of the sets of commuting operators £ and L£* in H. Thus, the
dimension dim H{ = card ¥ is known. The next lemma is fundamental for
a proof of the above theorem.

Lemma 10.5 (Skrypnik [377—380]). There exists a set of differential
(k + 1)-forms ZF+tD[oO)(X), dp®)] € AF*Y(M;C) and a set of k-forms
Z® O (N), ()] € AF(M;C), 0 < k < m, parametrized by a set ¥ > A
and semilinear in (9 (N),p*)) € HE x H,k\ (M), such that
ZED O W), dev™] = dzW[pO (1), )] (10.109)
forallk=0,...,m and A\ € X.
Proof. Consider the following generalized Lagrange type identity holding
for any pair (@ (\),®)) € HE x HK_(M) :
0=<dze@ (), (W n7) >
=<z ()T PO (), % (9 A7) >
=< dp(x)” 1</><° W), 9B Ay >=< ()N, dep® A5 >
+ Z(k"'l)[cp(o)()\),du/}(k)] AT
=< (7O, dey™ Ay > +dZ PO (), P A%, (10.110)
where
Z*D[oO(N), deyp®] € AFTH(M;C), k=0,...,m,
and
Z® [N, "] e AFH(M;C), k=0,...,m

are semilinear differential forms parametrized by a parameter A € 3, and
¥ € Am~k=1(M;C) is an arbitrary constant (m — k — 1)-form. Now the
semilinear differential (k 4 1)-forms Z*+D [ (X), dp®)] € AF+H(M; C)
and k-forms ZF) [p(0(X),p*)] € AB(M;C), 0 < k < m, X\ € %, are forms
of the desired type, so the proof is complete. O
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Using this, we can construct the cohomology group isomorphism in The-
orem 10.3. Namely, following [239, 377-380], let us take a singular simpli-
cial [97, 179, 386, 393] complex K(M) of the manifold M and introduce
linear mappings B/(\k) : H’f\’_(M) — Cip(M;C), A € X, where Cr(M;C),
0 < k < m, are as before free abelian groups over the field C generated,
respectively, by all k-chains of simplexes S®*) € C(M;C), k = 0,...,m,
from the singular simplicial complex K(M), as follows:

Sk €0y (M;C))

with ¢(*) e ’HX?(M), 0 < k < m. Then, owing to the maps (10.111), we
have the following result.

Theorem 10.10 (Skrypnik [377]). The operations (10.111) parametri-
zed by A € X realize the cohomology group isomorphism formulated in The-
orem 10.9.

Proof. To verify this result, we pass over in (10.111) to the corresponding
cohomology Hﬁ(£)7_ (M) and homology Hy(M;C) groups of M. If we take
an element 1*) := ®) () € Hf\(ﬁ)ﬁ(M)’ 0 < k < m, solving the equation
dep® () = 0 with g € i a set of the related “spectral” parameters
marking elements of 'ij\(ﬁ)’_(M), then it follows directly from (10.111)
and the identity (10.110) that

dZ® O (X), ™ ()] =0 (10.112)

for all pairs (\,u) € X x X, k& = 0,...,m. Hence, owing to the
Poincaré lemma [97, 144, 386, 393], there exist differential (k — 1)-forms
QE=D 0O (X),p*) ()] € AF=1(M; C) such that

ZW 1O (), W ()] = ™V (1), P ()] (10.113)
for all pairs (@ (), ®*) (1)) € H; XHX(ﬁ) (M) parametrized by (A, p) €

XX Y, 0 < k < m. As a result of paéging on the right-hand side of
(10.111) to the homology groups Hy (M ;C), it follows from Stokes’ theorem

(97, 144, 386, 393] that the maps
B 1} ) (M) = Hy(M;C) (10.114)

are isomorphisms for every A € ¥ and A € X. Making use of Poincaré
duality [97, 179, 386, 393] between the homology groups Hy(M;C) and
the cohomology groups H¥(M;C), 0 < k < m, one obtains finally the
desired, that is Hf\(ﬁ),—(M) ~ (H*(M;C))*!. O
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Assume that M := T" x R®*, dimM = s+ r € Z,, and H :=
L3(T7; L3(R%;CY)), where T" := [[j=, Ty, T; :=[0,T;) C Ry, and set
de =Y dt; NL;(t;2]0), Lj(t;2|0) := 0/0t; — Lj(t;2[0),  (10.115)
j=1
with
n(Ly)
L;(t;z|0) = Z aD (t; 2)01 J oz, (10.116)
|a]=0
being differential operations depending parametrically on ¢ € T"and defined
on dense subspaces D(L;) = D(L£) C L2(R*;C"), j = 1,...,7. It is assumed
also that operators L; : H — H commute with one another.
Take now such a fixed pair (¢ (\), @ (u)dz) € Hy x Hi(cy,— (M),
parametrized by elements (A, ) € ¥ x X, for which, owing to both Theorem
10.10 and Stokes’ theorem [97, 144, 179, 386, 393], the following equality

BY (O (p)de) = 55

holds, where S (ts ) € Cs(M;C) is a fixed element parametrized by an arbi-
trarily chosen point (t;z) € M N S(:) - Consider next the expressions

Qeia) (A, 1) fasw QED[oO(X), O (p)da],
Qto:0) (N, u) fas<s> QE=DO(X), O (p)da],

(tg;zo)

(10.118)

with a point (tg;x0) € M N St t 20) fixed, A\, u € X, and interpret them as
the corresponding kernels [28] of the integral invertible operators of Hilbert—
Schmidt type Qtz), Qtoia0) L(Qp)(E;(C) — L%p)(E; C), where p is a finite
Borel measure on the parameter set Y. It is also assumed that the bound-

aries GS(t ) Ets 90)1 and 85((: 20) O'gf ;)) are homologous to each other
as (t;x) — (to;x0) € M. Now, motivated by the expression (10.117), define
Q9O () — 9O (n) (10.119)

for (O (n)dx € Hj(z),— (M), n € X, and some DO (n)dx € H7, (M), where
for any n € 3,

() (n) == @) (n) - Q&}I)Q(to;xo)

= [ o) [ dp©80 L (1) (€1 (10120
) )
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Suppose that the elements (10.120) are related to another Delsarte
transformed cohomology group H?* NE) (M), so that the condition
dz00 (n)dz =0 (10.121)
for ) (n)dz € H* A (M), n € ¥, and some new exterior anti-derivation
operation in Ha _ (M)

dz _de] AL;(t; 2|9), L;(t;2]0) := 8/dt; — L(t;2]d)  (10.122)

j=1
hold, where
~ n(L;)
Li(t;x|0) = Y a{) (t2)0* jox, (10.123)
|a]=0

0 < j < r, are differential operators in L?(R*; C") depending parametri-
cally ont € T".
Set

L;:=Q.L,Q7" (10.124)

for each 0 < j < r, where Q4 : ‘H —H are the corresponding Del-
sarte transmutation operators related to elements Si( O (; t))7o£z;2))
Cs (M, C) which in turn are related to the mutually homologous bound-
aries 8S(x = UE; t)l) and 85(;2) (to) 080_2) Since all of the operators
:H —>H 0 < j < r, commute, the same is true for the transformed
operators (10.124), that is [ij,ik] =0,k,7=0,...,m, which is obviously

equivalent, owing to (10.124), to the general expression
dy = Qed Q7" (10.125)

In order to satisfy conditions (10.125) and (10.121), let us consider the
following expressions corresponding to (10.117)

B (@O (n)dz) = S{;) Qi (M), (10.126)
related to the associated exterior differentiation (10.125), where S((ts_)x) €
Cy(M;C) and (A, n) € ¥ x X. Assume further that there are mappings

Q7 : O = DN (10.127)

with Qf : H*— H* being operators related (but not necessary adjoint)
to the Delsarte transmutation operators Q24 : H — H and satisfying the
standard relationships L} := Q(EL;Q%%, 0 < j < r. The proper Delsarte
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type operators 4 : H%(ﬁ), (M) — HO (M) are related with two

A(L),-
different realizations of the action (10.120) under the necessary conditions
dzp O (n)dz =0, dzp @ (\) =0; (10.128)

meaning that the embeddings ¢(O(\) € Hg( foy (M), A € 3, and
DO (n)dx € Hf\(ﬁ (M), n € ¥, are satisfied. Now we need to formu-
late a result that is being important for the validity of conditions (10.128).

Lemma 10.6. The following invariance property

VASKOPINY

Z¥) = Q1o IO)Q(t ) (t;2)* “(toizo)

(10.129)
holds for any (t;x) and (to;xo) € M.

As a result of (10.129) and the symmetry invariance between cohomol-

ogy spaces HR(L),—(M) and H(I)\(L) (M), one obtains the following pairs

of related mappings:

©0) — OG- (0) ®,—
dj(o) _ 1Z)(O)Q(j;lm)Q(to;%)’ <p~(0) (O)Q(t 2 lﬁ(té)’m’ (10.130)
P =0 gy, P = Q( ) Ltoizo)’
where the integral operator kernels from L2 (5 C)® ( ) (25 C) are defined
as
Q(tx)A,LL f() 8290(0()1/}(0() ]
® g 0 - (10.131)
Q(t oyAow) = [, @ Q (2O (N), 9O (1) da]

for all (A, 1) € X x X, giving rise to finding proper Delsarte transmuta-
tion operators that ensure the pure differential nature of the transformed
expressions (10.124).

Note also that by virtue of (10.129) and (10.130), the operator property

-1 2 -1
Q(tO:wO)Q(t x)Q(to;wo) + Q(tO;ZO)Q(t;x)Q(to;a:g) =0 (10.132)

holds for any (to,z¢) and (¢;z) € M; meaning that Q(to;l’o) = —Qtg,20)-
One can now define, analogously to (10.108), the following three sub-
spaces that are closed and dense in HY _ (M):

Ho = {0 () € Hy () (M) : (
Ho := {1/)(0)(,u) € H?\(g (M) dEd)(O)(
Hy = {30 () € HY .y (M) did@(m) =0, gO()lp =0, n €T},

A(L*),
(10.133)
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where I" and T' € M some smooth (s — 1)-dimensional manifolds, and also
construct the actions
Qs 90 = 0 =00 O,

® . (0 ~(0) ._ (0)0®:—1®
Q2 : 0@ - 0 = 005108 (10.134)

on arbitrary but fixed pairs of elements (o (\), O (n)) € HE x Ho,
parametri?ed by the set X, where one needs to have all the pairs
(@O N), O (u)dz), A\, 1 € B, belong to H° (M) x H? (M). Note

A(L*),— A(L),-
also that the related operator property (10.132) can be concisely written as
Q) = Q(to;fﬂo)Q(;;lz)Q(to;wo) = _Q(to;ro)ﬂ(;;lm)g(to;xo)' (10.135)

From the expressions (10.134), we now construct the following operator
kernels from the Hilbert space L%p)(E; C)® L?p)(E; C):

Q(t;w) (Aa ,LL) - Q(to;xo)(Aa :u‘) = 5 Q(Sil) [QD(O) ()‘)7 1/J(O) (,u)da:]

(t;)

QDO (A), O () da]

(s)
(to;zo)

|
o—;\%\m\;

QY@ (1), v (1) da]

() (s=1) (s—1)
+ (U(fr:w) 7U(to:wo))

ZO[ O (\), O () da],

(10.136)

Il
o

(8)(y(s=1) _(s—1)
Sis (U(’féz) ’U(fo;zo))

and, similarly,

0y Vi) = 9y o) = [ AT ), 50 )]
(t;z)

o S LGRS

(to;zo)

_ O(s—=1),1r1,,(0) (0)
- / L dQeTITEO (), 4O ()]
Si (o )

(t2) % (tgiw0)

-/ Z67DT[GO (), 6 (),

S5 (0(ry Tagren))
(10.137)

where A\, € ¥, and the s-dimensional manifolds S(f) (Ugf;;)l ),a((ts;;z))

and S(,S)(agts.;)l ),a((f;ig)) C Cs—1(M) are spanned smoothly without self-

intersection between two homologous cycles aéf;;)l ) = 85((:;)96) and UE:O:;Q) =
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6S(t0 o) € Cs—1(M;C) such that the boundary 8(5( )(Uéfx)l),oéfo_;;z)) u

5@ (o (fw)l)’ogfo;x))) = @. Since the integral operators Q(to;wo),ng;xo) :
L(p)(E C) — L%p)(E;(C) are at a fixed point (to;x0) € M, obviously con-
stant and assumed to be invertible, to extend the actions (10.134) to all
of H x H*, one can apply to them the classical variation of constants ap-
proach, making use of the expression (10.137). As a result, we easily obtain

the following Delsarte transmutation integral operator expressions

=1 [ a9, ()

26O (1),
»/S(;)(U(Sl) (s—1) ) [SO (77)7 ]a

(t:2) 27 (tg3w0)

X

f =1- [ dol&dp(n) ol (6n)
YxX¥
X Z@ T 0 () dx 10.138
/Sf( gy 2BV €0 (10.138)

for fixed pairs (o) (€), ¥ (1)) € HgxHo and (3 (), () € Hj xHo,
A, p € X, which are bounded invertible integral operators of Volterra type
on the whole space H x H*. Applying the same arguments as in the first
section, one also can show that the transformed sets of operators L; :=
QL7 and I:Z = QfLZQf’_l, 1 < k < r, are purely differential.
Thus, we have essentially proved the following important result.

Theorem 10.11. The expressions (10.138) are bounded invertible Delsarte
transmutation integral operators of Volterra type on H x H*, transforming,
respectively, given commuting sets of operators L; and their formally adjomt
ones L into the pure differential sets of operators L = Q4L Qi and
I:Z = QiLZQi’fl, 1 <4,k <r. Moreover, there are closed subspaces Ho C
H and Hy C 'H such that the operator Q € L(H) depend strongly on the
topological structure of the generalized cohomology groups HE)\(E))_(M) and

H?\(L) (M), and they are parametrized by elements Sf) (O'E:;;)l),a'g:(;;z)

C,(M;C).

) €

Suppose now that the differential operators L; := L;(z|0), 1 < j <'r,
considered above are independent of t € T" C R’ . Then, evidently, one can
take

Ho = {¢0(€) € Lo~ (R*;CN) : Ljp D (&) =y (), 1<j <,
PO =0, pi= (ul,...,meo@)ma(ﬁ*), £ €%},
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Ho = {${V(€) € Lo, (R CV) : LV () = (), 1<j<r,
TOOlp = 0, 5= (p1,s i) € (D) N 0(L7), € € B0},

Hy = {0 (n) € Lo, (R*CN) : Lipl () = XV (m), 1<j<r,

e =0, A= (A1, M) € 0(£) NG(LY), 1€ Ty,

Hy = {2 (1) € Lo~ (R*CN) : L5\ () = X6 (n), 1<j<r,
FOM)E =0, A= (A, M) € 0(£) NG(L), 1 € Ty}

and construct the corresponding Delsarte transmutation operators

Q=1 [ g [ dps, O, ()
o (£)Na (L") T X Ty
o @O i€ AT () (10139
Sj: (gzb 70'mb0 )

and

2 =1- [ g () [ dps, ©dos, )
o(L)NG(L*) by
o O s x BT, (10.140)
S (08Dl Y)

acting on the Hilbert space L2(R%;CV), where for any (\;&,7) € (o(£) N
a(L*)) x ¥2 the kernels

Q(:ro ()‘ 6 77 f (S 1) Q(s 1)[ (0)(6)7 g\O)(n)dx]a

QF, (As&m) = [0 QDT (), v (n)dal

belong to pr)(ZU; C) x L% )(ZU;(C) for every A € o(£) N5(L*) considered

(10.141)

as a parameter. Moreover, as 024 /0t; =0, j =1,...,r, one easily obtains
the set of differential expressions
R(L) == {L;(x]0) := Qv L;(x|0)Q1" : 1 <j <r}, (10.142)

which is a ring of mutually commuting differential operators in L?(R*; CV)
generated by the corresponding initial ring R(L).

This problem in the one-dimensional case was treated and effectively
solved in [213, 406] by means of algebraic-geometric and inverse spectral
transform techniques. Our approach gives another look at this problem in
multi-dimensions and is of special interest due to its transparent dependence
on the dimension of the differential operators.
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10.6 A special case: Relations with Lax systems

Consider our de Rham—Hodge theory of a commuting set £ of two differ-
ential operators in a Hilbert space H := L?(T? H), H := L?*(R*;CY), for
the special case when M := T2 x R® and
L:= {LJ = 8/8t] — Lj(t,fl'|8) : tj € Tj = [O,Tj) - R+, J = 1,2},
where T2 := T} x Tq,
n(L;)
Li(t;2|0) == Y al) (t; )01 /92 (10.143)
|a|=0
with coefficients oy € CY(T? S(R*; EndCN)), a € Z5, and |af
0,...,n(L;), j = 1,2. The corresponding scalar product is

(p,v) == /T2 dlf/s dr <, > (10.144)

for any pair (¢,1) € H x H and the generalized exterior derivative is

2
de =Y _dt; AL, (10.145)
j=1
where one assumes that for all £ € T? and x € R® the commutator satisfies
[L1,Ly] = 0. (10.146)
Obviously this means that the corresponding generalized de Rham—-Hodge
cochain complexes
H — AO(M;H) %5 AV (M H) %S 55 A (M) 25 0 (10.147)
H — AO(M;H) 5 AV (M;H) ..—>Am(M;H)d—L>O '
are exact. Now define (using (10.108) and (10.133)) the closed subspaces
Ho and Ho C H_ as follows: Hy is the set of 10 (\;n) € H} (), (M) such
that

USHIS
SN
Y

0y (X;m)/0t; = Ly(t;20)p” (\sm), j
PONn)i=to = a(n) € H-, 9O (Nin >|r =0,
(Aim) € C (o(L)Na (L)) x o,
and H; is the set of (O (\;n) € H%(ﬁ)ﬁ(M) such that
—00 9 (X;n)/0t; = L3 (t;2|10)e* (Ain), j=1,2,
PO N mi=to = oa(n) € H-, @ (Xim)[r =0,
(Asn) € C (a(£)Na(LY)) x X,
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for some hypersurface I' C M and a “spectral” degenerate set %, € CP~1.
Using the subspaces Hp and Hj, one can now proceed to the construction
of the Delsarte transmutation operators 24 : H < H in the general form

similar to (10.140) with kernels Q;,.5,)(A\; €, 1) € L% (35;C) ®L(p)(20; C)
for every A € o(L) Na(L*), defined as
Utz X 6,) = [y QD [O(A:0), 9O (i m)dal,
(10.148)

Qf () f<< » QDT [0 (x; ), 0 (A ) da]

for all (\;€,m) € (a(£) N 6(/.’,*)) x %2, As a result, one obtains for the
corresponding product p := p, © pxz the integral expressions:

Q= 1—/ dpg(A)/ dps, (§)dps, (1)
o(L)NG(L*) Yo XBo

7(0) (. -1 . 50T (1) (-
oo OO N DEOTO ),
T (tg;2)° (to z0)

(10.149)

QP = 17/ dpa()\)/ dps, (§)dps, (1)
(£)NG (L") So X%

x/() (s—1) _(s=1) dx@&O)(f)Q(Tt’o_io)(A;E,n) Xq;(o)’T()‘m)(')’
SE( (:O;I)’ (:o%ztﬂ

(10.150)

where S(s)(agts_l)) agts_l) ) € C4(M;C) is a smooth s-dimensional manifold
(4 0 frO

spanned between two homologous cycles O'gg 2) and O’E:_;)) € K(M) and

S(,S)( ((:Ozl))’ UE; ;0)) € Cs(M;C) is its smooth counterpart such that

3(5$)(U(S_1) (s—1) )US(S ( (s=1) (s=1) ) = 2.

(to;z)” (to z0) (to;z)’ ™ (to;zo)
Employing results in the preceding sections, one can construct from (10.149)

and (10.150) the corresponding factorized Fredholm operators 2 and Q® :
H — H, H = L*(R;CY), as follows:

Q=0'0, Q%=077'0Q°% (10.151)

It is important to observe here that kernels K. () and K1 (Q®) € H_@H_
satisfy the generalized [28] determining equations in the tensor form

(Lewt ® DE£(Q) = (10L2,,) K (),

('C;;t 02y 1)K (Q®) = (1®‘Cewt)Ki(Q®) (10.152)
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Since it is clear that suppK ; (€2) NsuppKk_ () = @ and suppk, (2%) N
suppK_(Q®) = @, it follows from [152, 272, 340] that the corresponding
Gelfand—Levitan-Marchenko equations

K () + &(Q)+K, ()« d(Q) =K_ (),

K. (Q9) + 3(Q9)+K . (Q%) + Q%) =K_(Q®), (10.154)

where Q : = 1 4+ &(Q), Q® := 1+ &(Q®), can be solved [145, 272] in the
space BE (H) for kernels K4 () and K+(Q®) € H_ ® H_ depending para-
metrically on ¢t € T2. Consequently, the Delsarte transformed differential
operators I:j :H—H, j =1,2, commute and satisfying

L; =0/0t; — QLL; Q" — (094 /0t;)Q; :==d/dt; — L,  (10.155)

where the operator expressions for L; € L(H), j = 1,2, prove to be
purely differential. This property makes it possible to construct non-
linear partial differential equations on coefficients of differential opera-
tors (10.155) and solve them by means of either inverse spectral methods
[232, 233, 247, 406] or the Darboux—Béacklund [253, 342, 366] transforms,
producing a wide class of exact soliton-like solutions. Another rather com-
plicated and very interesting aspects of the approach devised in this chap-
ter concerns regular algorithms for treating differential operator expres-
sions depending on a “spectral” parameter A € C, which were recently
discussed in [152, 340]. Some results on the structure of the Delsarte-
Lions transmutation operators can be easily adapted for constructing ef-
fective transformations of Cartan type connections for multi-dimensional
integrable Davey—Stewartson type nonlinear differential systems on a Rie-
mannian manifold M, vanishing on a three-dimensional integral submani-
fold M, C M. The results can be used to investigate a wide class of exact
special solutions to such differential systems, which having diverse appli-
cations [108, 121, 173, 266, 262, 365, 393] in solving problems of modern
differential topology and mathematical physics.

10.7 Geometric and spectral theory aspects of Delsarte—
Darboux binary transformations

The differential-geometric analysis of Delsarte-Darboux transformations
above for differential operator expressions, acting on a functional space
H = LY(T;H), where T = R? and H := L*(R?;C?), appears to have a deep
relationship with classical generalized de Rham—Hodge theory [377-380].
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Concerning our problem of describing the spectral structure of Delsarte—
Darboux type transmutations acting in H, we now begin by considering
some basics of the generalized de Rham—-Hodge differential complex theory
devised for studying transformations of differential operators. Let a smooth
metric space M be a suitably compactified form of the space R™, m € Z, .
Then one can define on Mt := T x M the standard Grassmann algebra
A(Mr;H) of differential forms on Tx M and consider a generalized external
Skrypnik [377, 378] anti-derivation operator dg : A(Mr;H) — A(Mr;H)
acting as follows: for any %) € A*(Mrp;H), 0 <k <m,

2
e =" dt; AL;(t2]0)B%) € AT (M H), (10.155)
j=1
where

L;(t;x]0) := 0/0t; — L;(t; x|0) (10.156)

j =1,2, are suitably defined commuting linear differential operators in H,
that is

[L1,Lo] =0. (10.157)
We shall assume that the differential expressions
n; (L) ‘ dlel
L;(t;x]|0) == O;O agf)(t;z)axa, (10.158)

with coefficients a¥’ € CY(T; C>=(M; EndC™)), 0 < |a| < n;(L), ng € Zy,
j = 0,1, are closed normal densely defined operators in the Hilbert space
H for any t € T. It is easy to see that the anti-derivation of d; defined by
(10.155) is a generalization of the usual exterior derivative

u R 9
_ _ <z 10.1
d ;dxj N o, +§dts A i (10.159)
for which it is obvious that
0 0 g 0 o 0
. — .2 ]=0 [—:-—=1=0 10.160
[8xj’ 8zk] ’ [8ts’ 8tl] ’ [8xj’ 6ts} ( )

hold for all j,k = 1,...,m and s,l = 1,2. Now, making the substitutions
(10.159) 9/0z; — Aj, 0/0ts — Lg, 1 < j <'m, s = 1,2, one obtains the
linear anti-derivation homomorphism

m 2
d.A = Zdﬂ?j /\Aj(t,l'|a) + Zdts A Ls(t;m|a)7 (10161)

j=1 j=1
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where the differential expressions A;,Lg: H — H forall j,k=1,...,m
and s,l = 1,2, satisfy the commutation conditions [A;, Ax] =0, [Ls,Ls] =
0, [Aj,Lg] = 0. Whence, the operation (10.161) defines on A(Mr;H) an
anti-derivation homomorphism with respect to which the cochain sequence

H — AO(MpiH) 245 AV (M H) 25 245 A2 (M H) 2450
(10.162)

is a complex, as d4d4 = 0. Since the linear anti-derivation map (10.155)
is a particular case of (10.161), it follows that the corresponding cochain
sequence (10.162) is also a complex.

Next, we employ ideas developed in [97, 377-380]. A differential form
B € A(Mr;H) will be called d 4-closed if d 43 = 0 and a form v € A(M; H)
will be called exact or d4-homologous to zero if there exists on Mt a form
w € A(Mr;H) such that v = d qw. Recall the standard [86, 97, 386, 393]
algebraic Hodge star-operation

%0 AS(Mp;H) — A™TP278 (Mg H), (10.163)

0 < k < m + 2, defined as follows: if 3 € A¥(Mr;H), then the form
x3 € A2k (M ;H) is such that:

e the (m — k + 2)-dimensional volume | * §| of the form x5 equals k-
dimensional volume |3| of the form 3;

e the (m + 2)-dimensional measure 3T A %3 > 0 for a fixed orientation on
Mr.

Define also on the space A(MT; H) the following natural scalar product:
for any A,y € AX(Mr;H), 0 < k < m,

(B,7):= [ BT x7. (10.164)
M~
This makes
m—42
Ha(Mr) = R HE (Mr) (10.165)

into a Hilbert space that is well suited for analysis. Note also that the
Hodge star x-operation satisfies the following easily verified property: for
any 3,7 € HE (Mr), k=0,...,m,

(B,7) = (B, %), (10.166)

that is the Hodge operation * : Ha(Mt) — Ha(Mr) is unitary and its stan-
dard adjoint with respect to the scalar product (10.164) operation satisfies
the condition (%) = (x)7!.
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Let d/L be the formal adjoint expression to the weak differential oper-
ation (10.155). Using the operations d; and dg in the Ha(Mr) one can
naturally define [86, 97, 377, 386, 393] the generalized Laplace-Hodge op-
erator Ag : Hi(Mr) — Hi(Mr) as

Ap=dpde +dpde . (10.167)
A form 8 € Hp (M) satisfying
ArB=0 (10.168)
is said to be harmonic [86, 97, 377, 393]. It is easy to see that a harmonic
form B € Ha(Mr) satisfies
B=0, d3=0, (10.169)
which come from (10.167) and (10.168).

One can readily check that the following differential operators in

Ha(Mr)

dp i=xdp(¥)7! (10.170)
define a new exterior anti-derivation operation in Ha (M), and we imme-
diately obtain the following result from the fact that d.d. = 0.

Lemma 10.7. The dual cochain sequence

H— AO(Meps M) 220 AY (M H) 255 220 A 2(0 s 1) 255 0
(10.171)
corresponding to (10.162) is a complex.

Denote by Hf\( o) (Mr) the cohomology groups of dg-closed and by
Hf\( ﬁ*)(MT) the cohomology groups of d7-closed differential forms, respec-
tively, and by Hf\( . L)(MT) the abelian groups of harmonic differential

forms from the Hilbert subspaces HX (Mt), 0 < k < m + 2. Before for-
mulating our next results, we define the standard Hilbert—Schmidt rigged
chain [28, 32] of positive and negative Hilbert spaces of differential forms

HY | (Mr) C HE(Mr) C HE _ (M), (10.172)
the corresponding hereditary rigged chains of harmonic forms:
Hizezyo (M) CHY e py(Mr) C HY (£e gy (M) (10.173)
and chains of cohomology group:
Hi ey + (M) C HY (o) (Mr) C Hy () (M), (10.174)

H?\(ﬁ*),-‘r(MT) - H?\(L*)(MT) C Hﬁ(ﬁ*),—(MT)
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for all 0 < k < m + 2. Assume also that the Laplace-Hodge operator
(10.167) is reduced upon the space HQ (M). Now by reasoning analogous to
that in [86, 97, 393], one can prove the following generalized [97, 378-380]
de Rham-Hodge theorem along the same lines as the analogous result in
Section 10.5.

Theorem 10.12. The groups of harmomnic forms Hf\#(MT) are, re-
spectively, isomorphic to the homology groups (H®(My;C))™!, where
HF*(Mr;C) is the k-th cohomology group of the manifold Mt with com-
plex coefficients, a set X C CP, p € Z,, is the set of suitable “spectral”
parameters marking the linear space of independent d.-closed 0-form from
H%(ﬁ),_(MT) and, moreover, the following direct sum decompositions

H3 o (M) = H]X(L*L),+(MT) ® AcH) 4 (Mr) (10.175)

= H’X(ﬂ*z),Jr(MT) & deHY N (Mr) @ dHYH (M)
hold for any k =0,...,m+ 2.

Another variant of the above theorem was proved in [377, 378] and
reads as the following generalized de Rham-Hodge theorem. It can be
proved using a special sequence [234, 377-380] of differential Lagrange type
identities (as in Section 10.5).

Theorem 10.13. The generalized cohomology groups Hﬁ(ﬁ) +(MT) are
isomorphic, respectively, to the cohomology groups (H*(Mrp;C))*!, 0 <
k<m+2.

Define the following closed subspace

Hy = {0 0n) € H} (£+)_ (M) : dzo' () = 0, 9O (n)|r, n € T}

(10.176)
for some smooth (m+1)-dimensional hypersurface I' C Mt and ¥ C (o(L)N
(L)) x Bo C CP, where H} ., (Mr) is, as above, a suitable Hilbert—
Schmidt rigged [28, 32] zeroth-order cohomology group Hilbert space from
the co-chain given by (10.174), o(L) and o(L*) are, respectively, mutual
generalized spectra of the sets of differential operators L and L* in H at
t = 0 € T. Thereby, the dimension dimH{ = card ¥ := || is assumed to
be known. The next lemma first stated in [377-379] is important for a proof
of Theorem 10.12 and can be proved in the same way as the corresponding
result in Section 10.5.
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Lemma 10.8. There are sets of (k + 1)-forms Z*+D [0 (n), d ™) in
ARTY(My; C) and k-forms ZF) [p(0) (n), 4 ®)] in A¥(Mr; C) parametrized by
the set X > n, which are semilinear in (o (n),y*)) € H x HE  (Mry),
and such that

201 (), deyp™] = dZ* [0 (n ), p™*] (10.177)
forallk=0,.... m+2andneX.

Using Lemma 10.8, one can construct the cohomology group isomor-
phism claimed in Theorem 10.12 (cf. Section 10.5). In particular, fol-
lowing [377, 378], let us take some singular simplicial [96, 97, 386, 393]
complex (M) of the compact metric space Mt and introduce a set of
linear mappings B;k) : HR’+MT — Ci(Mr;C), A € &, where Ct(Mr;C),
0 < k < m + 2 are free abelian groups over the field C generated, respec-
tively, by all k-chains of singular simplices S**) ¢ My, 0 < k < m+2, from
the simplicial complex IC(Mr), as follows:

BPWw®) = % S(k)/ ZWEOW), W] (10478)
Sk eCr (Mr;C)) 5%

with »®) € HE  (Mr), 0 < k < m + 2. Then, the following theorem
[377, 378] based on mappings (10.178) can be proved just as its analog in
Section 10.5.

Theorem 10.14. The set of operators (10.178) parametrized by A € ¥
realizes the cohomology group isomorphism formulated in Theorem 10.12.

10.8 The spectral structure of Delsarte—Darboux transmu-
tation operators in multi-dimensions

We shall exploit, as in Section 10.5, the fact that the differential operators
L : H — H,j=1,2, are of the special form (10.156). Assume that
differential expressions (10.158) are normal closed operators defined on a
dense subspace D(L) C L*(M;CN).

It follows from Theorem 10.14 that there is a pair (p(©(\),v®) (1)) €
HE % H’X(L)’JF(MT) parametrized by elements (A, u) € ¥ x X, for which
the equality

(t;x)
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holds, where S((Z;)) € H,,(Mr;C) is some arbitrary but fixed element

parametrized by any chosen point (¢;2) € Mt N 85((:11)). Consider the inte-

gral expressions

Uy i= [ OO, 0Oz, (10150)
7 (t52)
Ugan ) i= [ 2O 0,6 (),
I (tgiwo)
with (to;z0) € Mr N (95((:;)%) with fixed boundaries UEZZI) = 8575(;75),
((ZZ;B = 855;';20 assumed to be homologous as (t;x¢) — (t;z) € Mr,

(\p) € ¥ x Xk, and interpret them as the kernels [28, 32, 115] of
the corresponding invertible integral operators of Hilbert—Schmidt type
Qtszy, Utoszo) ° L%p)(Z;(C) — L%p)(Z];(C)7 where p is some finite Borel
measure on the parameter set . Define the invertible operators
Q0 () — PO (n) (10.181)
for (O (u)dx € ey (M) and some PO (u)de € H(ey 4 (Mt), p €3,
where for any n € ¥
SO @) = Q) - Q5L - Qrose) (10.182)

:/dp(u)/dp(f)i/)(o)(u)%fz)(u,f)ﬂuo;wo)(&77),
3 3

which is motivated by the expression (10.179). More precisely, consider the
diagram

m Qi m
HA(L),+(MT) f HA(5)7+(MT)a
Bg\m) i / Bg\m) (10.183)

which is assumed to be commutative for another cochain complex
dz dz dz dz
H — A (Mrp;H) =5 AN (Mp;H) —5 .0 =5 A™ T2 (M H) 5 0.

(10.184)
Here the generalized anti-derivation

2
dp ==Y dt; NLj(t;2(0) (10.185)
j=1
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with
5 n;(L) ) 6‘04
Lj(t;2]0) := ;0 0 ()5,

where coefficients a5’ € CHT;C>®(M;EndCY), 0 < |a| < n;(L), and
n;(L) := nj(L) € Zy, j = 1,2. The corresponding isomorphisms B/(\m) :
T(£)7+(MT) — H,,(Mr;C), A € X3, act, by definition, as follows:

B (0 (u)dw) = S(77) /a o IR0, 6O e, (10.187)

(10.188)
for some hypersurface I' € M. Define the following closed subspace

Hoy = (5O () € HY ooy, (M) : 00 (0) = 0,40 ()] = 0, € 5}
(10.189)
for the hyperspace I C Mry, introduced above.
Suppose now that the elements (10.182) belong to the closed subspace
(10.189), that is

Az (u) = 0. (10.190)

Define as in (10.189) a closed subspace H C Hy(cxy,— (Mr) as

)
Ho == {O(\) € HY 2oy, (M) : dep @A) = 0,9 (N)|r =0,A € £}
(10.191)
for all 4 € ¥. Owing to the commutativity of the diagram (10.183), there
exist two invertible maps

Q. : Ho — Ho, (10.192)

which depend on how they are extended over the whole Hilbert space
HY _(Mr). Extend the operators (10.192) to all of H}' _(Mr) by means
of the standard method [340, 365] of variation of constants, taking into ac-

count that the kernels Qy..) (A, 1), Qrgize) (A 1) € L%p)(Z; C)® L(zp)(E; C),
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A, 1 € X, satisfy

Q) A 1) = Qtgi0) (A, 1) (10.193)
= [ 0TI 6O - [ 9D eO0), 6 )]
sy 55(m
() (to3iw0)
= dQ(M—l)[(p(O)()\),¢(0)<M)d$]
/sw( (5o

:/S(m)( (m—1) _(m— 1))Z(m)[sD(O)()\)vw(o)(,u)dx},

(@) (tg;w0)

where the m-dimensional open manifolds S(m)( §?z_)1) 82 ;;;) C My are

spanned smoothly without self-intersection between two homologous cycles
(m—1) _ 5S(m) and a(m 1) 5S(m) € Cp—1(M7;C) such that the

o
- ) m1) 1), ) o) 1) _(me)
boundary 0(S5. ( (to320) 7 (to: IO)) uSt ( 9 (t:) ’J(to;fbo))) =9
Making use of the relationship (10.193), it is easy to obtain the following

integral operator expressions in H_:

=1 - [ IO, € (10.104)

M) [0 (). (-
X‘/S(m)( (m—1) (m-— 1))Z [90 (n)a()dm]

T(t;2) % (tgiw0)

defined for fixed pairs (@ (€),1%© (1)) € HE x Ho and (O (€),9 (n)) €
HE x Ho, A\, u € B. these operators are bounded, invertible and of Volterra
type [78, 115, 145, 272] on the whole Hilbert space H. Moreover, for the
differential operators ij : H — 'H one readily finds that

L; =Q.L,;07" (10.195)

for j = 1,2, where the left-hand side of (10.195) does not depend on
signs “+” of the right-hand sides. Whence, the Volterra integral operators
(10.194) are Delsarte-Darboux transmutation operators mapping a given
set £ of differential operators into a new set £ of differential operators
transformed via the Delsarte expressions (10.195).

Suppose now that all of the differential operators L;(¢;z|0), j = 1,2,
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considered above do not depend on the variable ¢ € T. Then, one can take
Ho = {9 (€) € L2(M;CN) : Lip i) (€) = njo ) (6),
J=12, ) =0, = (N17H2) ca(L)na(L*),¢ € Ty}
Ho := {$0(€) € L2 (M;CN) : Ly (€) = P (€),
§=1,2, ¢P(Olp = 0,1 = (1, p2) € (L) NT(L), & € To}
Hy = {90(0)( ) e L2 (M;CN): L3V (n) = Xl (m),  (10.196)
i=1,2,0" 0z =0, = (A1, \2) € (L) N&(L*),n € £, }
= {30 () € L2 (M;CN) - L5 (n) = Xy (),
i=1,2, 3V =0,A= (A, \2) € o(L) NE(L*),n € o}

and construct the corresponding Delsarte-Darboux transmutation opera-
tors

Q. —1- / O dp) / dps, (€)dps, () (10.197)
(E)n&(L*) Sy X5,

x /S s oy SO0 M T ) )

T (tgiw0) % (tgsmq)

acting in the Hilbert space L% (M;CY), where for any (X\;&,n) € (o(L) N
(L*)) x X2, the kernels

Qay) (Ni€,m) = / o Q) Y (n)dal (10.198)

for (€,n7) € ¥2 and every A € o(L) Na(L*) belong to L%p)(EU;(C) ®
L(p)(EU,(C) Moreover, as 0Q+/0t; = 0, j = 1,2, one can readily obtain
that the differential expressions

L;(x|0) := Qi L;j(2]0)QL" (10.199)

7 =1,2, which obviously commute.
The Volterra operators (10.197) possess some additional properties. For
example, the following Fredholm integral operator in H :

Q:=07'0_, (10.200)
which can be written in the form
N=1+2(Q), (10.201)

where the operator ®(2) € B (H), is compact. Moreover, owing to the
relationships (10.199), it is easy to show that the commutator conditions

[Q,L;] =0 (10.202)
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hold for j =1, 2.

Denote now by ®(Q) € H. ® H_ and K, (Q), K_() € H. ® H_
the kernels corresponding [28, 32] to operators ®(Q2) € Bo(H) and
Q1 — 1€ By (H). Then, since the supports supp K4 (2) NsuppK_(Q) =
o™ U el™Y (10.200) and (10.201) imply the well-known Gelfand—

Levitan—Marchenko linear integral equation
K, (Q)+®(Q) + K, (), () = K_(Q), (10.203)

allowing to find the factorizing Fredholm operator (10.200) kernel
K(Q)(x;y) € H- @ H_ for all y € suppK (). The conditions (10.202)
can be rewritten as

(Lient ® 1)O(Q) = (10 LY, ) D(Q) (10.204)

J,ext
for j = 1,2, where Lj e, € L(H-) and their adjoint L}, € L(H-) are
the corresponding extensions [28, 32, 342| of the differential operators L;
and L} € L(H).
For the relationships (10.199) one has [28, 342] kernel conditions similar
to (10.204):

(Ljeat @ K£(Q) = (1 & L ., ) K£(9), (10.205)

where as above, ij)ewt € L(H_), j = 1,2, are the corresponding rigging
extensions of the differential operators L; € L(H).

We now turn to the question about the general differential and spectral
structure of the transformed operator expression (10.195). It is clear that
the conditions (10.203) and (10.204) on the kernels K+ (Q) € H_ @ H_ of
Delsarte-Darboux transmutation operators are necessary for the operator
expressions (10.195) to exist and be differential. Are these conditions also
sufficient? A partially affirmative answer will be given in the sequel.

To study this question let us consider the Volterra operators (10.194)
and (10.197) with kernels satisfying the conditions (10.203) and (10.204),
assuming that suitable oriented manifolds S;m) (O (32) =1 T (tg300)m—1 ) €
Cpn(Mr; C) are given as

S_(i_m)(a'(t;x)(m—l),U(to;zo)(m—l)) = {(t’,x’) € My :
t' = P(t;z|x"), t € T},

S(fm)(o—(t;z)(m*l)?O—(to;mo)(m*l)) = {(t/7l‘/) c MT .
t' = P(t;x]a’) € T\[to, 1]}, (10.206)
where P € C°° (Mt x M;T) is smooth and such that the boundaries

8S(im)(0'(m_1) (m—l)) _ :|:(O'(m_1) (m—1) 1) and

. (m—
(t:2) % (toseo) ()~ Oltomo)) With cycles o,
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UEZ)L JB € K(Mr) are homologous to each other for any choice of points
(to;xo) and (¢t;2) € M. Then simple but cumbersome calculations, based
on considerations from [141] and [117], show that the resulting expressions

on the right-hand side of
L=L+[Ks(Q),L] Q! (10.207)

are exactly equal and differential if there is such an expression for an oper-
ator L € L(H).

As for the inverse operators Q3! € L(H) in (10.207), it is clear owing
to the functional symmetry between closed subspaces Ho and Hy C H_
that the defining relationships (10 192) and (10.182) are reversible, that is
there exist inverse operators Qi :Hoy — ’HO, such that

Q' O0) — () =900 - Q) Qi) (10-208)

for suitable kernels Q 0y (A, 1) and Qg0 (A, 1) € L7 (55 C)@L(p)(E; 0),
related naturally with the transformed differential expression L € L(H).
Consequently, it follows from the expressions (10.208) that one has, similar
0 (10.197), the inverse integral operators

Q7! = 1—/dp(€)/ dp(n)' (€)1, (€:1) (10.209)
z b
7(m)1,%(0) )
" /S:(tm)( (’"T)l), E:g Tg))) ZME™ (n), ()dz]

defined for fixed pairs (3(*)(€), 9 (n)) € HE x Ho and (0O (€),4%©) (n)) €
H§ x Ho, €,m € X, which are bounded invertible operators of Volterra type
on H. In particular, the compatibility conditions Qiﬂf =1= Q;lﬂi
must be fulfilled in H, involving some restrictions identifying measures p
and ¥ and possible asymptotic conditions of coefficient functions of the
differential expression L € L. Such restrictions have been mentioned in
[201, 403-405], where relationships with the local and nonlocal Riemann
problems were discussed.

Within the above framework, one can give a natural interpretation of
so-called Bécklund transformations for the coefficient functions of a given
differential operator L € L(H). In particular, following the symbolic consid-
erations in [230], we reinterpret the approach devised there for construct-
ing the Backlund transformations by making use of the techniques from
the theory of Delsarte transmutation operators. Let us define two different
Delsarte-Darboux transformed differential operators

Ly =9 .LOQ7}, Ly =9, .:LQ5 %, (10.210)
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where Q4 ;, Qs _ € L(H) are Delsarte transmutation Volterra operators in
‘H with Borel spectral measures p; and ps on X, such that the following
conditions

QL0 =0=01Q,_ (10.211)

are satisfied. Now it follows readily from the conditions (10.210) and rela-
tionships (10.211) that the operator B := Ql_ﬂil+ € L(H) satisfies

L,B=BL;, Q,.B=BQ ., (10.212)

which motivates the following definition.

Definition 10.6. An invertible symbolic mapping B : L(H) — L (H) will
be called a Darboux—Bécklund transformation of an operator Ly € L(H)
into the operator Ly € L(H) if

[QB,Li] =0 (10.213)

for some linear differential operator Q € L(H).

The condition (10.213) can be realized as follows: Take any differential
expression q € L(H) satisfying the symbolic equation

[aB,L] = 0. (10.214)
Then, using a transformation like (10.210), from (10.211) one finds that
[QB, L] =0, (10.215)
where owing to (10.212)
QB =9 1 ¢BQ | =0 ,qQ; | B. (10.216)

Therefore, the expression Q = 21 ;¢ ﬁ_ is also seen to be differential,
owing to the conditions (10.212).

The considerations above for a symbolic mapping B :L(H) — L(H) give
rise to an effective tool for constructing self-Bécklund transformations for
coefficients of differential operator expressions Li, Ly € £(H), which have
many applications [92, 253, 326, 365, 406] in spectral and soliton theories.

Let us investigate the structure of Delsarte-Darboux transformations
for a polynomial differential operators pencil

L(\; 2]0) : ZL (z]0)N (10.217)

where n(L) € Zy and A € Cisa complex parameter. We seek the Delsarte—
Darboux transformations 2 + € L(H), A € C, corresponding to (10.217),
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such that for some polynomial differential operators pencil L(\; z|9) € L(H)
the following Delsarte-Lions [95] transmutation condition

LOy + = Q) 2L (10.218)

holds for almost all A € C. To find such transformations Qyy € L(H),
we consider a parameter (7 € R) dependent differential operator L, (z|0) €
L(H,) of the form

n(L)
L (2|0) := Y L;j(x|0)0? /or7, (10.219)

7=0

acting in the functional space H, = C4F)(R,;'H) for some ¢(L) € Z . Then
one can easily construct the corresponding Delsarte-Darboux transforma-
tions 2, + € L(H ) of Volterra type for a differential operator expression

n(L)

L (|0) = Y L;(2]0)0? jor, (10.220)

=0
if the following Delsarte-Lions [95] transmutation conditions
L.Q, =9, .0, (10.221)

hold in H.. Thus, making use of the results obtained above, one has

=1 / dPE / dpz w( ) )\ SO0 (70; Io)()\;gan) (10.222)

(m)
/S(m)( (m— 1) o(m— 1))Z [ ()\ 77) ()dl’]

T (ri2) (To z0)

defined by means of the closed subspaces H;o C H, - and H; , C H} _

Hro = {WV (N &) € Hrm : Lpl? (X6) =0,
PO E)|rmo = O (N 6) € H, L@ (X;€) =0,
POl =0, AeC, €€},

Mo —{w“”( n) € Hi_ :L.p@(\sn) =0, (10.223)
O Nin)lrmo = @ (Nin) € 1Y, L@ (X)) =0,

s@“’)(A;n)Ir =0, AeC, nex}.
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Recalling now that our operators L; € L(H), 0 < j < r(L), do not depend
on the parameter 7 € R, one can readily infer from (10.222) that

=1 [ (@) [ dpsiOOc00, (e (10220

s oy A0 O]

17 (2g)

1 —1 —1 7 1
where J(m ) .= O'E:Z;z)), JQU” ). ETZ IO)) € Cp—1(R™;C) and
2810 (x ), O da] == 2 [0 (X ), O dallgr—0.  (10.225)

The closed subspaces Hy € H_ and H§ € H* corresponding to (10.224)
are given as

Ho = O\ €) e Ho : L@ (X €) =0, v DN =0, AeC, £ €3},
(10.226)

o= {eWNim) e LD (Asm) =0, P (Nin)[r =0, AeC, ne T}

Therefore, one can use the expressions (10.224) to construct the Delsarte-
Darboux transformed linear differential pencil L € £(H), whose coefficients
are related to those of the pencil L € £L(H) via Bécklund type relationships
useful for applications (see [161, 201, 342, 365, 396]) in soliton theory.

10.9 Delsarte-Darboux transmutation operators for special
multi-dimensional expressions and their applications

Example 10.1. A perturbed self-adjoint Laplace operator in R"”.

Consider the Laplace operator —A,, in H := L(R™; C) perturbed by the
multiplication operator on a function ¢ € W2(R™; C), that is the operator

L(x]) = — A, + q(2), (10.227)

where & € R™. The operator (13.62) is self-adjoint in H. Applying the re-
sults from Section 10.7 to the differential expression (13.62) in the Hilbert
space H, one obtains the following invertible Delsarte-Darboux transmu-

tation operators:
dps, (§) / dps, (n)  (10.228)
)

fe=1- /a(m e /a@) el /E ”

- (0)
IO (v | g oy DO
7 (z0)
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where o™V € KC(R™) is a closed, possibly non-compact, blmphClal hyper-

(m=1 and oi™7Y €
K(R™) is a suitable simplicial hypersurface in R™ that is homologous to

aémfl) and parametrized by a point zy € aéo D There exist exactly

two m-dimensional subspaces spanning them, say Si )( imfl), i’o" 1)) €

K(R™), such that Sim)(agm_1)7 oy 8 (g{mT glmmDy = Rrm,
Taking into account these subspaces, one can rewrite the Delsarte-Darboux
transmutation operators (13.63) for (13.62) concisely as

surface in R™ parametrized by a running point = € o,

2 -1+ [ dy R+ (82) (w5 ) (), (10.229)
S(irn) (0(17171)702(;81,71))

where, as before, z € Ug(gmfl) and the kernels Ki(ﬂ) € H_ ® H_ satisfy
the equations (10.206), or equivalently,

— A (25 0) K () (23 y) + A (y; ) K1 (Q) (3 9) (10.230)
= (q(y) — 4(2)) K+ (Q)(z:y)

for all z,y € suppK (). Take for simplicity, a non- compact closed sim-

plicial hypersurface o{™ V) = ("; b ={yeR™ <z —y,y >=0} and
the degenerate simplicial cycle af(to -, =1y =00 € ]Rm, where v € Sm1

is an arbitrary versor, ||v|| = 0. Then, evidently

Sim)( (m=1) 5(m=1)y —S(m) ={yeR":<z—y,£y> >0} (10.231)

:v'y O

and our transmutation operators (13.64) take the form

Qo =14 [ Ay (@)(wi0)(0), (10.232)
Si'y,z
where supp K+ (Q) = S(iﬂ,;?r, S_(x)m N S’(m) = 0(772 Dyuel™™Y and S’Srmw)z u
S(f: , = R™ for any direction v € S™~ 1.

Invertible transmutation Volterra operators such as (13.68) were first
constructed by Faddeev [117] for the self-adjoint perturbed Laplace oper-
ator (13.62) in R3. He called them [117] transformation operators with a
Volterra direction v € S™~1. It is easy to see that Faddeev’s expressions
(13.68) are very special cases of the general expressions (13.64) obtained
above.

Now making use of (13.64), we define the following Fredholm operator
in the Hilbert space H :

Q= (1+K,(Q) ' (1+K_(Q)) = 1+9(Q) (10.233)
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with the compact part ®(2) €B(H). Then the commutation equality

[L, ()] =0 (10.234)
together with the Gelfand—Levitan—Marchenko equation
K (Q)+d(Q)+K,(Q)+d(Q) =K_(Q) (10.235)

are satisfied for the corresponding kernels K (€2) and ®(Q) €H_ ® H_ .
In [117] there is a thorough analysis of the spectral structure of the
kernels Ki(ﬂ) €H_ ® H_ in (13.68) using the analytical properties of the
corresponding Green’s functions of the operator (13.62). As one can see
from (13.63), these properties depend strongly both on the structure of the
spectral measures p, on o(L) and py, on X, and on analytical behavior
of the kernel Q. (\;&,n) € pr)(ZU;(C) ® L%p)(Eg;(C), &mn € X, for all
A € o(L). It was proved in [117] that for any direction v € S™~! the
dependence of kernels K. +(92) eH_® H_ on the regularized determinant of
the resolvent R, (L) € B(H), p € C\o(L) is a regular point for the operator
(13.62). This dependence can be clarified using the above approach.

Example 10.2. A two-dimensional Dirac type operator.

Let us define in H := L?(R?;C?) a two-dimensional Dirac operator
~ 8/6.131 17,1(.13)
Li(z;0):={ . , 10.236
1(59) (uQ(sc) 0/0xs ( )
where x = (z1,23) € R?, and coefficients @; € W3 (R? C), j = 1,2. The
transformation properties of this operator were studied in [284]. In par-
ticular, a special class of the Delsarte-Darboux transmutation operators of
the following form was constructed:

2 -1+ [ dyR +(92)(w59)(), (10.237)
@) (D) )
Sy (02,050 )
where for two orthonormal versors v; and y2 € St, ||y1]| = 1 = ||72]|, and
Sf)(ag(gl),a(%)) ={y eR?* <z —y,v >>0} (10.238)

Ny €R? i<z — g,y >> 0},
§P(oM,00) == {y e R* :<w —y, 7 >< 0}
U{y e R? i< 2 —y, v, >< 0}.
When < z,7; >=x; € R, j = 1,2, the corresponding kernel
f(+(ﬂ) — <K—(+1,)116<yw,71> + K-(S,)n(x; Y) Kil,)125<y—m,~/2> + K.(‘_O)lz)>

2 - K 1 ) 0
K'(‘l_y) 6<y 71> + K+( ,)2 (.’)37 y) +( ,)22 <y—x,y2> + K( 7)22
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is a Dirac delta-function, which is singular, and partially localized on half-
lines < y —x,72 >=0and < y — x,y; >= 0, with regular all coefficients
Ksrl?ij € CY(R? xR?;C) for all 4,5 = 1,2 and [ = 0, 1. The same property of
the transmutation kernels for the perturbed Laplace operator (13.62) was
also observed in [117], where it was motivated by the necessary condition
for the transformed operator L(x;d) € £L(H) to be differential. As one can
check, the same reason for the existence of singularities applies in (13.79).

Let us now consider the general expression akin to (13.64) for the cor-

responding hypersurfaces S(f )(afcl),ogé)) spanning a closed non-compact

smooth cycle ot € K(R?) and the infinite point o) = o € K(R?).

A running point x € a;ﬁ” is arbitrary but, as usual, fixed. The kernels

K.(Q) € H_ x H_ in (13.76) satisfy the standard conditions (10.204) and
(10.205), that is

(Liear @ DE2(R) = (1@ L] 1) K+(9), (10.240)
for some matrix differential Dirac operator Ly € L(H) of the form (13.62).

Together with this Dirac operator, the matrix second order differential op-
erator

P Lzz + LZ — g _9duy
Lo(z:0) = 1= gy = dz3 Oz2 10.241
2(29) 8t+< L O ( )
1 ] 5

in the parametric space H := C*(R; H) was studied in [284, 285]. A scat-
tering theory was developed and applied to the construction of soliton-like
exact solutions to the so-called Davey—Stewartson nonlinear dynamical sys-
tem. A key element of that analysis is the fact that the operators L; and
L, € L(H) commute. Namely, for the Volterra operators Qi € L(H)
realizing the following Delsarte-Darboux transmutations one has

LiQy =QiL;, LoQy =Q L. (10.242)
Here we set
d/0 0
Lyi(z;0) = < /Oml a/am2>’ (10.243)

82 82
o o+ 25 —as(x 0
Lo(x;0) :=1=— + Dzi = O3 2(e2) 92 e ,
at 0 81% + TZ% — 041(1‘1)
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where o; € W4(R;C), j = 1,2, are given functions. It is evident that
operators (10.243) commute. Then, if the operators Q4 € L(H) exist and
satisfy (10.242), the following commutation condition

[L1,0q] =0 (10.244)

holds, and this was effectively exploited in [284, 285].
Recall now that for the operators 2L € L(H) to exist they must satisfy
the kernel conditions (13.80) and

(i‘Z,ezt ® 1)Kﬂ:(ﬂ) =1 L’z‘,m)ffi(ﬂ), (10.245)
[La, ®(£2)] = 0,
where, as before, the operator ®(Q) €B, (H) is defined by (13.69) as
Q= 1+0(Q). (10.246)

Owing to the evident commutation condition (10.244), the set of equations
(13.80) and (10.245) is compatible, which gives rise to the expression of
the form (13.76), where the kernel K, (2) € H_ ® H_ satisfies the set of
differential equations generalizing those from [284, 285]:

0K 0K 0K 0K
+,11 n +,11 +,12 i +,12

— .
Ers o1 +u1 Ky 01 =0, B, o +u1 K 22 =0,
(10.247)
oK 0K oK 0K
8+’21 + +,21 + ’INLQKJDH = 0, +,22 + +,22 + ﬂ2K+,12 = 07
To 0z Oy Oy
iy 0K, . 0% 92 o2 02
L = 28+ A
my = g Tl — 50 (5 — g M
+ (aa(w2) — D2(x)) Ky 11,
Oty 0Ky . 02 02 82 2
1O =B O O (OO
any = g T lgE — ) TG g e
+ (o1 (z1) — 01(x)) K+ 22,
Oty OKy10 . 82 82 o2 o2
9%y = B+ g 9y LDk
T g, 22 ot [(axf ayf) (axg ayg)] 12
+ (041(331) — 172($))K+,22,
Dl 0Ky . 0% 9 o2 o2
LAY s | Y | AL WY (AL e
or, 1?2 ot [(axf ayf) (axg ayg)] +21

+ (aa(x2) — 01 (2)) Ky 11
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Moreover, the conditions
- 0 - 0
() = K lyme iia(2) = ~K e (10.248)
02(2)|21=—00 = @2(22), V1(¥)|zy=—00 = o1 (1)

hold for all z € R? and y € suppK+(Q), where we take into account the
singular series expansion

R p(K+)
K@) =Y K@dzg” (10.249)
s=0 )

for a finite integer p(K) € Z, with respect to the Dirac function 6_u) :
Wi (R?%C) — R, ¢ € Z, and its derivatives, having support (see [141],
Chapter 3) coinciding with the closed cycle oM e K(R?).

Remark 10.3. For the special case (13.79) discussed in [284, 285], it
is easily verified that p(K;) = 1 and o = oN,_zly € R? :<
y — x,7v; >= 0}) C suppK, (). It was also shown that equations like
(10.247) and (10.248) possess solutions if the Gelfand-Levitan—-Marchenko
equation (10.203) does.

If one uses the exact forms of operators Ly and Lo € L(H), it follows
directly from (13.80) and (10.245) that the corresponding set of differential
equations for components of the kernel ®(Q2) € H_ ® H_ are

0®1; 0Py 005  0Pqo

= = ]. .2
0x1 + Oy 0 0x1 M oy 0 (10.250)
0Do1 0Poy . 0Doys 0Poyo .
0z + Oy =0, O0xa M Y2 =0

0P 0? 02
o =52 "o

019 n 0? 9?

)P11 + (a2(y2) — az(z2))P11 =0,

ot (axg 02
0P 0? 0?
= + (72 T 9.2
ot Oz Oy
0Py9 0? 0?
ot 52 " ag?
1 Y1

for all (z,y) € R? x R?. These generalize those found in [284, 285], which
have been used to integrate the Davey-Stewartson differential equation
[121, 405, 406] and thereby find soliton-like solutions. For our generalized

)P12 + (1 (y1) — az(z2)) P12 =0,

)®21 + (2(y2) — ai(z1))P21 =0,

Doo + (a1 (y1) — a1 (1)) P22 =0
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case, the kernel (10.249) is a solution to the Gelfand-Levitan-Marchenko
equations

KO () + 2O (a;) + / KO (2:)80) (¢ y)de

SP (08 o)

+/m KM ;)00 (& y)dolD) =0, (10.251)
K@)+ oD@+ [ K@ eeh g s
SJr (o2’ 055)

+ [ K08 € iold =0

where y € Sf (Ug(cl), ol ) for all z € R? and
o(Q) =2 + W5 (10.252)

is the kernel expansion corresponding to (10.249). Since the kernel (10.252)
is singular, the differential equations (10.250) must be treated in the dis-
tributional sense [141].

Taking into account the exact forms of the “dressed” differential oper-
ators L; € L(H), j = 1,2, given by (13.75) and (10.241), one easily verifies
that the commutativity condition (10.244) gives rise to that of L; € £(H),
7 = 1,2, which are equivalent to the Davey—Stewartson dynamical system

d’ﬁl/dt = _(al,ww + ’ﬁLyy) + 2(’171 — 172), (10253)
dity ) dt = Tip pg + Tin,yy + 2(T2 — 1),
U1 = (Wl2)y, V2o = (U1l2)s
on an infinite-dimensional functional manifold M, C S(R?*;C). The exact
soliton-like solutions to (10.253) are given by expressions (10.248), where
the kernel K(j)(ﬂ) solves the second linear integral equation of (10.251).

On the other hand, there exists the exact expression (10.183) which solves
the set of “dressed” equations

L@ () =0, L@ () =0. (10.254)
Since the kernels Q(\, ) € L ) (5:C) @ L ) (2;C), for A, p € %, (tix) €

MrN 5(2) (aw ,oéo)) are given by means of exact expressions (10.181), one
can ﬁnd via simple calculations the corresponding analytical expression for
the functions (@1, 42) € M,, solving the dynamical system (10.253). This
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procedure is often called the Darboux type transformation and was recently
extensively used in [365] as a particular case of the construction above for
finding soliton-like solutions to the Davey—Stewartson (10.253) and related
two-dimensional modified Korteweg—de Vries flows on M,,. Moreover, as can
be observed from the technique used for constructing the Delsarte-Darboux
transmutation operators Q1 € L(H), the set of solutions to (10.253) ob-
tained by means of Darboux type transformations coincides with the cor-
responding set of solutions obtained by means of solving the related set of
Gelfand-Levitan—Marchenko integral equations (10.250) and (10.251).

Example 10.3. An affine generalized de Rham—-Hodge differential
complex and related generalized self-dual Yang—Mills flows

Consider the following set of affine differential expressions in H :=
CYR™L H), H := L2(R™;CN) :
0 0

— A=— + A;(z; plt), 10.255
o = A Al (10.255)

where x € R™, (t,p) € R™H1 A, € CH(R™HL; S(R™; EndCN)), 1 <i <m,
and a parameter A € C. It is easy to construct an exact affine generalized
de Rham-Hodge differential complex on Mt := R™TIxR™ as

H — MM H) "2 AL (Mo H) — %200 — A2+ (M 1) P22 0,
(10.256)
where the differentiation is
deeny = dt AB(A) + > dp; ALi(N) (10.257)
i=1
and the affine matrix has the form
n(B)+q
B(A) :=0/0t— Y By(aiplt)\"P) (10.258)
s=0

with matrices B, € C1(R™*!; S(R™; EndC™)),0 < s < n(B)+q,n(B),q €
Zy. The affine complex (10.256) is exact for all A € C iff the following
generalized self-dual Yang-Mills equations [161]

8Ai/(’)pj — GAj/(’)pi — [Ai,Aj] = 0, 8142/8.%'] — GAJ/(’)xZ = 0,
0By /0x; =0, 0Bp(B)+q/0p;i =0, 0Bs/0x; = 0Bs_1/0p; + [Ai, Bs_1] = 0,

8AZ/8t + 8Bn(3)/8pi - aBn(B)+1/aIi + [Al, Bn(B)] =0 (10259)
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hold forall4,j =1,...,mand (0 < s <n(B))V(n(B)+q¢ < s <n(B) + 2).
Assume now that the conditions (10.259) are satisfied on M. Then, making
the change C 5\ — 9/07 : H — H, 7 € R, one finds the following set of
pure differential expressions

0 0?
Liry = 1o — ——— 4 Au(a: plt), 10.2
i) =15~ g, + Ailwplh) (10.260)
n(B)+q 9
B(ry = 0/0t— Y Bs(x;p|t)(§)n(3)_s7
s=0

where the matrices A;, 1 < i < m, and Bs, 0 < s < n(B) + ¢, do not
depend on the variable 7 € R. Using the operator expressions (10.260), one
can construct a new differential complex related to that of (10.256) given
as

My — MM Hiny) 5 A (M Hiry) — 9% — A2 P2 (M Hin) 250,
(10.261)
where H(r) := C1(R™Y; Hr)), Hry = L2(R™ x o5 CV) and

de=dt AB(;y+ Y dp; ALy, (10.262)

i=1

The following result is a direct consequence of condition (10.259):
Lemma 10.9. The differential complex (10.261) is exact.

Therefore, one can construct the standard generalized de Rham—-Hodge
type Hilbert space decomposition

k=2m+2 k
Ha(Mr ;) = & “HE (M) (10.263)

as well the corresponding Hilbert—Schmidt rigging
HAﬂL(MT’T) C HA(MT,T) C HA’,(MT’-,-). (10264)

Making use now of these results, we can define the Delsarte closed subspaces
Ho(ry and Ho(ry C H(r)—, related to the exact complex (10.261):

o(r) = {w(T)(f) € H9\7—(MT,T) : J(-r 7/1(7_)(5) (10.265)
B(ry (&) = 0, ¥{)()lr = 0, ¥{)(E)li=o = e} <n> € MY - (M ),
L\ () =0, 5 (Ain) €T:=Cx T},
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= {0 (©) € HY _ (M) : L) 50 (¢) =0,
B<T>¢EE§<£> 0, B (E)lg = 0, $©lemo = 79 (n) € H (M 1),
LV () =0, €= (\n) €3 :=C x 2},

where I' and T C M, are smooth hypersurfaces. Similar expressions
correspond to the adjoint closed subspaces HS(T) and HS(T) C H; _, namely

Hoery = {09 (€) € HY _(Mr,7) : L1y 0l (€) =0, (10.266)
B(r @9 (€) =0, o) ()lr =0, ¢ (€)li=o = e 6 (n) € HY _ (M ),
L@ (m) =0, €= (hm) €% :=Cx T},

Howry 1= {9 (€) € HA _(Mr7) : L3y 8 (6) =0,
Bl (0)(€) = 0, 30 (O)lr = 0, §)(E)li=0 = e "G (n) € HY _ (M ),
L(A)so&°><>—os (him) € D:=Cx S}

Using the closed subspaces (10.266) and (10.265), one can construct the
Darboux type kernel Q¢ ,.-y(n,§) € L p)(Z( m), C)® L(p)(E((Cm);(C), n,& €

E((Cm), and further, the corresponding Delsarte transmutation mappings
Q. € L(H()). Namely, assume that the following conditions

B (&) = DD - AL ir Qetorpo 0m) (10.267)
hold for any & € CxEé:m) where

Qi) (1, €) = / QD[N0 (1), 75O () dar A dp A d],
O(t;wi7)

ZEM Ve 0 Ze PO (Ey) Adr A da /\ Jdp] (10.268)

= dO [ 5O ZeAw 0 (&) Adr A dx /\ Jdpjl,
and, as in (10 125), we have

< d5p e, AT o)dt Adr Ad A d 10.269
Ze PO (&y)dt A dr v N dp > )

NE

=< (*)_14)5(0)(/1)6_5\7, di( e”%o)(g(i))dt AdT A dx 37\;; dp;) >

1

.
Il

+ A2 VO e,

[

I
-

O (€ )dt A dr A da J;AZ dp),

K3
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defining the exact (2m+1)-form Z((E;er) € A+ (Mr ;; C). Compute now

the Delsarte transformed differential expressions

—O1T7 O — 01 R )
Lim = Q0)LinSn+, B = Q0B 2me (10.270)
for any j =1,...,m, where
3 9 92 _
Litr) = 1o — ——— + 4, 10.271
5(7) apj 67’8% + 7 ( 0.27 )
n(B)+q

B(.,-) = 8/8t— Z B n(B)—s

with all matrices 4; € EndC™, j = 1,...,m, and By € EndC™, 0 <
s < n(B) + ¢, a constant. This means that, in particular, the commuting
relationships

[Li(r)s Lin] = 0, [Lj(),Bn] =0 (10.272)
hold for all 1 < 4,5 < m. Owing to the expressions (10.270), the induced
commuting relationships

[Lj(r), Lin] = 0, [Ljr), Bl =0 (10.273)

obviously hold and coincide exactly with (10.259). Moreover, reducing our
differential expressions (10.270) upon functional subspaces Hy) := eMH,
A € C, it is easy to obtain the set of affine differential expressions (10.255)
and (10.258). We can express the reduced Delsarte transmutation operators
as

~

=1 [ o) [ o G5t (D Oy i)

(2m+1)7,(0)
% /Sizm+1)( (2m) (2m) )Z [(,0 ()‘ V Zdt/\d’l} A dpﬂ

(t,piz) % (ttg,poizo) i=1

(10.274)

(2m)
(t,p;)
simplices, and

m)

posro) € K (M) are 2m-dimensional closed singular

where o and a( to

Z@mAD 50\ ) Z¢( )(X; 0) )dt/\da: /\ dp]]
i=1

— ZO0mF D=2 5O (- 1), ST AT O (N )dr AdE A dz A dp;]|ar—o,
o e e ); O (X)) A, dpillar=o
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At pixy (N ) = ZCD[EO (A w), YO (s )dt A dae ]Z dpj],
i=1
(10.275)
since the (2m + 1)-form (10.275) is, owing to (10.269), also exact for
any (A\;v,m) € C x (E((Cm) X Z((Cm)). Thus, the operator expression (10.274)
applied to the operators (10.271) reduced upon the functional subspace
Hy = H, A € C, gives rise to the differential expressions

L;(\) = Q7'L;(N0Q: B = Q1 BVO, (10.276)

where Lj()\)H(,\) = Ly Hen, B()\)H()\) = B(T)(/\)H()\), 1 <5 < m, coin-
ciding with affine differential expressions (10.255) and (10.258). To apply
these results to finding exact soliton-like solutions to the self-dual Yang-
Mills equations (10.259), it suffices to mention that the relationship (10.267)
reduced upon the subspace Hyy =~ H, A € C, gives rise to the following
map:

PO Nm) == O Nm) - QL Lt posao): (10.277)
where the kernels Q(; ... (A;n,€) € L(p)(E(m) C)® L}, )(E((Cm);C), n& €

Z((Cm), for all (t,p;2) € My and A € C. Since the element () (\;n) € H_
for any (\;€) € (CXE((Cm) satisfies the set of differential equations

Li(Myp @A) =0, B (Xin) =0, (10.278)

for all 1 < ¢ < m, from (10.277) and (10.278) one finds easily ex-
act expressions for the corresponding matrices A; and By € C'(R x
R™HL: S(R™; EndCN)), 1 < 5 < m, 0 < s < n(B) + ¢, satisfying the
self-dual Yang-Mills equations (10.259). Thus, we have proved the follow-
ing result.

Theorem 10.15. The integral expressions (10.274) in H are the Delsarte
transmutation operators corresponding to the affine differential expressions
(10.255), (10.259) and constant operators

n(B)+q

—A=—+ A, B(\) =9/t — Z BB~ (10.279)

for any A € C. The mapping (10.277) realizes the isomorphisms between
the closed subspaces

Ho == {v @O (\in) € Ho 2 dg, v @ (Nn) =0, ¥ (\in)li=o  (10.280)
=" () € H_, O Nin)le =0, (i) € Cx £}
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and
Ho = {00 (\sm) € Ho o dp) d(him) =0, $ONn)limo (10.281)
=) e H_, ¢‘0>(A;n)|f —0,(A7) € Cxs™

for any parameter A € C. Moreover, the expressions (10.277) generate the
standard Darbouz transformations for the set of operators (10.279) and
(10.255), (10.258) wia the corresponding set of linear equations (10.278),
thereby producing exact soliton-like solutions to the self-dual Yang—Mills
equations (10.259).

As a simple consequence of Theorem 10.15 one retrieves all of the results
obtained in [161], where the Delsarte-Darboux map (10.277) was chosen
completely a priori without any proof and motivation in the form of an
affine gauge transformation.

Results similar to the above can with minor changes also be applied to
the affine differential generalized de Rham-Hodge complex (10.256) with
the exterior differentiation (10.257), where

n;(L) ni(L)
L;(\) : ap Z @ik )\’““ -+ Z A\,
n(B +q
B(\) := /0t — Z BAB)=s, (10.282)
or
9 ni(L) ' n;(L)
Li(\) =15 — 3 agjxk“ ~+ Z AipA¥,
pi =
~ n(B)+tq
B(\):=0/0t— Y BA"B) (10.283)
s=0

for 1 < i < m, A € C. The case (10.282) was analyzed recently in [396]
using an affine gauge transformation introduced in [161]. Unfortunately,
the results obtained here are generally too complicated and unwieldy. Con-
sequently, one needs to find more mathematically motivated, clear and less
cumbersome techniques for finding Delsarte-Darboux transformations and
their related soliton-like exact solutions.
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Chapter 11

Characteristic Classes of Chern Type
and Integrability of Systems on
Riemannian Manifolds

11.1 Differential-geometric problem setting

We start with a smooth m-dimensional Riemannian manifold M and two
complex vector bundles over it: the tangent bundle T'(M) and a bundle
E(M) endowed with a Hermitian scalar structure <,-,- >g on the fibers.
The related vector fields on M are denoted as 7 (M) and smooth sections
of E(M) as £(M). As usual [173, 197, 198, 266, 393], one can introduce
on £(M) a Cartan connection I' by means of a connection mapping
da :EM) - T*(M)®E(M), (11.1)

which satisfies

da(fa+B) :=df ® a+ fdaa +dap (11.2)
for any smooth function f € D(M) and «o,8 € E(M). Let A(M) :=
S MAP(M) denote the usual [3, 14, 173, 197, 198, 393] Grassmann al-
gebra of differential forms on M. To define the associated linear bundles
AP(M,E) .= AP(M) ® E(M) for 0 < p < m, the connection mapping
(13.24) can be naturally extended on AP(M, E) as

da : AP(M,E) — APY(M, E), (11.3)
satisfying the related Leibniz rule
dA(f(”) A a(‘”) =df® Al 4 (_1)pf(p) A dpal? (11.4)

for any fP) € AP(M) and o ? € AY(M,E), 1< q,p <m.

The connection operation (13.26) possesses a very interesting and im-
portant property: its composition d% := dada is a linear mapping over the
ring of smooth functions ring D(M) :

di(fa) 4 BP)) = fdia® +d3 8%, (11.5)

373
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where f € D(M) and o?),3P) € AP(M,E), p = 0,...,m, are arbitrary.
The resulting linear tensor map Q) :=d3 : (M) — A?(M, E) is called the
curvature tensor and is of great importance for geometrical analysis of inte-
grable multi-dimensional differential systems of Gromov type [159], gener-
ated by Cartan integrable [44, 85, 173, 326, 382] ideals I(a) C A(M, End
E) := A(M) ® End E(M) on the Riemannian manifold M. Moreover, one
can construct the smooth integral submanifold embedding ., : M, — M
for the ideal I(«) C A(M, End E), satisfying the following determining con-
dition: the curvature 2-form Q(®) € A?(M, E) reduced upon M,, vanishes,
that is i* Q) = 0. This implies also that the related reduced cochain

E — A (M., E) %3 AY(M,,E) % . A™ (M., E) %3 0 (11.6)

is a de Rham complex, with di = 0, where d,, := i%,da and m, := dim M,.
Since the submanifold M, C M also possesses the induced Riemannian
structure g, : T(M,) x T(M,) — R, we can construct from (13.29) a gen-
eralized de Rham-Hodge complex of Hilbert spaces H} (M), 0 < p < mq,
whose properties, as was shown in [70, 173, 331, 366], makes it possible to
describe the so-called Delsarte-Lions transmutation operators of Volterra
type, which are a useful tool for constructing integrable multi-dimensional
differential systems on Riemannian manifolds and finding their special exact
solutions.

On the other hand, one can consider the following generalized chain of
modules over M

E— AME) 2 AN M E)S .8 A™(M,E) -0, (11.7)

which is not a de Rham—Hodge complex, but determines such very im-
portant [108, 260, 266, 393] geometric objects as the Chern characteristic
classes and characters. Their properties and related geometric aspects of
the integrability problem of multi-dimensional differential systems of Gro-
mov type [159] on Riemannian manifolds will be treated in what follows.

11.2 The differential invariants

The connection mapping (13.26) on M can be equivalently rewritten locally
on an open neighborhood U C M as

daly =d+ AW, (11.8)

where A1) € A(U, End E) is a suitably determined End &(U)-valued dif-
ferential 1-form on U C M. In local coordinates of a point u € U, we can
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write
AW =" A (u)du’, (11.9)
=1

where A;(u) € End E(U), ¢ = 1,...,m. Making use of the representation
(13.38), one can easily obtain the following local expression for the curva-
ture 2-form Q3 |y € A2(U) ® End E(U) :

Q| =dAW 4 AW A A, (11.10)

The expression (13.40) is convenient for locally determining the cohomology
characteristic Chern type classes related to the complex (13.31)

ch;(A)|y = tr(iQ(z)hj)j e A%(U), (11.11)

where j € Z,. The expression (13.41), owing to the properties of E(M),
can be invariantly extended upon the whole manifold M as well defined
differential forms on M, thereby determining the characteristic Chern type
classes

chj(A) = tr(%ﬂ(m)j € A% (M) (11.12)

for j € Zy. Tt is a standard [266, 386, 393] result that the classes (13.42)
are closed and do not depend on the choice of a connection map (13.26).

As a consequence of these properties, one can define for every linear
Hermitian fiber bundle E(M) over M the set of corresponding characteristic
Chern type classes

ch;(E, M) := [ch;(A)] (11.13)

for j € Z4, by means of which the Chern character ch(E, M) of this linear
fiber bundle E(M) is determined as

ch(E, M) := @jez, (j1)‘chj(E, M) = [tr exp(%ﬂ(z))}. (11.14)

The Chern character, as is well known [108, 266, 393], has many applica-
tions to modern differential topology and mathematical physics.
Concerning applications to strongly integrable multi-dimensional differ-
ential systems on Riemannian manifolds, we consider the Cartan geometric
approach developed in [44, 85, 173, 326, 382]. In this approach, a nonlin-
ear multi-dimensional differential system & is represented in the form of a
Cartan integrable ideal I(«) C A(M, End E) with coefficients in End€ (M),
where £(M) is a specially chosen Hermitian vector fiber bundle over a suit-
ably chosen finite-dimensional Riemannian manifold M. The corresponding
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integral submanifold M, C M of the ideal I(«), in general, is equivalent to
the set of independent variables of our multi-dimensional integrable non-
linear differential system.

We call our multi-dimensional differential system strongly integrable if it
has a connection I') parametrically dependent on A € R, whose curvature 2-
form ng) € A%(M, End E) vanishes on the integral submanifold M, C M of
the ideal I(a) C A(M, End E). Obviously, the latter condition is equivalent
to

0 e I(a) (11.15)

for all allowed values of A € R. If the connection I' does not depend non-
trivially on the parameter A € R, a multi-dimensional differential system is
called integrable.

On the other hand, the condition (13.47) serves [173, 326] as a means
for finding the corresponding connection map (13.26), assuming that it
exists. The resulting search algorithm details are crucially dependent
[44, 173, 326] on the related holonomy group properties of the connec-
tion I'y, A € R, on the principal fiber bundle P(M, G) naturally associated
with the bundle E(M), where the Lie group G is the structure group of the
connection I'y, A € R. Further details on the algorithm may be found in
[44, 173, 326].

The condition (13.47) is important, as we can directly obtain under the
conditions H*(M,R) =0, j € Z,, that

ch;(A) = d y;(A) (11.16)

for a suitably determined global and real differential (25 —1)-form x,(A) €
A%=Y(M), j € Z4, on the manifold M. Moreover, since it is clear that all
degrees (5:=Q®3)7 € I(a) for j € Z, from the condition i’ I(a) = 0, where
iq : My — M is the integral submanifold imbedding mapping, one easily
obtains that i}, ch;(A) = 0, or equivalently

dy;(A) =0 (11.17)

for all j € Z, giving rise to new differential Chern type invariants on M,.
The above provides a proof of the following result.

Theorem 11.1. If an integrable multi-dimensional nonlinear differential
system & is equivalent to the Cartan integrable ideal I(a) C A(M, End
E) on a Riemannian manifold M, satisfying the cohomology conditions
H*(M,R) =0, j € Z, then it possesses a set of differential Chern type
invariants (13.49) on a suitable integral submanifold M, C M of the ideal
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I(@). If nontrivial, these differential invariants describe, in particular, a
related moduli space of the linear fiber bundle E(M).

It is useful to mention here that most of differential invariants (13.49)
reduce to zero at higher indices j € Z,. In fact, all differential invariants
x;(A) for j > [dim M, /2]+1 are identically zero. In particular, for the case
of multi-dimensional integrable nonlinear differential systems, for which
dim M,, = 2 or 3, it is easy to see that at most one differential invariant can
exist. Moreover, if for such differential systems the corresponding structure
Lie groups are special linear ones for which the Lie algebras are traceless,
it can be readily shown that, in general, no invariant exists on M.

This result is quite useful for the mathematical theory of geometri-
cally integrable multi-dimensional nonlinear differential systems that pos-
sess connection maps (13.26) on A(M, E) under the additional cohomology
conditions H%(M,R) = 0, j € Z,. Namely, for these connection map-
pings to exist on A(M, E) in the higher-dimensional case dim M, > 4, the
nontrivial differential invariants can be proved to exist. Thus, in partic-
ular, this gives rise to natural topological obstructions. More precisely, a
nontrivial differential invariant requires nontrivial cohomology constraints
H?*(M,R) # 0 for some s € Z,, thereby contradicting the above zero co-
homology conditions at these values s € Z. Otherwise, if H**(M,R) # 0
for some s € Z., the related characteristic Chern classes chs(E, M) for
these s € Z, are, in general, strongly nontrivial, thereby defining differen-
tial (2s — 1)-forms xs(A) € A7 (M) only locally, owing to the classical
Poincaré lemma. These local differential forms, if reduced upon the integral
submanifold M, C M, give rise to a set of differential multi-valued quasi-
invariants y(A) € A75 1 (M,), where dxs(A) = 0 and whose existence can
mean, in particular, that the nonlinear differential system is in some sense
ill-posed.
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Chapter 12

Quantum Mathematics: Introduction
and Applications

12.1 Introduction

There is a broad and inclusive view of modern mathematical physics
by many mathematicians and mathematical physicists in which quantum
physics and the related field of quantum mathematics play very impor-
tant roles. During the last century, modern mathematical physics evolved
within at least four components which illustrate [188] the development of
the mathematics and quantum physics synergy:

1) the use of ideas from mathematics in shedding new light on the
existing principles of quantum physics, either from a conceptual or from a
quantitative point of view;

2) the use of ideas from mathematics in discovering new “laws of quan-
tum physics”;

3) the use of ideas from quantum physics in shedding new light on
existing mathematical structures;

4) the use of ideas from quantum physics in discovering new domains in
mathematics.

Each one of these topics plays some role in understanding modern math-
ematical physics. However, the success in directions 2) and 4) is certainly
more modest than success in directions 1) and 3). In some cases it is dif-
ficult to draw a clear-cut distinction between these two sets. In fact, we
are lucky when it is possible to make progress in directions 2) and 4); so
much so that when we make major progress, historians like to speak of
a revolution. In any case, many mathematical physicists strive to under-
stand within their research efforts these deep and lofty goals. There are
many situations however, when mathematical physicists’ research efforts
are directed toward one other more mundane aspect:
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5) the use of ideas from quantum physics and mathematics to benefit
“economic competitiveness”.

Here too, one might subdivide this aspect into conceptual understand-
ing on one hand (such as the mathematical model of Black and Sholes for
pricing of derivative securities in financial markets) and invention on the
other: the creation of new algorithms or materials (e.g. quantum comput-
ers) which might revolutionize technology or change our way of life. As in
the first four cases, the boundaries between these domains are not sharp,
and it remains open to views and interpretations. This fifth string can
be characterized as “applied” mathematical physics. We shall restrict our
analysis to the first four strands characterizing modern quantum physics
and its mathematical aspects; it is believed that most of the more pro-
found applied directions arise after earlier fundamental quantum physics
and mathematics progress.

We have passed through an extraordinary 35-year period of develop-
ment of modern fundamental mathematics and quantum physics. Much
of this development has been derived from one subject to understand the
other. Not only have the concepts from diverse fields been united: statis-
tical physics, quantum field theory and functional integration; gauge the-
ory and geometry; index theory and knot invariants, etc., but also, new
phenomena have been recognized and new areas have emerged whose sig-
nificance for both mathematics and modern quantum physics is only par-
tially understood: for example, non-commutative geometry, super-analysis,
mirror symmetry, new topological invariants of manifolds, and the general
notion of geometric quantization.

There is no doubt that, over the past half-century, the ideas from quan-
tum physics have led to far greater innovations in mathematics than the
ideas from mathematics have in discoveries of laws of quantum physics.
Recognition of this underlines the opportunities for future progress in the
opposite direction: a new understanding of the quantum nature of the world
is certainly an expectation among physicists and mathematicians.

Great publicity and recognition has been attached to the progress made
in modern geometry, representation theory, and deformation theory due
to this interaction. We shall not dwell here on the substantial progress in
analysis and probability theory, which unfortunately is more difficult to un-
derstand because of its delicate dependence on subtle notions of continuity.

On the other hand, there are deep differences between pure mathemat-
ics and modern quantum physics fundamentals. They have evolved from
different cultures and they each have a distinctive set of values of their
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own, suited for their different realms of universality. But both subjects are
strongly based on intuition, some natural and some acquired, which form
our understanding. Quantum physics describes the natural micro-world.
Hence, physicists appeal to observation in order to verify the validity of a
physical theory. And, although much of mathematics arises from the natu-
ral world, mathematics has no analogous testing grounds - mathematicians
appeal to their own set of values, namely mathematical proof, to justify va-
lidity of a mathematical theory. In mathematical physics, when announcing
results of a mathematical nature, it is necessary to claim a theorem when
the proof meets the mathematical community standards for a proof; other-
wise, it is necessary to make a conjecture with a detailed outline for support.
Most of physics, on the other hand, has very different standards.

There is no question that the interaction between modern mathematics
and quantum physics will change radically during in the years to come - if
recent experience is any indicator at all future progress. One hopes that
this evolution will preserve and even enhance the positive experience of
being a mathematician, a physicist, or a mathematical physicist.

It is instructive to look at the beginning of the 20** century and trace
the way mathematics has been exerting influence on modern and classical
quantum physics, and next observe the ways in which modern quantum
physics is nowadays exerting so impressive an influence on modern mathe-
matics. With this in mind, application of modern quantum mathematics to
studying nonlinear dynamical systems in functional spaces and vice versa
will serve as an excellent example of the synergy of which we speak. We be-
gin with a brief history of quantum mathematics featuring transformative
developments related to dynamical issues:

The beginning of the 201" century:

e P.A M. Dirac — first realized and used in quantum physics the fact that
the commutator operation D, : A3 b — [a,b] € A, where a € A is
fixed and b € A, is a differentiation (or derivation) of any associative
algebra A; moreover, he first constructed a spinor matrix realization of
the Poincaré symmetry group P(1,3) and invented the famous Dirac
d-function [100, 104] (1920-1926);

e J. von Neumann — first applied the spectral theory of self-adjoint op-
erators in Hilbert spaces to explain the radiation spectra of atoms and
the stability of the related matter, [277] (1926);

e V. Fock — first introduced the notion of many-particle Hilbert space,
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Fock space, and the related creation and annihilation operators acting
in it, [127] (1932);

e H. Weyl — was the first to understand the fundamental role of the notion
of symmetry in physics and developed a physics-oriented group theory;
moreover he showed the importance of different representations of clas-
sical matrix groups for physics and studied the unitary representations
of the Heisenberg—Weyl group related with creation and annihilation
operators in Fock space, [397] (1931).

The end of the 201" century:

e L. Faddeev with co-workers — quantum inverse spectral theory trans-
form, [117, 120] (1978);

e V. Drinfeld, S. Donaldson and E. Witten — quantum groups and al-
gebras, quantum topology, quantum super-analysis, [108, 109, 401]
(1982-1994);

e Yu. Manin and R. Feynman — quantum information theory, [123, 124],
[245, 246] (1980-1986);

e P. Shor, E. Deutsch, L. Grover and others — quantum computer algo-
rithms, [99, 160, 375] (1985-1997).

As one can observe, many exciting and extraordinarily important math-
ematical achievements were motivated by the impressive and deep influence
of ideas and perspectives from quantum physics, leading nowadays to an
altogether new scientific field often called quantum mathematics.

Following this quantum mathematical way of thinking, we shall demon-
strate in this chapter that a wide class of strictly nonlinear dynamical sys-
tems in functional spaces can be treated as natural objects in specially
constructed Fock spaces in which the corresponding evolution flows are
completely linearized. Consequently, the powerful machinery of classical
mathematical tools can be applied to studying the analytical properties of
exact solutions to suitably well-posed Cauchy problems.

12.2 Mathematical preliminaries: Fock space and realiza-
tions

Let @ be a separable Hilbert space, F' be a topological real linear space and
A :={A(p) : ¢ € F} afamily of commuting self-adjoint operators in & (i.e.
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these operators commute in the sense of their resolutions of the identity).
Consider the Gelfand rigging [28] of the Hilbert space @, i.e., a chain

DCcd,cdcd_CD (12.1)

in which ®; and ®_ are also Hilbert spaces, and the inclusions are dense
and continuous, i.e., ¥ is topologically (densely and continuously) and
quasi-nucleously (the inclusion operator i : &, — ® is of the Hilbert -
Schmidt type) embedded in ®, ®_ is the dual of &, with respect to the
scalar product < -,- >4 in ®, and D is a separable projective limit of
Hilbert spaces, topologically embedded in ®,. Then, the following struc-
tural theorem [28, 30] holds:

Theorem 12.1. Assume that the family of operators A satisfies the follow-
ing conditions: a) D C DomA(p), ¢ € F, and the closure of the operator
A(e) T D coincides with A(p) for any ¢ € F, that is A(p) T D = A(p)
in ®; b) the Range A(p) 1 D C &4 for any ¢ € F; ¢) for every f € D
the mapping F 5 ¢ — A(p)f € ®4 is linear and continuous; d) there
exists a strong cyclic (vacuum) vector |) € () cp DomA(p), such that the
set of all vectors |Q), [T/, A(p;)|Q), n € Zy, is total in Oy (i.e. their
linear hull is dense in ®y ). Then there exists a probability measure p on
(F',Cy(F")), where F' is the dual of F and C,(F") is the o-algebra gener-
ated by cylinder sets in F' such that, for u-almost every n € F' there is a
generalized joint eigenvector w(n) € ®_ of the family A, corresponding to
the joint eigenvalue n € F', that is

<wn), A@)f >o=n(p) <w(n), f > (12.2)
with n(¢) € R denoting the pairing between F and F’'. The mapping
By 5 [ —<wln),f >a= fn) € C (123)

for anym € F' can be continuously extended to a unitary surjective operator

F:d— L%H)(F’;(C), where

F f(n) = f(n) (12.4)

for any n € F' is a generalized Fourier transform, corresponding to the
family A. Moreover, the image of the operator A(y), ¢ € F', under the F-
mapping is the operator of multiplication by the function F' 3 n — n(p) €
C.

We further assume that the main Hilbert space ® possesses the standard
Fock space (bose)-structure [28, 56, 334], that is

D = Dpez, B, (12.5)
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where the subspaces @%’;, n € Z4 are the symmetrized tensor products
of a H := L?*(R™;C). If a vector g := (g0, 91, -+, Gn,...) € P, its norm is
defined as

1/2
lglle == { > llgallz | (12.6)
n€EZy
where g, € ®F) =~ L7 (R™)";C) and | - ||, is the corresponding norm in

@27; for each n € Z. Note here that for the rigging structure (12.5), there
is a corresponding rigging for the Hilbert spaces @f’;’;, n € Zy, that is

Diy) C @0y C OO C O (12.7)
with suitably chosen dense and separable topological spaces of symmetric
functions D}, n € Z. For the expansion (12.5), we obtain by means of
projective and inductive limits [28, 30-32] the quasi-nucleous rigging of the
Fock space @ in the form (12.5):

DCcd,cdCcd_CD.

Consider now any vector |(a),) € @2? n € Z4, which can be written
[31, 56, 211] in the following canonical Dirac ket-form:

‘(OL)"> = ‘Oél,O[Q,...,Oén>, (128)
where
1
|a170523 ~-~aan> = ﬁ Z |Oég(1)> X |a0'(2)>-~'|04¢7(n)> (]_29)
To€eSy

and |aj) € @% (R™;C) := H for any fixed j € Zy. The corresponding

scalar product of base vectors with (12.9) is given as
<(6)n|(a)n> = <ﬁna anla ceey 527 /gllala a2, ...,0n_1, an)
= Zaesn <ﬂ1|ao(1)>'-~<ﬁn|aa(n)> = peT{<ﬁi|O‘j> 11 <4, <n},

where “per” denotes the permanent of the matrix and (.|.) is the corre-

(12.10)

sponding product in the Hilbert space H. Using the representation (12.8),
one can define an operator at(a) : @2’; — Qignﬂ) for any |a) € H as
follows:

at(Q)|ar, g, .y ) = |,y ey i), (12.11)
which is called the “creation” operator in the Fock space ®. The adjoint

operator a(3) := (a*(B))* : Qignﬂ) — ‘bg’; with respect to the Fock
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space ® (12.5) for any |38) € H, is called the “annihilation” operator, and
it acts in the form

a(f)|ar, g, ...y pg) == Z (B, o), g, ooy i1, Gy Q1 ooy A1)
ocES,

(12.12)
where the “hat” over a vector means that it should be omitted from the
sequence.

It is easy to check that the commutator relationship
[a(a),a*(B)] = (a, B) (12.13)

holds for any vectors |a) € H and |5) € H. Expression (12.13), owing to
the rigged structure (12.5), can be naturally extended to the general case,
when vectors |a) and |3) € H_, while conserving its form. In particular,
taking |a) = |a(z)) = \/%eio"” € H_ := Ly _(R™;C) for any z € R™, it
follows easily from (12.13) that

la(z),a™ (y)] = d(z —y), (12.14)

where a®(z) := a™(a(z)) and a(y) := a(a(y)) for all z,y € R™ and §(-)
denotes the classical Dirac delta-function.

The construction above makes it easy to see that there exists a unique
vacuum vector |Q2) € H, such that for any x € R™

a(z)|Q) = 0, (12.15)

and the set of vectors

[Ta" @) |12 ey (12.16)
j=1

is total in @‘2’;; that is, its linear integral hull over the dual functional spaces

@2’; is dense in the Hilbert space @2;‘ for every n € Z,. This means that
for any vector g € ® the representation

g:@n%/ (@, oo wn)at (r)at (xa)mat ()[Q) (12.17)
(Rm)n

holds with the Fourier coefficients g, € i)((@;; for all n € Z,, with @2; =
H ~ L?(R™;C). This is naturally endowed with the Gelfand type quasi-

nucleous rigging dual to

H,.CHCH_, (12.18)
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allowmg constructlon of a quasi-nucleous rigging of the dual Fock space
P = ®nez, P.Y. Whence, the chain (12.18) generates the dual Fock space
quasi- nucleous r1gg1ng

Dcd,cdcd_cD (12.19)
with respect to the central Fock type Hilbert space (i>, where D ~ D, follows

easily from (12.5) and (12.18).
Next, we construct the following self-adjoint operator

at(z)a(z) == p(z): ® — P, (12.20)

called the density operator at a point x € R™, satisfying the commutation
properties
[p(x), p(y)] =0,
[p(x), a(y)] = —a(y)d(z —y), (12.21)
[p(x),a™ (y)] = a™ (y)d(z - y)
for all y € R™.
To construct the self-adjoint family A := { f]Rm z)dr :p € F } of
linear operators in the Fock space @, Where F:=S (Rm R) is the Schwartz

functional space, one can show, using Theorem 12.1, that there exists a
generalized Fourier transform (12.4) such that

[57]
@(H):L%H)(S’;(C)z/ ®,,du(n) (12.22)

’

for some Hilbert space sets ®,, n € F’, and a suitable measure p on &',
with respect to which the corresponding joint eigenvector w(n) € @ for any
n € F’, generates the Fourier transformed family A = {n(¢) e R: ¢ € S}.
Moreover, if dim ®,, = 1 for all 7 € F, the Fourier transformed eigenvector
() ==Qn) =1forallneF.

Next, we consider the family of self-adjoint operators A as generating
a unitary family U := {U(p) : ¢ € F} = exp(i.A), where for any p(p) € A,
p € F, the operator

Ulp) := explip(y)] (12.23)
is unitary and satisfies the abelian commutation condition
Ulp1)U(p2) = Ulp1 + #2) (12.24)

for any ¢1,p2 € F.
Since, in general, the unitary family ¢ = exp(i.A) is defined in a Hilbert
space ®, which is not necessarily of Fock type, the important problem of
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describing its Hilbertian cyclic representation spaces arises, in which the
factorization

o) = | @ala)pl)ds (12:25)

together with the relationships (12.21) hold for any ¢ € F. This prob-
lem can be treated using mathematical tools devised for the representation
theory of C*-algebras [100, 104] and the Gelfand—Vilenkin [142] approach.
Below we shall describe the main features of the Gelfand—Vilenkin formal-
ism, which is better suited to providing a reasonably unified framework for
constructing the corresponding representations.

Definition 12.1. Let F' be a locally convex topological vector space, and
F, C F be a finite dimensional subspace of F. Let F° C F’ be defined by

FO.={¢cF': ¢p =0}, (12.26)
and called the annihilator of Fy.

The quotient space F'0 := F’/F° may be identified with F} C F’, the
adjoint space of Fy.

Definition 12.2. Let A C F’; then the subset
X% ={¢eF ¢+F' cA) (12.27)
is called the cylinder set with base A and generating subspace F°.

Definition 12.3. Let n = dim Fy = dim F} = dim F"°. One says that a
cylinder set X(4) has Borel base, if A is Borel when regarded as a subset
of R™.

The family of cylinder sets with Borel base forms an algebra of sets.

Definition 12.4. The measurable sets in F’ are the elements of the o-
algebra generated by the cylinder sets with Borel base.

Definition 12.5. A cylindrical measure in F’ is a real-valued o-pre-
additive function p defined on the algebra of cylinder sets with Borel base
and satisfying the conditions 0 < u(X) < 1 for any X, u(F') = 1 and
,u (HjEZ+ Xj) =Y jez, H(X;), if all sets X; C F', j € Z,, have a com-
mon generating subspace Fy C F.
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Definition 12.6. A cylindrical measure p satisfies the commutativity con-
dition if and only if for any bounded continuous function o : R® — R of
n € Z4 real variables, the function

’

a1, 92, s 0n] = / a((@)n(@2).nlon))du(n)  (12.28)

is sequentially continuous in ¢; € F, 1 < j < n. (It is well known [142, 146]
that in countably normalized spaces the properties of sequential and ordi-
nary continuity are equivalent.)

Definition 12.7. A cylindrical measure p is countably additive if and only
if for any cylinder set X =[] jez, X, which is the union of countably many
mutually disjoint cylinder sets X; C F', j € Zy, pu(X) = 32,7, n(X;).

The following propositions can be readily proved using the concepts so
far developed.

Proposition 12.1. A countably additive cylindrical measure p can be ex-
tended to a countably additive measure on the o-algebra generated by the
cylinder sets with Borel base. Such a measure will also be called a cylin-
drical measure.

Proposition 12.2. Let F' be a nuclear space. Then any cylindrical measure
uoon F' satisfying the continuity condition is countably additive.

Definition 12.8. Let p be a cylindrical measure in F’. The Fourier trans-
form of p is the nonlinear functional

Lip)i= [ explingelldutn) (12.20)

Definition 12.9. The nonlinear functional £ : F — C on F' defined by
(12.29) is called positive-definite, if and only if for all f; € F and \; € C,
j=1,...,n, the condition

> ML = )Mk 20 (12.30)
J.k=1

holds for any n € Z.

Proposition 12.3. The functional L : F — C on F, defined by (12.29),
18 the Fourier transform of a cylindrical measure on F', if and only if
it is positive-definite, sequentially continuous and satisfies the condition

£(0) = 1.
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Suppose now that we have a continuous unitary representation of the
unitary family &/ in a Hilbert space ® with a cyclic vector |Q2) € ®. Then
we can set

L(p) == (QU(#)[2) (12.31)

for any ¢ € F := S - the Schwartz space on R™ - and observe that func-
tional (12.31) is continuous on F' owing to the continuity of the represen-
tation. Therefore, this functional is the generalized Fourier transform of a
cylindrical measure p on S’ :

QUU(p)I) = /S explin(e)]du(n)- (12.32)

From the spectral point of view based on Theorem 12.1, there is an
isomorphism between the Hilbert spaces & and L%ﬂ) (8';C), defined by
) — Q(n) = 1 and U(p)|Q2) — explin(¢)] and extended by linear-
ity to the whole Hilbert space ®.

In the non-cyclic case there exists a finite or denumerably infinite family
of measures {yy, : k € Z;} on &', with ® ~ @pez, L%ﬂ) (8';C), and the uni-
tary operator U(p) : ® — & for any ¢ € S’ corresponds in all L?M)(S’; C),
k € Z,, to exp[in(p)]. This means that there exists a unique cylindrical
measure p on S’ and a p-measurable field of Hilbert spaces ®,, on S’ such
that

d~ /® @, du(n), (12.33)

’

with U(yp) : & — ® corresponding [142] to the operator of multiplication
by exp[in(¢)] for any ¢ € S and n € §’. Thus, upon constructing the
nonlinear functional (12.29) in an exact analytical form, one can retrieve the
representation of the unitary family I/ in the corresponding Hilbert space
® of the Fock type, making use of the appropriate factorization (12.25) as
follows: ® = @z, Py, where

®, = span IT et @, (12.34)
fn€LZ((R™)™;C) 1<j<n
for all n € Zy. The cyclic vector |[2) € ® can be, in particular, obtained
as the ground state vector of some unbounded self-adjoint positive-definite
Hamilton operator H : & — &, commuting with the self-adjoint particles
number operator

N::/ p(z)dx; (12.35)
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that is, [H, N] = 0. Moreover, the conditions
H|Q) = 0 (12.36)
and

dnf (g, Hg) = (QH|) = 0 (12.37)

hold for the operator H : & — &, where domH denotes its domain of
definition.

To find the functional (12.31), which is called the generating Bogolubov
functional for moment distribution functions

Fu(@1, @2, s n) 1= (] 5 p(21)p(s)-op(wn) £ 190, (12.38)
where z; € R™, 1 < j < n, and the normal ordering operation : - : is
defined as
n J
Lp(1)p(@a)-plan) 1 =[] <p(wj) —> 6y - wk)) : (12.39)
j=1 k=1

It is convenient to choose the Hamilton operator H : & — & in the
[60, 146, 147] algebraic form

1
H:= B KT (z)p Y (2)K (z)dz + V(p), (12.40)
Rm
which is equivalent in ® to the positive-definite operator expression

Him g [ (K@)~ Alwi o™ @)K () ~ Alwip)do, (1241

where A(x;p) : & — @, x € R™ is a specially chosen linear self-adjoint
operator. The ¢
nomial (or analytic) functional of the density operator p(z) : & — ®, and
the operator is given as

K(z) := Vgp(x)/2 +iJ(2), (12.42)

‘potential” operator V(p) : & — P is, in general, a poly-

where the self-adjoint “current” operator J(z) : & — @ can be defined
(but non-uniquely) from the equality

Op)ot = %[H, p(2)] = — < Vs - J(x) >, (12.43)

valid for all € R™. Such an operator J(z) : & — @, x € R™ exists owing
to the commutation condition [H, N] = 0, which gives rise to the continuity
relationship (12.43) - if one takes into account that the support suppp of
the density operator p(x) : ® — &, z € R™ can be chosen arbitrarily since
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it does not depend on the potential operator V(p) : & — ®. However, it
does depend on the corresponding representation (12.33). Note also that
representation (12.41) holds only under the condition that there exists a
self-adjoint operator A(x;p): ® — @, x € R™ such that

K(2)|) = Alw: p)|Q) (12.44)

for all ground states |2) € ® corresponding to suitably chosen potential
operators V(p) : @ — ®.

The self-adjointness of the operator A(z;p) : & — @, x € R™, can
be stated following schemes developed in [60, 147], under the additional
condition that there exists a linear anti-unitary mapping 7' : & — @
satisfying the invariance conditions

Top(@) T~ = p(a),  TJ@) T =—J(@), TIQ)=|Q) (12.45)
for any z € R™. Whence, owing to conditions (12.45), the following ex-
pressions

K*(2)|Q) = A(z; p)|Q) = K(2)[) (12.46)
hold for any x € R™, and imply the self-adjointness of the operator A(z; p) :
b — &, xR

One can easily deduce from the above constructions and expression

(12.43) that the generating Bogolubov functional (12.31) satisfies for all
x € R™ the functional-differential equation

1 0L(y)

Ve —iVay] % dp(r) A (ac ) L(p), (12.47)

whose solutions satisfy the Fourier transform representation (12.32). In par-

10
"idp

ticular, a wide class of special so-called Poissonian white noise type solutions
to the functional-differential equation (12.47) was obtained in [60, 147] by
means of functional-operator methods in the following generalized form:
L(p) = exp {A (1(5(20) } exp (ﬁ - {explip(z)] — 1}d:17> , (12.48)
where p := (Q|p|Q2) € R, is a Poisson distribution density parameter.
Now suppose that the basic Fock space & = ®§:1<I>(j), where () 1 <
j < s, are Fock spaces corresponding to the different types of independent
cyclic vectors |Q2;) € ®U) 1 < j < s. This, in particular, means that
the suitably constructed creation and annihilation operators a;(z),a; (y) :
d— P, j k=1,...,s, satisfy the following commutation relations:

[a;j(z),ar(y)] =0,

(12.49)
[a; (@), aif (y)] = ;%0(z — y)
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for any z,y € R™.

Definition 12.10. A vector |u) € ®, x € R™, is called coherent with
respect to a mapping u € L?(R™;R®) := M, if it satisfies the eigenfunction
condition

a;j(z)|u) = u;(x)luw) (12.50)
foreach j =1,...,s and all x € R™.

It is easy to check that the coherent vectors |u) € ® exist. In fact, the
vector expression

|u) := exp{(u,a™)}|Q), (12.51)

where (-, -) is the standard scalar product in the Hilbert space M, satisfies
the defining condition (12.50), and moreover, the norm

1
lulle == (ulu)'/? = eXP@HUIIQ) < 0, (12.52)

1/2

since u € M and its norm ||ul| := (u,u)'/* is bounded.

12.3 The Fock space embedding method, nonlinear dynam-
ical systems and their complete linearization

Consider any function v € M := L?(R™;RR®) and observe that the Fock
space embedding mapping
EM>3u— Juy €, (12.53)

defined by means of the coherent vector expression (12.51) realizes a smooth
isomorphism between the Hilbert spaces M and ®. The inverse mapping
&1:® — M is given by the following exact expression:

u(z) = (Qa(z)|u), (12.54)

valid for almost all x € R™. Owing to condition (12.52), one finds from
(12.54) that the corresponding function u € M.

In the Hilbert space M, we now define a nonlinear dynamical system
(which can, in general, be nonautonomous) in partial derivatives

du/dt = K[ul, (12.55)
where t € Ry is the corresponding evolution parameter, [u] :=

(t, ;5 Uy Uy Uy ooy U ), T € Zgey and K : M — T(M) is Fréchet smooth.
Assume also that the Cauchy problem

ult=+0 = uo (12.56)
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is solvable for any uo € M in an interval [0,7) C RL for some 7' > 0. From
this the smooth evolution mapping is defined

Ty, : M 3 ug — u(t|ug) € M, (12.57)
for all t € [0,T).
It is now natural to consider the following commuting diagram

M -5 9

T | LT (12.58)

M 5 o,

where the mapping Ty : ® — @, ¢t € [0,7), is defined from the conjugation
relationship

g @) Tt = Tt o g (1259)

Now take a coherent vector |ug) € ® corresponding to uy € M, and
construct the vector

|u) := Ty - |ug) (12.60)

for all t € [0,T). Since vector (12.60) is, by construction, coherent, that is

a;(z)|u) == uj(z, t{uo)|u) (12.61)

for each 1 < j < s, t € [0,7) and almost all z € R™, owing to the
smoothness of the mapping £ : M — ® with respect to the corresponding
norms in the Hilbert spaces M and ®. We readily deduce that coherent
vector (12.60) is differentiable with respect to the evolution parameter ¢ €

[0,T). Thus, one can easily find [209, 211, 319, 320] that
d

-l = Kla*,d]|u), (12.62)

where
[u)|t=+0 = |uo) (12.63)
and a mapping K [aT,a] : ® — @ is defined by the exact analytical ex-
pression
Kla*,a] := (a*, K][a]). (12.64)
As a result of the considerations above we obtain the following theorem.
Theorem 12.2. Any smooth nonlinear dynamical system (12.55) in Hilbert

space M := L?(R™;R?®) is representable by means of the Fock space embed-
ding isomorphism & : M — ® in the completely linear form (12.62).
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We now make some comments concerning the solution to the linear
equation (12.62) under the Cauchy condition (12.63). Since any vector
|u) € @ allows the series representation

n 1y 1
|u> = @ m f(Rm)n 7(112L2~~ns (Ig ) Ié )a 7(11)7
n=3_5_1n; €Ly
2 2 2 s s s s n; j j
.’L‘g ),xé ), ...,x;;; . mg ),xé ), .. x%s)) | Y ( o1 dxl(j)a;r(xg))) |2),
(12.65)

where for any n = ijl n; € Z4 functions

€ ®L2 ((R™)";C) ~ L2(R™™ x R™2 x .. R™";C), (12.66)

and the norm is

llz = > I,

n=>5_yn; €Ly
Substituting (12.65) into equation (12.62), reduces (12.62) to an infinite re-
current set of linear evolution equations in partial derivatives on coefficient
functions (12.66). This can often be solved [209, 319, 320] step-by-step
analytically in exact form, thereby making it possible to obtain, owing to

5 = exp([[ul®). (12.67)

representation (12.54), the exact solution u € M to the Cauchy problem
(12.56) for our nonlinear dynamical system in partial derivatives (12.55).

Remark 12.1. For applications of nonlinear dynamical systems such as
(12.53) in mathematical physics problems, it is very important to construct
their so-called conservation laws or smooth invariant functionals v : M —
R on M. The quantum mathematics technique described above suggests
an effective algorithm for constructing these conservation laws.

Indeed, consider a vector |y) € @, satisfying the linear equation:

0 .

S+ Kl alln) = 0. (12.68)
Then, the following proposition [209, 319, 320] holds.

Proposition 12.4. The functional
— (uly) (12.69)

is a conservation law for the dynamical system (12.53), that is
dv/dt|x =0 (12.70)
along any orbit of the evolution mapping (12.57).
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12.4 Summary remarks and preview

We have described the main mathematical preliminaries and properties of
quantum mathematics suitable for linearizing a problem for a wide class
of nonlinear dynamical systems in partial derivatives in Hilbert spaces.
This problem was analyzed in considerable detail using the Gelfand—
Vilenkin representation theory [59, 142] of infinite-dimensional groups and
the Goldin—-Menikoff-Sharp theory [146-148] of generating Bogolubov type
functionals, and classifying these representations. The related problem
of constructing Fock space representations and retrieving their creation-
annihilation generating structure still needs a deeper investigation within
the confines of the approach devised. Here we mention only that some as-
pects of this problem related to Poissonian white noise analysis were stud-
ied using generalizations of the Delsarte characters technique in a series of
works [11, 29, 30, 200, 241].

It is also necessary to mention the related results obtained in
[209-211, 321, 322, 367], which are devoted to the application of the Fock
space embedding method to studying solutions to a variety of nonlinear
dynamical systems and to constructing quantum computing algorithms.
Applications to quantum computing are the subject of the next section.

12.5 A geometric approach to quantum holonomic comput-
ing algorithms

12.5.1 Introduction

In this section we show, using the approach of Samoilenko et al. [367], how
the tools developed so far can be used as a mathematical foundation for
quantum computing. Consider a two-dimensional vector subspace F(?) ¢ H
of a complex Hilbert space H called a quantum bit (qubit) information space
defined as

F® = spanc{|0 >, |1 > H} (12.71)
with orthonormal base vectors |0 >,|1 > € H with respect to the scalar
product < -,- > in H and also its n-th tensor product

H™ = Q) F® (12.72)

which a Hilbert space of dimH(™ = 2" called an n-qubit computation
medium. Note that we shall use the standard “bra” and “ket” notation,
which has already been initiated, throughout our analysis.
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Now we shall consider one of simplest computational tasks in this
medium: calculate the values, up to some required degree of accuracy, of a
polynomially computable function f : R — R, that is we must compute all
the values f(z), x € R, within a prescribed tolerance. To begin with, any
z € R has an essentially unique binary expansion, so we have a bijection

x — {x;}, (12.73)
where
- 91 )
x—-E:%ZQZ, z; € {0,1} (12.74)
for all ¢ € Z. The (truncated) sequence (z1,...,2,), can be embedded in
the Hilbert space H(™
R3S T (21,00, 8n)y > [T1, 00y Ty >E HM. (12.75)

So, for any z € R one can construct an n-qubit state via the induced
mapping
R > & < |@1, T2, T3, ..., xn >:= |(x) > H™. (12.76)
On the set {0,1} € Zy one has the usual algebraic operations: if =,y € Za,
then
x@y:=z+y (mod 2) (12.77)

SO

060=0, 1&1=0, 0Bl=1 1+0=1, (12.78)
0-1=0, 1-1=1, 1-0=0.

Definition 12.11. The following unitary transform of the Hilbert space
HHF) for a mapping f:Z5 — Z5, nk € Z,,

U+ [(2), (@) > [(2), (a) @ (f(2) >, (12.79)
where the values (f(z)) and (a) are defined, respectively, as
(f1(x), fa(z),..., fu(x))2 and (a1, az,...,ar)2 for the mapping (12.76) leads

to a quantum computation subject to any fixed test vector |(a) > € H(’C),
keZs,.

This computation is usually expressed [360] graphically as
|(z) > — = () >

(@) & (fa) > (12.80)
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From (12.79) and linearity, one readily obtains

Up: 3 aul@) (@) >— 3 aul(@), (@) @ (f(x) > (12.81)

TEZLy LSy

for all o, € C, 2 € Z,. Thus, the unitary operator Uy : H(tk) o (ntk)
counts all desired values of pairs |(z), (f(z)) >, z € R.

Example 12.1. [360] Consider a function f : Z5— {0,1} C Z,, such that
f(z) = 11if the sign of an element « € X; changes, and f(x) = 0 otherwise,
where ZTQL = XO @] )(17 XO n X1 = .
Take the test element |(a) > HM
1
a) >:=—(0>—[1 > 12.82
\(a) \/Q(‘ 1>) (12.82)

and compute the value

1 1
Uf(gjzg g |(z) > ®E(IO >—[1>)) = E(E;O | (z),0 >
=) a(x),[1>)
x€Xo
1 1
— 72(96;0 og|(%),0 > —xgo g (@), 1 >) + ﬁ(g}; agl(z),1 >
(12.83)
=D a@),0>) = (D aul@) > = > aul(x) >)®%(\0 > —[1>).
reX z€Xo rzeX

Clearly, the Uy-operator (12.83) changes all the signs of X; > z-elements.

Algorithms of this type can effectively solve [360] the following impor-
tant problems that usually require an inordinate amount of time using
classical computers:

i) prime factorization of a large integer x € Z, (Shor [375]) and its
application to decrypting messages encoded via the RSA system;

ii) search or sorting algorithm for finding an item in structured and
unstructured data sets (Grover [160]; Hogg [175]);

iii) fast discrete Fourier transforms [375];

iv) finding periods of periodic functions ([375]; Kitaev et al. [194]).

The most important ingredient in quantum computing algorithms is
the construction of the unitary transformations (12.79) and controlling its
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action on information data vectors from the proper quantum computation
medium.

In what follows, we discuss some well-known examples that have recently
been tackled using quantum computing algorithms.

Example 12.2. Public key Cryptography: (RSA)-cryptosystem.
Take any message P which we want to send - in plaintext. Using a key to
encipher it into ciphertext C, transmit it to the receiver who uses another
key to decipher the C into P. A simple RSA scheme acts as follows: take
any sufliciently large primes p and ¢ € Z, and let m := pq. Knowing p and
q, compute Euler function p(m) = (p — 1)(¢ — 1). Now choose an integer
e € Z4 coprime to ¢(m), i.e., (p(m),e) =1 (the greatest common divisor
equals 1). Then the numbers m and e are published.

Consider a plaintext P € Zy (presented as a large integer) that is less
than m — Z4 and coprime to m, i.e., (P,m) = 1 (note that all integers
P < m are clearly coprime). The corresponding ciphertext is the unique
integer C' := P¢(mod m), 0 < C' < m. It is important that prime factors
p,q and ¢(m) are hidden from public. To decrypt the plaintext P from C,
we need to find a receiver key - the integer d € Z,, such that ed = 1(mod
©(m)), which can be found by using the Euclidean algorithm. Then, one
has

¢4 = ped = pUthem) = p (pe(m)Hk = P(1) (mod m) := P;

)

that is, the plain text P is decrypted.

Now we describe Shor’s quantum counterpart of the algorithm described
above. The main problem for classical computers to solve in a reasonable
time is factoring an integer m € Z, into its primes. It is a classical result
that the factorization problem reduces to finding the m-th order r» € Z,
of an element a € Z; in Z,,, that is a” = 1 (mod m), (a,m) = 1. In
general, m € Z, is taken to be odd as multiples of 2 are evidently not
important, as well as m # p° for some p € Z; and power e € Z,. By
definition, a®T*" = a® (mod m) for any integers e € Z, , s € Z, that is the
function f(k) := a* (mod m) is r-periodic. This period r € Z, can be
found easily making use of the Shor’s QFT (Quantum Fourier Transform)-
algorithm. To understand this transform consider an abstract abelian group
G ={91,92,--,9n, ...} such as (Z,+), (Z*,-), or (Zn+,-), denote by {x; :
1 <4 < dim G} its characters (the G-invariant functions on G in C*). The
G-invariant functions f : G — C form the linear space Fg, on which there

exists the standard G-invariant scalar product (f, h) := Z?:fg f(gi)h(gs)-
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The corresponding norm of f € Fg is denoted as ||f||, and the following
lemma can be readily verified.

Lemma 12.1. The characters x; € Fg form an orthogonal basis of F, that
is spanc{x; : 1 <1i < dimG} = Fg and (x4, x;) = 0ij, 1 <i,j < dimG.
Thus any f € Fg can be uniquely expressed as f = Z?:fgcixi, where

¢; €C, 1<i<dimG.

Definition 12.12. A function f € Fg is called the discrete Fourier trans-
form of f € Fg if ¢; = f(gi), 1 <i < dim G. It follows that

dim G
Flg) =" xilgr) f(gr)
k=1
for any 1 < i < dimG.
As a result, Parseval’s identity ||f|| = ||f]| holds for any f € Fg. Now

we return to our quantum Hilbert space H of a sufficient large dimension
such that all elements g; € G can be represented by means of basis vectors
lg;: > H, 1 <i<dimG. A general element g € G, ||g|| = 1, is obviously
represented in H as |g >= Z?;TG ci(9)lgi >, <gilg; >= 65,1 <14,j <
dim G, where Zzi:mlG lei(g)] = 1. One can now define for each i a function
f € Fa, such that f(g;) = ci(g) and ||f|| = 1.

Definition 12.13. The Quantum Fourier Transform (QFT) is the op-
eration S Fglgn >— Y€ f(gi)lgi >, where naturally f(g;) =
" Xi(gr) f(gr) for any 1 < i < dim G.

As a simple consequence of this definition, the QFT is a linear

and unitary transformation. Whence, it follows readily that |g; >—

(,ii:mlG Xk(gi)lgr >, 1 < i < dim G, so the corresponding unitary trans-

formation matrix has the form U, := {xi(g;) : 1 < 4,j < dimG}.

For example, let G = Z,, dimG = n and the corresponding charac-
2ms

ters be x,(r) = exp(=;*xy), where x,y € Z,. Then, the correspond-
ing QFT on Z, is the operation |z > Q8T ﬁzz;(} exp(—Zlay)ly >
for any z,y € Z, = {0,1,2,...,n — 1}. Now embed Z, in H as a ba-
sis {|lk >¢ H : 0 < k < n — 1}. For this assume that n = nyny and
(n1,n2) = 1. Then the Chinese Remainder Theorem implies that the fol-
lowing decomposition holds: Z,, >~ Z,,, X Z,, and the isomorphic mapping
D : Zpy X Ly, = Zy, acts as follows: (ki,ks) = ainoks + agniks, where

aq(resp. az) is the multiplicative inverse of ns in Z,,, (of ny in Z,,).
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Now that we have made the QFT available for Z,, and Z,,,
one can easily construct the QFT for Z,, taking into account that
Un ¢ |k > A=300 o exp(—ZiLk)|l >, Uny ¢ ke >—
\/% 2722_01 eXp(—@lgkg)‘lg >, where an XZn2 =) (k‘l, Ifg) Sk =aingki+
aoniks € Zy,. Thus one obtains |k1, ke >— |a1k1,a2k2 > = (Uplk >)®
(Unalkz >) = 2= S50 300250 oxp— 2 (ke ho) @ (1, 12]| (11, o) >
Consequently, we can also apply this decomp051t10n recursively to both n
and ng € Z,..

The above construction can be used to describe Shor’s algorithm for

finding the orders of integers in the following steps

Step 1. To prepare the superposition \F o \k 0>, nm=2 ¢
Ly

Step 2 To compute k — a¥(mod n) and due to the r-periodicity,
\FZ 'k, ok >= \FZ zq:0|qr+l7al >, where s; max{s: sr+1 <
m}, o 1—7<s <ﬂ—i'

r?

Step 3. Compute the inverse QFT on Z,, to get \F S Zq 0 \IF

1 T 1 - 2mi
Zm 0 exp[2 ’”(qTH)]Ip,a >= =0 Zp:() ”ZZ’:oe w T p,al >;
Step 4. To obtain p € Z, from the above expression;

P

i € Z, using the Euclidean algorithm, and at last output the smallest qgme
Z such that a% = 1(mod n) if such one exists.

For example, let n = 15 and a = 7 be the element whose period is to
be found. Choose m = 16 = 2% > 15, and obviously a = 7 € Z};. Take the
group G = Z4, with dim G = 16 and the Hilbert space H = H®). Then,
step-by-step, we compute that

Step 1: 15732 |k, 0 >€ H;

Step 2: k — 7F(mod 15) gives 1(|0,1 > +[4,1 > +[8,1 > +[2,1 >
+1,7 > +[5,7 >

+[9,7 > +[13,7 > +[2,4 > +|6,4 > +]10,4 > +[14,4 > +[3,13 >
+|7,13 >

+]11,13 > +]15,13 >);

Step 3: the inverse QFT yields in Zis : (0,1 > +[4,1 > +[8,1 >
+]12,1 > +]0,7 > +i]4,7 > —[8,7 > —i|12,7 > +|0,4 > —|4,4 > +|8,7 >
—]12.4 > +]0,13 > —i|4,13 > —[8,13 > +i|12,13 >);

Step 4: Choose p-elements p; = 0, po =4, ps =8, py = 12, which are
present in the above expansion;

Step 5: The corresponding convergents for % = i are {%, i}, and for

12 _ 3 0 1 317 givi : : —
16 = 7 are {7, 1,3}, giving rise to the correct period r = 4. Therefore,

Step 5. Find the continued fraction expansion of 2 in the form % —
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one has 77 —1 =7 =1 =0 (mod 15) and 7¢ —1 = 72 — 1 = 3 (mod
15), 72 +1 = 5 (mod 15), or 3 = ged(3,15), 5 = ged(5,15) are the true
nontrivial factors of 15.

12.5.2 Loop Grassmann manifolds

The following observation due to [138] and [408] suggests a new approach
for realizing quantum computing algorithms. Namely, take any self-adjoint
projector operator P : H — H, P2 = P, and construct the operator

U:=1-2P. (12.84)

Clearly, UTU = I, so the mapping U : H — H is unitary. It is called [138] a
uniton and plays a key role in the construction of quantum computing gates
[360]. Since these projection operators, which usually depend on some pa-
rameters, belong to the loop Grassmann manifold Gr (H) [138, 294, 395],
the problem of studying them for encoding information into a quantum com-
putation medium and its quantum computation assumes great importance
(see [77, 138, 408]). With respect to this computational aspect, which is
related to Grassmann manifolds, we shall next study some properties of
Lax type Hamiltonian flows [326, 336] on symplectic loop Grassmannians
in the context of the Marsden—Weinstein reduction scheme, dual momen-
tum mappings and connection theory. We construct what is called a holon-
omy quantum computing transformation acting in a quantum computation
medium by making use of special Casimir invariants of the canonical sym-
plectic structure on the loop Grassmannian endowed with Uhlmann’s [390]
connection.

As is well known, the Grassmann manifold associated with a linear
Hermitian space H over C is a compact space defined as (cf. [395])

Gr(H) .= JGrm () (12.85)

where G, (H), 1 <m < dimH is the set of all Hermitian matrices satis-
fying the quadratic constraint

Gry (H) :={P € Hom(H): P=P? P=P", SpP=mcZ,}.
(12.86)
The conjugation + is taken with respect to the usual Hermitian scalar
product (-, -) on H. The quadratic constraint implies that the eigenvalues of
the matrix operator P : H — H are either 0 or 1. Each component Gr,,, (H)
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of the Grassmannian Gr (H) can also be viewed as the coset space of the
unitary group U(H) :

Grm (H) =U(H)/ (U(m) x U(HY)), (12.87)
where H+ C ‘H is orthogonal to U(m)H, i.e., U(m)H* = 0, and the group
U(H) acts transitively on each component Gr,,(H) via the action

a:P— atPa, acU(H). (12.88)

Since we are interested in integrable flows on the Grassmannian Gr(H),
it is necessary to define possible invariant symplectic structures both on the
compact Grassmann manifold M := Gr(H) and on the loop Grassmannian
Cs1 (M) = [, e Gr(H), parametrized by the circle S*. The simplest such
structure on Gr(H) can be written as [348]

Q® .= Sp(P dP A dP P), (12.89)
which is obviously invariant with respect to the natural U(H)— action

(12.88). The following lemmas [336] suffice to show that the 2-form (12.89)
is indeed symplectic and the action (12.88) is Hamiltonian.

Lemma 12.2. The 2-form (12.89) on Gr(H) is closed and nondegenerate.

Lemma 12.3. The unitary loop group Cs:(U(H)) - action (12.88) on the
loop Grassmann manifold Cs1 (M) is Hamiltonian with an equivariant mo-
mentum mapping | : Cs1 (M) — Cs1(u*(H)) defined as

il(P)=P, 1*(P)+il(P)=0 (12.90)
for all P € Cs1(M), where Cs1(u*(H)) s the adjoint space to the loop Lie
algebra Cs1(u(H)) of the unitary loop Lie group Cs:(U(H)).

As a simple corollary of these lemmas, we can construct a vector field
K : Csi(M) — T(Csi(M)) generated by a Hamiltonian function Hx :
Cs1 (M) — R. Indeed, from the definition

ixQ® = —dHx(P) (12.91)
one readily obtains that for a fixed X € Cqi (u(H))
dP/dt = K[P] = i[P, X]. (12.92)

The result (12.92) coincides with that obtained in [48, 49, 348], and has
the desired Lax structure [4, 121, 243, 326, 350]. This form clearly still
does not exploit the whole loop structure of the phase space Cs:i(M). To
construct Lax flows on the loop Grassmannian Cgi (M), we shall devise a
powerful new technique based on the theory of dual momentum mappings
suggested in [4].
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12.5.3 Symplectic structures on loop Grassmann manifolds
and Castmir invariants

A point P € Cgi (M) satisfying P? = P can, owing to Lemma 12.3, be
naturally embedded in the adjoint space Cgi (u*(H)), thereby defining the
principal fiber bundle

l

g* — CSI (M) —! G x Cgl (M)
id
I / (12.93)
Cs1 (M)

where G := Cs:(U(H)), ¢* is the corresponding adjoint space to the Lie
algebra g := Cgsi(u(H)) with respect to the ad-invariant symmetric and
nondegenerate Killing form [3], and 7 : ¢* — Cgs: (M) is the corresponding
natural projection onto Cgi(M) generated by the constraint (% + il = 0
for I € g* due to equality (12.90). Now we are in a position to view
the symplectic structure (12.89) as a reduction of a natural Lie-Poisson
structure on g* (see [4, 121, 243, 326, 350]). Indeed, on the space g* we
have the standard Lie-Poisson structure

{7, 1} pie == (I, [V (1), Ve (D)), (12.94)
defined for smooth functionals v and p € D(g*), with V the corresponding
gradient map. Now, employing the constraint il2 +1 =0 for [ € g*, from
(12.94) one can easily calculate, using standard Dirac reduction theory, the
same symplectic structure as (12.89). Thus, we have proved the following
result.

Theorem 12.3. The Poisson bracket on the space D(Cgsi(M)) generated
by symplectic structure (12.89) is the same as that obtained from the natural
Lie—Poisson bracket (12.94) on D(g*) via Dirac reduction with respect to
the momentum mapping and the quadratic constraint (12.90).

The above reduction approach can be naturally generalized to the case
when the loop Lie algebra g is expanded so that it is centrally extended
by means of the standard Maurer—Cartan cocycle [121]. The corresponding
Lie—Poisson bracket on the expanded adjoint space §* is given as

{7, 1to = (L [Vy(), VD)) + (VA(1), dV(l) / dx). (12.95)
Therefore the Lie-Poisson bracket (12.95), upon imposing the constraint
(12.90), induces a new symplectic structure ng) € A*(Cg:1(M)), generaliz-
ing the symplectic structure (12.89) on the loop Grassmannian Cgi (M),
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whose exact expression shall not be needed. Here, we shall only make some
interesting and useful extension of the construction above.
It is easy to prove [243] that for any A\ € C\{0}, the following brackets

{v i =+ AL VYD), VD)) + (Vy (D), dVu(l) / dx),  (12.96)
{v,udx = (1 [V (1), VaD)) + X7V (0), dVp(l) / do)

define on §* Poisson brackets pencils, which can also be reduced on the
Grassmannian Cgi (M) if a matrix J € ¢* is constant. Accordingly
one obtains pencils of symplectic structures Qg?) € A2(Cs:(M)), X € C,
parametrized by constant matrices J € ¢* The corresponding Lax flows
on the Grassmannian Cgi (M) can be constructed as Hamiltonian systems
Cs1(M) generated by Casimir functionals of the Poisson brackets pencil
(12.96) reduced on Cs:(M). Clearly, the Casimir invariants of (12.96) can
be determined [121, 243] as solutions to the following Novikov—Marchenko
equations:

AVH(\) (1) / dz = [1+ A, VHN) ()], (12.97)
AVHN(1) / de = AL, VHZN) (),

where H(X) € I5(§*), A € C, is a Casimir functional of the bracket (12.96).
Assuming further that the Poisson bracket {-,-}; := d/d\{-,-}, =0 is
endowed with a Casimir invariant Hy € I1(g§*), one can try to construct
the asymptotic expansion of the functional H(X) € I,(g*) with the leading
term Hy € I1(§*) as follows:

H(\) ~ Ho+ Y Hjx ™. (12.98)
j>1
The coefficients H; € D(§*), j € Z, apparently comprise an involutive
hierarchy of functionals with respect to both the bracket {-,-}o and the
bracket {-,-}1. The same is true for the corresponding symplectic structures
Q(()Q) and ng) reduced on the Grassmannian Cgi(M).

We note that finding the asymptotic solution (12.98) is a quite com-
plex and interesting analytical problem that remains open. One possible
approach to this task consists in some additional invariants subject to re-
ducing the phase space §* on an appropriate subspace g, C §* defined
as a quotient space with respect to a foliation induced by a distribution
[243] on ¢* . For instance, with respect to the first Poisson structure in
(12.96) let us denote by §% € ¢* a maximal fixed integral submanifold of
the distribution

Dy ={KeT@): K1) =LV, l€g", yeDE)} (12.99)
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which is clearly integrable, that is [Dy, D1] C D;. Now define the distri-
bution Dgy on g* as

Dy:={K eT(g"): K()=[l—d/dz,VHy], l€eg, Hoe L(G"),
(12.100)

which is also integrable ( [Dg, Do] C Dg). The set of maximal integral sub-
manifolds of distribution (12.100) results in the foliation §%\ Dy with leaves
that are intersections of §% with leaves of the distribution (12.100). As-
suming that ¢\ Dy is sufficiently regular, we obtain the quotient manifold
Gr =05/ (G5\Do) . It follows from (12.99) that g% = g+, where §; C §
is the isotropy Lie subalgebra with respect to the element J € g*, that is
ad; J =0, and gf C ¢ is its orthogonal subspace with respect to the usual
Killing scalar product on §. For the quotient g7, to be defined invariantly
it is necessarily that Dg (§%) C ¢, which is assumed to be fulfilled for the
chosen element J € g*.

We now proceed to study in greater detail applications of the above
reduction scheme to quantum computing problems.

12.5.4 An intrinsic loop Grassmannian structure and dual
momentum maps

As is well known [121, 326, 352], a large class of integrable dynamical sys-
tems on an infinite-dimensional manifolds can be obtained by constructing
momentum maps into the dual spaces of certain Lie algebras via the Lie-
algebraic approach. To proceed in the case of our loop Grassmann manifold
Cs1(M), let us represent Csi(M) as a manifold reduced from the matrix
manifold Csi (M) := Cs1 (M, n) x Cg1 (M, ) and endowed with a canon-
ical symplectic structure generalizing the one used in [4], [316]

2
Q@ ::/ dz Sp(dF A dQT), (12.101)
0

where superscript T denotes the usual matrix transpose, and (F,Q) €
Cst(Mp,n) x Cst(Mp,n) is the space of all loop matrices from
Hom(CY;C™) with maximal rank equal to m € {1,...,N}. An arbi-
trary point in Cg1 (M) can now obviously be represented as the composition
(F,Q) — P := Q' F subject to

FTQ=(Q"F), F'QFTQ=F'Q, (12.102)

which suffice for the embedding P € Cgi (M), where * denotes complex
conjugation. When @ = F* € Cs1(M,, n), one finds that P = FTF €
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Csi(M) if and only if FTFFtF = FtF for any F € Cg (M) with the
scalar constraint Sp(FtF) = m being constant on Cgi(M).

There is a natural symplectic action of the loop Lie group G =
Cs1(U(H)) on Csi (M) defined as

a:(F,Q) — (FuQa), (12.103)

where
F,:= Fa* | Qo :=aQ’ (12.104)

for any a € G, (F,Q) € Cgi(M). The next result characterizes the action
(12.103) in terms of the momentum map.

Theorem 12.4. The action (12.103) on Csi (M) endowed with symplectic
structure (12.101) is Hamiltonian with respect to an equivariant momentum
mapping | : Cs1 (M) — ¢* defined as

I(F,Q)=Q'"F. (12.105)
Proof. A proof follows easily using methods from Chapter 2. O

Since on the adjoint space ¢* there exists the natural Lie-Poisson struc-
ture (12.94), its reduction on the manifold Csi (M) gives rise to the sym-
plectic structure (12.101). Taking into account constraints (12.102) and
the result (12.105), we can now find a symplectic structures pencil on the
loop Grassmannian Cgi (M) reducing Poisson brackets pencil (12.96) with
respect to the constraints

It=-l, P+il=0, iSpl=m€eZy. (12.106)

The map (12.105) allows us to construct the following analog of the fiber
bundle (12.93):

GxCu(M): — Ca(M) = Cu(M)

s

L / (12.107)

ok

9

where the projections 7 and 7 satisfy the condition mol = 7 with respect to
the constraints (12.106). Since the momentum map (12.105) is not mJectlve
there are certain difficulties in finding a symplectic structures pencil Ol 3 ) ¢

(CSl( )) , A € C, corresponding to the Poisson brackets pencil (12.96)
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on g*, and generalizing the reduced bracket (12.101) with respect to the
constraint F''Q = (QTF )* The construction works trivially when QQ =
F*, and this leads directly to the natural symplectic structure

2
Q® = / dx Sp(dF A dF7), (12.108)
0

on the loop space Cs: (M*) := {(F, Q=F*) c Cq (M)} This symplectic
structure (12.108) is obtained now from the Lie—Poisson bracket (12.94)
on g* constrained to the corresponding symplectic leaves [3] where it is not
degenerate with respect to the diagram (12.107) if uses the general formulas

i6v/6F = (0v/01)" QT,  i6v/6Q = (6v/0l) F T, (12.109)

with il = il (F,Q) :== Q'F € g* and v € D(g*) an arbitrary smooth
functional. Upon Dirac reducing the symplectic structure (12.108) on
the loop Grassmannian Cgi(M) with respect to the second constraint
F+YF = FtFFF, where (F,Ft) € Cg (M), one finds explicitly a sym-
plectic structure that can be further reduced to the symplectic structure
(12.89).

Note that original symplectic structure (12.101) is also invariant with
respect to the following G (m) - loop group action:

F:— F,:=aF, Q' :— Q;r =Q"a", (12.110)

where a € G(m) := Cs (U (m)), and m := rank (F,Q). The action
(12.110) induces the momentum map on Cgi (M) > (F, Q) defined as

q:(F,Q) — FQ" —m™'Sp(FQ")I,, € g* (m). (12.111)

There is also the following fiber bundle naturally associated to the mapping
(12.111):

G(m)xCa(M): — Ca(M) - Cu(M)
lq Y (12.112)

A~k

g*(m)

Since rank (F,Q) = m, it is clear that rank (FQT) =m, det FQ"T # 0
and Sp ¢ = 0. Assuming further that ¢ = 0, one can easily show that the
momentum map [ (F, Q) € g* satisfies the constraint il?> + [ = 0 identically.
Thus, we can reduce the loop manifold Csi (M) on the Grassmann manifold
Cs1 (M) with respect to the constraints FQT = I,,,, FQT = Q*F*. The
corresponding reduced symplectic structure on Cg1 (M) is due to (12.89) if
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the sufficient condition Q = F* for the constraint, —* = [, is imposed.
Moreover, owing to the compatibility of diagrams (12.107) and (12.112)
with respect to the mutual loop group actions, the next result follows di-
rectly.

Theorem 12.5. The Lie—Poisson bracket (12.94) reduced on the Grass-
mann manifold Csi (M) with respect to the constraint il> +1 = 0 and
the momentum map il(F,FT) = FTF = P € Cg (M) coincides with
the Poisson bracket related to symplectic structure (12.108) reduced in-
variantly on the manifold Cgi (M) with respect to the first class constraint
q(F,Ft)=FF* = I,,, via the usual Marsden-Weinstein procedure [3].

As an immediate corollary, we can construct a symplectic structure on
Cs1 (M) of the type we seek, generated by Poisson bracket (12.95) on the
adjoint space §* to the centrally extended loop Lie algebra g = g ® C by
means of the standard Maurer—Cartan 2-cocycle on g. With a hierarchy of
Casimir functionals via the scheme devised in Chapter 2, we can construct
integrable Lax flows on the loop Grassmann manifold Cgi(M). Return-
ing now to diagram (12.112), we now study a natural connection arising
on the corresponding fiber bundle via the method suggested in [89, 106].
In particular, the constraint FF'T = I,, imposed on the loop manifold
Cqs1 (M*) defines the injection projection 7 : Cgi (M*) — Cgi (M) into the
loop Grassmann manifold Cs: (M) endowed with the symplectic structure
Q® € A? (Csi1 (M), obtained by means of the Dirac reduction procedure
from the usual Lie-Poisson bracket (12.95) on §*.

To construct the desired connection on Cgi (M*), one needs to define in a
natural way the tangent space to the fibers of the bundle (12.112) at a point
(F,FT) € Csi(M*) x G (m) over the element P = FtF € Cg (M). From
simple calculations we find that a vector X, € T (C’Sl (M *)) is vertical; that
is, 7. (X,) = 0 at any point (F, Ft) € Cgi(M*) if 7 (F,Ft) :== FtF =
P e Csi(M), or

XFF+FTX, =0. (12.113)

We shall call a vector X;, € T (C'Sl (M*)) horizontal if it is orthogonal

(with respect to the standard Sp-type Killing scalar product) to the space
of vertical vectors defined above. Thus, we have

2
/ dzx Sp(X,; - AF) =0 (12.114)
0
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for any A € Cgi(u(m)) at (F,Ft) € Cqi(M*). Since At = —A for any
A € Csi(u(m)), from (12.114) we easily find that
FX} — XpFt =0, (12.115)

and this leads immediately to the following result.

Lemma 12.4. The tangent space T (C'Sl (M*)) splits invariantly with re-
spect to the G (m)-action on the manifold Csi(M*) into the direct sum
T, (ésl (M*)) T, (égl (M*)) T (égl(M*)) , where

Ty (CSI (M*)) = {X € G (M*): XF* — FX* = o}, (12.116)
T, (C*Sl(M*)) - {X € Cui(M*): XtF 4 F*X = 0}
at any point (F,F1) € Cqi (M*).

Since the horizontal subspace T}, (C’gl (M*)) has to be G(m)-invariant,
thatis F,F;" = 1and X, F,f —F, X} =0, where F, := FA}, F := A, F*
and X, := XA, X[ := A, X" for some Lie algebras homomorphism
p: glm) — g, pla) := A, € g, a € g(m), one can define a connection
1-form w € Al (C’Sl (M*)) ® g (m), satisfying the characteristic conditions:
w(Xp=FA) =0, w(X,=aF)=a € g(m) for any X}, € Tj,(Cg1 (M*)),
Xy €Ty (égl (M*)) The results of [106, 390] imply that we can now con-
struct a general Uhlmann type expression determining the above connection
form w € A! (C’gl (M*)) ® g (m) as follows:

1
dF F* — F dF* = 5 (FFfw+wFFT). (12.117)
And similarly as in [89, 106], the connection 1-form w found from (12.117)
satisfies the desired gauge transformation property

raw=a"da+ad, (a¥)w (12.118)
for any a € G(m). If the normalizing condition FF* = I,,, is satisfied on

Cs1(M*), equation (12.117) together with the 1-form identity
dF Ft + FdFt =0 (12.119)

determine the desired connection 1-form w explicitly. Here we must notice
that the connection above was obtained from the diagram (12.112) in the
case where the loop Lie group G (m) acts upon the loop manifold Cg: (M™*),
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where its central extension structure has so far been ignored. If the above
central extension of the loop group G (m) is taken into account, we must
use the resulting symplectic structure Q2 € A2 (C'Sl (M *)) for explicit
calculation of the corresponding horizontal and vertical vectors from the
tangent space T' (C’y(M *)) as shown above. The constraint FFT = I,

imposed on the manifold Cs: (M*) is invariant with respect to the usual
Dirac reduction of the symplectic structure (12.108) due to the identity

{Q(4),Q(B)} =Q([A B]) =0 (12.120)

for any A, B € g(m) where Q (-) = (¢, ). However, it fails to be invariant
for the reduction of the corresponding centrally extended symplectic struc-
ture O e A2 (C’Sl (M *)) obtained from the Lie-Poisson bracket (12.95)

projected onto the loop manifold Cen (M*). The details of the reduction
procedure in this case shall not be presented here.

Observe that Lax flows on Grassmann manifolds were treated in
[48, 49, 316, 348] and also in [171, 289, 369] using mainly classical alge-
braic techniques. One result of interest that can be extracted from consid-
erations in [369] is a proof that the following nonlinear dynamical system
on the loop Grassmann manifold Cg1 (M)

dP/dt = i|P,,, P] (12.121)

is Lax integrable. In the sequel we will derive the flows such as (12.121) in
the context of the dual momentum map approach devised above and make
use of them for describing what are called holonomic quantum computation
media.

12.5.5 Holonomy group structure of the quantum comput-
ing medium

Consider the fiber bundle G(m) x Cg1 (M*) L Cs (M*), where
#(F,F):= F*F € Cs1 (M*) (12.122)

for any (F,F) € Cg1(M*). Since the manifold Cg1 (M*) is symplectic with
the symplectic structure (12.108), one can reduce it upon the loop Stiefel
manifold Stgi1(M*) [395] subject to the momentum map q : é’sl(M*) —
g*(m) with q(F, F*) = 0, Sp(FF*) = m. Hence, we compute that

Stgi(M*) = {(F,F*) € Cs:(M*) : FF* =1,,}. (12.123)
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Since the loop group G(m) acts also on the Stiefel manifold Stg: (M™*) leav-
ing it invariant, we can restrict the projection 7 : Cg1(M*) — Cs1(M*) to
Stg1(M™*), obtaining thereby the universal loop Grassmannian fiber bundle

G(m) x Stg1 (M*) 5 Cgi (M) (12.124)

with the base space being precisely the loop Grassmannian Cgi (M).

Assume now that an element P € Cgi (M) acts on the unitary vector
space H™) of dimension dim H¥) = N and consider the image subspace
im P ¢ HN)| that is for any f € H := im P the condition Pf = f holds.
In this way we obtain the vector bundle associated with (12.124),

G(m) x H(Stg:1 (M*) 5 Cs (M), (12.125)
whereby the total fiber space is

H(Stgr(M*) = {(F,F*)x H) : (F,FT) € Stg:(M*),H = im P},
(12.126)
and the group action (Ao (F,F*) x H) := ((AF, FtA%) x A=Y o 'H) for
any A € G(m) is specified as follows: Let vectors f; € H be a basis for
the space H =im P, so any vector f € H can be uniquely expanded as
f= Z;”:l fici(f) with complex coefficients ¢;(f) € C, 1 < j < m. Then
the action is Ao f = Z??k:l fick(f)Ajr for any m-dimensional matrix
representation of A € G(m). On the other hand, consider the universal
loop Grassmannian bundle (12.124) and calculate the following quantity:

PF* = (F*F)F* = FH(FF*) = P+ (12.127)
since for any (F,Ft) € Stsi(M*) we have FF* = I,,. Thus, we can

identify the matrix F™ € Cgi1(Mpyxm) as that consisting of base vectors
fi €im P, 1 < j < m, constructed above. Then one can define the matrix

F* = (f1, for s fin) = |F > (12.128)
for any (F, F't) € Stg:(M*) and write
P=|F><F|, H=spang|F >. (12.129)

Now we study some special flows on Cgi (M) that are related to the
Casimir functionals of the second Poissonian pencil structure (12.96),
namely

{vmbx = (1 [V (1), VaD)]) + X7V (0), dV () /do) (12.130)

for any A € C\{0} and v, € D(§*). The corresponding equation for
Casimir functionals is

AVH(N(1) / dz = NI, VHN)(1)] (12.131)
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for all A € C and [ € §*. Making use of the expansion (12.98) and the
condition P? = P, one computes directly from (12.131) that at il = P
AVH;(P)/dz = i[P,.VH, 1], i Hya(P) = [dv Hy(P)/dr, P)
(12.132)
for all j € Z,, where VHy(P) = P. Subject to the Poissonian structure
(12.130) reduced upon the loop Grassmannian Cs: (M), one finds the fol-
lowing infinite hierarchy of Hamiltonian flows on Cs: (M) :
dP/dt; = i[P,V H;(P)], (12.133)
where t; € R, j € Z, are the corresponding evolution parameters. For j =
1 one obtains on Cg1 (M) from (12.133) the shifting nonlinear Hamiltonian
flow dP/dt; = dP/dx, and for j = 2 the above hierarchy yields the flow
coinciding with that of (12.121).

It is easy to see from (12.133) that the quantity SpP = dim im P = m
is invariant with respect to all flows d/dt;, j € Z.. This obviously means
that for any ¢; € R, j € Z,

P(t;) = WH(t;) PBoW (t;), (12.134)
where Py € Csi(M) is constant and W (t;) € G = Cgi (U(HW))) satisfies
the following condition derived from (12.133):

VH;(P)=WT(t;)dW (t;)/dt;. (12.135)
The expressions (12.135) are of great importance [138], [408], [360] for
holonomic quantum computational algorithms. Namely, from (12.119) and
(12.120) one sees that the connection 1-form on the loop Stiefel fiber bundle
(12.124) at the fixed point (Fy, F,") € Stg1(M*) takes the form

w(Fy, Fy) = —FydFy € g(m). (12.136)
Let us now recall that G = Cs1(U(H)) acts naturally on the loop Stiefel
manifold Stg: (M*) as W o (Fy, Fy) = (FoW, FfW*), where W € G and
(Fo, Fy) € Stgi(M*). Under this action an element Py := F" Fy € Cg1 (M)
transforms into the element W o Py = W EF oW = WTP,W € Cgi (M),
W € G, coinciding with the transformations (12.88) and (12.134). On the
other hand, the connection 1-form (12.136) transforms as

w(W(FO,FJ)) = w(F07F0+)+ < Fo‘dWW+|F0 > (12.137)
for any (Fy, Fy) € Stgi1(M*) and W € G. Then, from expressions (12.137)
and (12.135) one obtains that for Py = F," Fp at the point P = W P,W €
Cs1 (M)
w(W(Fo, F)N)) = w(Fo, Ff ) + Y < Fo| WVH,;(PYW*|F, > dt;.

JELy
(12.138)
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Hence, making use of (12.137) one can easily calculate the corresponding
curvature 2-form

QW (Fo, FN)) i=dw 4w A w

=< FIWHdW A (P — IN)WTdW|F >, (12.139)

where F':= FoW, W € G. Since it follows directly from (12.135) that on
the smoothly embedded parameter submanifold Cgi (M) C Csi1 (M) the
matrix differential 1-form has the form

=y Wt dt] = Y VH;(P)dt;,  (12.140)
JELy JE€Ly
the expression (12.139) yields the matrix 2-form
Q(F,F") = Z < F|\VH;(P)(P—In)VHy(P)|F > dt; Ndty. (12.141)
5 kEZ4
Take now any loop o in the parameter submanifold Csi (M) above. Then

one can calculate the corresponding holonomy group mapping [89] in the
following chronologically ordered symbolic form

Ty(o):= Pexp{j{ w} € Hol(w; G(m)) (12.142)

as a result of parallel transporting any point (Fy, Fyf) € Stgi(M*), such
that Py = F0+F0 € Cqu (M(t)), along this loop. The simplest case is when a
loop 0 C Cs1(M(4)) depends locally only on two parameters such as 2 and
t € R. Then the holonomy group mapping (12.142) reduces to the symbolic
expression

Ty(o):= Pexp{j{ w} = Pexp{ . )Q(F, F} (12.143)

- pexp{/ (FI(VHo(P)(P — In)VH,(P)—
D(o)

VH,(P)(P — In)VHo(P))|F) dz A dt},

where D(o) is any smooth two-dimensional disk in the parameter subman-
ifold Cs1 (M4)) such that the boundary dD(o) = 0. Thus, in the holonomic
quantum computation medium G(m) x Stg:(M™*) I O (M) we have
constructed two important objects: the first one is the encoding of infor-
mation into a vacuum space im Py ¢ QT RHW) characterized by a pair of
matrices (Fy, F) € Stg1(M*), and the second one, properly processing or
computing the information as a mapping

To(o): f—=Ty(o)of (12.144)
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for any given information vector f € H im Py and the corresponding
closed loop o C Cg1 (M(y)). These two operations in the quantum holonomic
medium G(m) x H(Stg1(M*)) & Csi (M) can be effectively realized by
making use of the standard uniton gates [360] and adapting them to specific
problem oriented calculations.

12.5.6 Holonomic quantum computations: Examples
Example 12.3. Two-mode quantum-optical model

As shown in [294] and [138], it is possible to realize optical holonomic
quantum calculations using the structure group G(m) = Cg1 (U(m)), m €
Z . For this case, with m = 4, let us consider a selfadjoint operator Hy
H® — H® | dime H®) = 4, in the standard quantum optical form

Hy = Ni(Ny — 1) @® Ny(Ny — 1) (12.145)
with factors
Ny = afal, Ny = a;'ag, (12.146)

defined in terms of the usual [311] creation and annihilation Bose-operators
aj,af + H® — HP | 4 k = 1,2, which satisfy the commutator relationships

laj,a;] = ik, [aj,ax] =0= [a;r,aﬂ. (12.147)

The space H := spang|Fy > can be naturally generated by the kernel
ker Hy as

Hy|Fy >:= 0, (12.148)
where it is clear that H ~C* and |F > is given as
|FF >=(]0,0>,]0,1>,]1,0 >,]1,1 >), (12.149)

since, by definition, we set

N1,2|0 >=0, N1,2|1 >=|1>. (12.150)

Now let two unitary operators A(z) and B(y) with parameters z,y € C
be defined as

A(z) := exp(yaraz — yalay), B(y) :=exp(Tarag —yafaz) (12.151)
and construct the quantum computation medium as

F=FRW, W :=A(z)B(y). (12.152)
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Then we compute that the corresponding curvature 2-form (12.139) is

sin(2|z|) gy sinh(2|y|) 7
Q(F, F) = {(1+ -
( ) =A{( 22| 2ly| 2 |x|2(
sin(2[z]) 7 sinh(2]y])
aq pdx A\ dy
2| ) 2ly| J
in(2
+ {#(*1 + cos(2z])) cosh(2]y|)az — Sln|(:E|I|)(1 +cosh®(2[yl))s
+ %(—1 + cos(2|z]) cosh(2|y|)a; }da A dT
X
sin(2|z]) , y sinh(2]y|) 7
+{1+ a —1t
{( 2|z ) 2|y| ? |$|2(
sin(2|z]) | y sinh(2|y|)
a1 tdx A dy 12.153
2|z ) 2[y| 3 ( |
sin(2|z|) , 7sinh(2]y|)
+{(1+
{ 2|z ) 2[y|
T2 sin(2|z|) , ysinh(2|y|)
+ (- ) astdy N dT
EE 2| 2ly|
sin(2|xz|) | ysinh(2[y|)
{1+ a
{ 2|z| ) 2[y| '
22 sin(2[z])  y sinh(2]y|)
+ 2 - s HdT A dy
R F R
inh(2
_ ShCWD o dy A dg,
[l
where
0000 00 OOO
o — 0010 o — 0000
1= 0000 |’ 2= 01 00 ’
0000 00 00
00 00 0001
e | 01200 [0000
3= 00 00 |’ 4= 0000 |’
00 00 0000
0000 1/20 00
o — 0000 o — 00 00
*“loooo "™ 00 10

1000 00 03/2
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Making use of (12.153) and the classical Ambrose-Singer theorem [12], it
is straightforward to show that the holonomy Lie algebra hol(w) of the
corresponding connection (12.137) is
hol(w) = su(2) x u(1) C u(4), (12.154)

so the holonomy group Hol(w) C U(4), and it follows that our connection on
the universal Grassmann fiber bundle is not reducible. Consequently, there
are some quantum calculations that cannot be realized in the holonomy
group Hol(w), as is suggested in the expression (12.144).

With respect to the exact nature of the connection 1-form (12.137), one
readily obtains [138] the expression

w(F, FT) = —FodFy +T(pyda +Tydy — T ydz T dy,  (12.155)
where
1 in(2
L) = —5(1 + W)COS}I@W)O&Q + o |2( — cos(2|z])as  (12.156)
_92 in(2
- (14 2 'f')>cosh<2|y|>a1,
1 sin(2|y|)
Ly =—5(1 1 — cosh(2
(¥) 2( 20| Jas + 3y |2( cosh(2]y|)ae
Y sinh(2]y|)
+ -1 + (6 7]
PEART T

are generalized Christoffel type matrices taking values in the structural Lie
algebra G (4). Whence, from the expressions (12.155), (12.156) and (12.143),
we can compute all of the homotopy classes of the holonomy group Hol(w)
elements and encode them by means of some specially constructed uniton
operators for quantum calculations. But this is another problem still under
investigation.

Example 12.4. Lax flow model

Consider flows (12.133) generated by Hamiltonian functions H;
Cs1(M) — R, j € Z4, on the Grassmann loop manifold Cg1 (M) satisfying
relationships (12.132). Since all flows (12.133) are by definition mutually
commutative, it would be natural to speculate that the related curvature
vanishes on Cgi (M). This would mean that the flows (12.133) realize par-
allel transport along all the directions parametrized by the independent
evolution variables t; € R, j € Z.

To show that it is not the case, we first note that

VHj(P) = [d7 Hy(P)/dz, P (12.157)
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holds for all j € Z,. Therefore, substitution of (12.157) into expression
(12.141) yields

QUFF*) = S < Flldv Hy_1(P)/dx, PI(P
G kEZ

—Iy)[d 7 Hy—1(P)/dz, PI|F > dt; Ndty, = Y < F|(P<7 Hj1(P)/d
J,kEZ 4

—VH;_1(P)/dzP)(P—1,)(P Hy_1(P)/dxy Hy_1(P)/dzP)|F > dt; Adty,
(12.158)

= Y <Fldv Hj(P)/dzx(P — I)d 7 Hy_1(P)/dz|F > dt; A dty,
J,kEZ 1
where we have made used the relationships P|F >= |F > and P(I4 — P) =
0.
Assume now that j, k = 1,2, t; := x, to := t € R; then the resulting
curvature 2-form (12.158) satisfies

QF, FT) = {< F|P,(P — I) Pz |F > — < F|P(P — I,) P, |F >}dz A dt,

(12.159)
which is not identically zero on the parametrized Grassmann loop manifold
Cs1(M4.4)). Consequently, the holonomy group Hol(w) of the connection
(12.137) is not trivial, and this is important for the construction of quantum
computing algorithms based on quantum optical considerations described
above.

The expression (12.159) can be used to calculate, via the Ambrose—
Singer theorem [12], the corresponding holonomy Lie algebra hol(w) as well
as studying the properties that ensure the important irreducibility equality
hol(w) = u(m), where m = dim(im P), P € Cg1 (M, ¢)). These and related
questions require a more complicated geometrical analysis which can in
large part be found in the recent literature.
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Chapter 13

Lagrangian and Hamiltonian Analysis
of Relativistic Electrodynamic and
String Models

13.1 Introductory setting

Classical electrodynamics is nowadays considered [124, 225, 302] as the
most fundamental physical theory, largely owing to the depth of its the-
oretical foundations and wealth of experimental verifications. Electrody-
namics is essentially characterized by its Lorentz invariance from a theoret-
ical perspective, and this very important property has had a revolutionary
influence [57, 100, 124, 225, 302] on the whole development of physics.
In spite of the breadth and depth of theoretical understanding of elec-
tromagnetism, there remain several fundamental open problems and gaps
in comprehension related to the true physical nature of Maxwell’s theory
when it comes to describing electromagnetic waves as quantum photons
in a vacuum: These start with the difficulties in constructing a successful
Lagrangian approach to classical electrodynamics that is free of the Dirac—
Fock—Podolsky inconsistency [100, 105, 321], and end with the problem of
devising its true quantization theory without such artificial constructions
as a Fock space with “indefinite” metrics, the Lorentz condition on “aver-
age”, and regularized “infinities”[57] of S-matrices. Moreover, there are
the related problems of obtaining a complete description of the structure of
a vacuum medium carrying the electromagnetic waves, and deriving a theo-
retically and physically valid Lorentz force expression for a moving charged
point particle interacting with and external electromagnetic field. To de-
scribe the essence of these problems, let us begin with the classical Lorentz
force expression

F:=qF +qux B, (13.1)

419
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where ¢ € R is a particle electric charge, u € E?® is its velocity vector,
expressed here in the light speed c units,

E:=-0A/0t -V (13.2)
is the corresponding external electric field and
B:=VxA (13.3)

is the corresponding external magnetic field, acting on the charged particle,
expressed in terms of suitable vector A : M* — E? and scalar ¢ : M* — R
potentials. Here “V” is the standard gradient operator with respect to the
spatial variable r € E3, “x” is the usual vector product in three-dimensional
Euclidean vector space E2, which is naturally endowed with the classical
scalar product < -,- >. These potentials are defined on the Minkowski space
M* := RxE?, which models a chosen laboratory reference system . Now,
it is a well-known fact [123, 225, 302, 387] that the force expression (13.1)
does not take into account the dual influence of the charged particle on
the electromagnetic field and should be considered valid only if the particle
charge ¢ — 0. This also means that expression (13.1) cannot be used
for studying the interaction between two different moving charged point
particles, as was pedagogically demonstrated in [225].

Other questionable inferences, which strongly motivated the analysis
here, are related both with an alternative interpretation of the well-known
Lorentz condition, imposed on the four-vector of electromagnetic potentials
(p,A) : M* — R x E* and the classical Lagrangian formulation [225] of
charged particle dynamics under an external electromagnetic field. The
Lagrangian approach is strongly dependent on an important Einsteinian
notion of the rest reference system /C,. and the related least action principle,
so before explaining it in more detail, we first analyze the classical Maxwell
electromagnetic theory from a strictly dynamical point of view.

Let us consider the additional Lorentz condition

Op/ot+ <V, A >=0, (13.4)

imposed a priori on the four-vector of potentials (¢, A) : M* — R x E?,
which satisfy the Lorentz invariant wave field equations

D*p/ot? —V2p=p, 0?A)0t? —V?A =], (13.5)

where p : M* — R and J : M* — E3 are, respectively, the charge and
current densities of the ambient matter, which satisfy the charge continuity
equation

Op/0t+ < V,J >=0. (13.6)
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Then the classical electromagnetic Maxwell field equations
[123, 225, 302, 387]
VXxE+0B/ot=0, <V,E>=p, (13.7)
V x B—0FE/ot = J, <V,B>=0,
hold for all (t,7) € M* with respect to the chosen reference system K.
Notice here that Maxwell’s equations (13.7) do not directly reduce, via
definitions (13.2) and (13.3), to the wave field equations (13.5) without the
Lorentz condition (13.4). This fact is very important, and suggests that
when it comes to a choice of governing equations, it may be reasonable to
replace Maxwell’s equations (13.7) and (13.6) with the Lorentz condition
(13.4), (13.5) and the continuity equation (13.6). From the assumptions
formulated above, one is led to the following result.

Proposition 13.1. The Lorentz invariant wave equations (13.5) for the
potentials (@, A) : M* — R x E3, together with the Lorentz condition (13.4)
and the charge continuity relationship (13.5), are equivalent to the Maxwell
field equations (13.7).

Proof. Substituting (13.4), into (13.5), one easily obtains
D*p /0t = — < V,0A/0t >=< V,V > +p, (13.8)
which implies the gradient expression
<V,—0A4/0t =V >=p. (13.9)
Taking into account the electric field definition (13.2), expression (13.9)
reduces to

<V,E>=p, (13.10)

which is the second of the first pair of Maxwell’s equations (13.7). Now
upon applying Vx to definition (13.2), we find, owing to definition (13.3),
that

V x E+0B/dt =0, (13.11)

which is the first of the first pair of the Maxwell equations (13.7). Applying
Vx to the definition (13.3), one obtains
VxB=Vx(VxA)=V<V,A>-V?4
= —V(9¢/0t) — *A)Ot* 4 (0°A/ot> — V2 A)
0

= 5, (-Vo —0A/0) + ] = OF 9t + J. (13.12)
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which leads directly to
V xB=0E/ot+J,

which is the first of the second pair of the Maxwell equations (13.7). The
final no magnetic charge equation

<V,B>=<V,VxA>=0,

in (13.7) follows directly from the elementary identity < V,Vx >= 0,
thereby completing the proof. O

This proposition allows us to consider the potential functions (¢, A) :
M* — R xE? as fundamental ingredients of the ambient vacuum field
medium, by means of which we can try to describe the related physical be-
havior of charged point particles embedded in space-time M*. The following
observation provides strong support for this approach.

Observation. The Lorentz condition (13.4) actually means that the scalar
potential field ¢ :M* — R has a continuity relationship, whose origin lies in
a new field conservation law and characterizes the deep intrinsic structure
of the vacuum field medium.

To make this observation more transparent and precise, let us recall the
definition [123, 225, 302, 387] of the electric current J : M* — E? in the
dynamical form

J = puv, (13.13)

where the vector v: M?* — E? is the corresponding charge velocity. Thus,
the following continuity relationship

Op/ot+ < V,pv >=0 (13.14)

holds, which can easily be rewritten [88] as the integral conservation law
d

— d*r =0 13.15

it Jo, P (13.15)

for the charge inside any bounded domain Q; C E3, moving in the space-
time M* with respect to the natural evolution equation

dr/dt :=wv. (13.16)

Following the above reasoning, we are led to the following result.

Proposition 13.2. The Lorentz condition (13.4) is equivalent to the inte-
gral conservation law

— | @d’r =0, (13.17)
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where ; C E? is any bounded domain moving with respect to the evolution
equation

dr/dt == v, (13.18)

which represents the velocity vector of local potential field changes propa-
gating in Minkowski space-time M*.

Proof. Consider first the corresponding solutions to potential field equa-
tions (13.5), taking into account condition (13.13). Owing to the results
from [123, 225], one finds that

A = v, (13.19)
which gives rise to the following form of the Lorentz condition (13.4):
Op/0t+ < V,pv >= 0. (13.20)

This can obviously be rewritten [88] as the integral conservation law (13.17),
so the proof is complete. O

The above proposition suggests a physically motivated interpretation
of electrodynamic phenomena in terms of what should naturally be called
the vacuum potential field, which determines the observable interactions
between charged point particles. More precisely, we can endow the ambient
vacuum medium with a scalar potential field function W := qp : M* — R,
satisfying the governing vacuum field equations

*W/ot* —V*W =0, OW/ot+ < V,Wv >=0, (13.21)

taking into account that there are no external sources besides material
particles, which possess only a virtual capability for disturbing the vacuum
field medium. Moreover, this vacuum potential field function W : M4 — R
allows the natural potential energy interpretation, whose origin should be
assigned not only to the charged interacting medium, but also to any other
medium possessing interaction capabilities, including for instance, material
particles interacting through the gravity.

The latter leads naturally to the next important step, consisting in de-
riving the equation governing the corresponding potential field W : M* —
R assigned to the vacuum field medium in a neighborhood of any spatial
point moving with velocity u € E3 and located at R(t) € E3 at time t € R.
As can be readily shown [321, 322], the corresponding evolution equation
governing the related potential field function W : M* — R, has the form

d - _
o (W) =~V (13.22)
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where W := W(r,t)|,—r@), v = dR(t)/dt at point particle location
(R(t),t) € M*.

Similarly, if there are two interacting point particles located at points
R(t) and Ry(t) € E? at time ¢t € R and moving, respectively, with velocities
u = dR(t)/dt and wujy := dRs(t)/dt, the corresponding potential field
function W : M* — R for the particle located at point R(t) € E* should

satisfy

%[fW(u —ug)] = -VW. (13.23)
The dynamical potential field equations (13.22) and (13.23) appear to have
important properties and can be used as a means for representing classical
electrodynamics. Consequently, we shall proceed to investigate their phys-
ical properties in more detail and compare them with classical results for
Lorentz type forces arising in the electrodynamics of moving charged point
particles in an external electromagnetic field.

We take our inspiration from [98, 116, 143, 168, 215, 399] and espe-
cially the interesting studies [79, 80] of the classical problem of reconciling
gravitational and electrodynamic charges within the Mach—Einstein ether
paradigm. First, we revisit the classical Mach—Einstein relativistic elec-
trodynamics of a moving charged point particle, and second, we study the
resulting electrodynamic theories associated with our vacuum potential field
dynamical equations (13.22) and (13.23), making use of the fundamental
Lagrangian and Hamiltonian formalisms which were specially devised for
this in [64, 323]. The results obtained are used to apply the canonical Dirac
quantization procedure to the corresponding energy conservation laws as-
sociated to the electrodynamic models considered.

13.2 Classical relativistic electrodynamics revisited

The classical relativistic electrodynamics of a freely moving charged point
particle in Minkowski space-time M* := R x E3 is based on the Lagrangian
approach [123, 225, 302, 387] with Lagrangian function

L= —mg(1 —u?)/?, (13.24)
where mg € Ry is the so-called particle rest mass and u € E3 is its spatial
velocity in the Euclidean space E?, expressed here and in the sequel in light
speed units (with light speed ¢). The least action principle in the form

ta
68 =0, S:= —/ mo(1 —u?)/2dt (13.25)
t1
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for any fixed temporal interval [t1,t3] C R gives rise to the well-known
relativistic relationships for the mass

m =mg(1 —u?)~Y2 (13.26)

momentum

p = mu = mou(l — u?)"1/? (13.27)
and the energy of the particle
Eo =m =mg(1 —u?)"V/2 (13.28)

It follows from [225, 302], that the origin of the Lagrangian (13.24) can be
extracted from the action

to T2
S = _/m0(1 —u?)24t = —/modﬂ (13.29)
t1 T1

on a suitable temporal interval [r; 2] C R, where
dr = dt(1 — u?)'/? (13.30)

and 7 € R is the so-called proper temporal parameter assigned to a freely
moving particle with respect to the rest reference system /C,.. The action
(13.29) is rather questionable from the dynamical point of view, since it
is physically defined with respect to the rest reference system K, giving
rise to the constant action S = —mg(72 — 71), as the limits of integration
71 < 7o € R were taken to be fixed from the very beginning. Moreover,
considering this particle to have charge ¢ € R and be moving in Minkowski
space-time M* under the action of an electromagnetic field (¢, A) € R x E3,
the corresponding classical (relativistic) action functional is chosen (see
[64, 323, 123, 225, 302, 387]) as follows:

T2

S = /[7m0d7' +q < A > dr — qp(1 —u?)~Y2dr), (13.31)

T1
with respect to the rest reference system, parametrized by the Euclidean
space-time variables (7,7) € E* where we have denoted 7 := dr/dr in
contrast to the definition u := dr/dt. The action (13.31) can be rewritten
with respect to the laboratory reference system X moving with velocity
vector u € E? as

ta

S = /Edt, L:=—-mo(l—u®>)Y?2+q< Au>—qp, (13.32)

t1
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on a suitable temporal interval [t1, t3] C R, which gives rise to the following
[123, 225, 302, 387] dynamical expressions

P=p+qA, p=mu, m=m(l—u?)""?2 (13.33)
for the particle momentum and
o = [m§ + (P — qA?]"? + qp (13.34)

for the particle energy, where P € E? is the common momentum of the
particle and the ambient electromagnetic field at a space-time point (¢,r) €
M4,

The expression (13.34) for the particle energy & also is open to question,
since the potential energy g, entering additively, has no effect on the par-
ticle mass m = mg(1 — u?)~/2. This was noticed by L. Brillouin [75], who
remarked that the fact that the potential energy has no effect on the particle
mass tells us that “... any possibility of existence of a particle mass related
with an external potential energy, is completely excluded”. Moreover, it is
necessary to stress here that the least action principle (13.32), formulated
with respect to the laboratory reference system C time parameter ¢t € R, ap-
pears logically inadequate, for there is a strong physical inconsistency with
other time parameters of the Lorentz equivalent reference systems. This was
first mentioned by R. Feynman in [124], in his efforts to rewrite the Lorentz
force expression with respect to the rest reference system KC,.. This and
other special relativity theory and electrodynamics problems stimulated
many prominent physicists of the past [74, 75, 124, 302, 395] and present
[34, 79, 98, 116, 156, 215, 234, 236, 235, 237, 256, 255, 280, 351, 399
to try to develop alternative relativity theories based on completely dif-
ferent space-time and matter structure principles.

There is also another controversial inference from the action expression
(13.32). As one can easily show [123, 225, 302, 387], the corresponding
dynamical equation for the Lorentz force is given as

dp/dt = F := qF + qu x B. (13.35)
We have defined here, as before,
E:=-0A/0t -V (13.36)

for the corresponding electric field and
B:=VxA (13.37)

for the related magnetic field, acting on the charged point particle q. The
expression (13.35) implies, in particular, that the Lorentz force F' depends
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linearly on the particle velocity vector v € E3, and so there is a strong
dependence on the reference system with respect to which the charged par-
ticle ¢ moves. Attempts to reconcile this and some related controversies
[75, 124, 351, 196] forced Einstein to devise his special relativity theory
and proceed further to creating his general relativity theory trying to ex-
plain the gravity by means of geometrization of space-time and matter in
the Universe. Here we must mention that the classical Lagrangian function
L in (13.32) is written in terms of a combination of terms expressed by
means of both the Euclidean rest reference system variables (7,7) € E* and
arbitrarily chosen Minkowski reference system variables (¢,7) € M*%.

These problems were recently analyzed using a completely different “no-
geometry” approach [321, 322, 351], where new dynamical equations were
derived, which were free of the controversial elements mentioned above.
Moreover, this approach avoided the introduction of the Lorentz trans-
formations of the space-time reference systems with respect to which the
action functional (13.32) is invariant. From this point of view, there are
interesting conclusions in [186], in which Galilean invariant Lagrangians
possessing intrinsic Poincaré—Lorentz symmetry are re-analyzed. Next, we
revisit the results obtained in [321, 322] from the classical Lagrangian and
Hamiltonian formalisms [64] in order to shed new light on the physical un-
derpinnings of the vacuum field theory approach to the study of combined
electromagnetic and gravitational effects.

13.3 Vacuum field theory electrodynamics: Lagrangian
analysis

13.3.1 Motion of a point particle in a vacuum - an alter-
native electrodynamic model

In the vacuum field theory approach to combining electromagnetism and
the gravity, devised in [321, 322], the main vacuum potential field function
W : M*— R, related to a charged point particle g satisfies the dynamical
equation (13.21), namely

d - _

—(—Wu) = -VW (13.38)

dt

in the case when the external charged particles are at rest, where, as above,

u := dr/dt is the particle velocity with respect to some reference system.
To analyze the dynamical equation (13.38) from the Lagrangian point
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of view, we write the corresponding action functional as
ta T2
S = f/Wdt = f/W(l + 7#2)Y2 qr, (13.39)
t1 T1

expressed with respect to the rest reference system /C,.. Fixing the proper
temporal parameters 7 < 75 € R, one finds from the least action principle

(65 = 0) that
pi=0L)OF = —Wi(1 +72) "2 = —Wu, (13.40)
pi=dp/dr = 9L/dr = —VW (1 +7%)'/2,
where, owing to (13.39), the corresponding Lagrangian function is
L= -W(1+7%)Y2 (13.41)
Recalling now the definition of the particle mass
m:=—W (13.42)
and the relationships
dr = dt(1 — u?)Y2, jdr = udt, (13.43)

from (13.40) we easily obtain the dynamical equation (13.38). Moreover,
one now readily finds that the dynamical mass, defined by means of expres-
sion (13.42), is given as

m = mo(1 —u?)"/2

which coincides with the equation (13.26) of the preceding section. Now it
is easy to verify the following proposition using the above results.

Proposition 13.3. The alternative freely moving point particle electrody-
namic model (13.38) allows the least action formulation (15.89) with respect
to the “rest” reference system variables, where the Lagrangian function is
given by expression (13.41). Its electrodynamics is completely equivalent to
that of a classical relativistic freely moving point particle described above.

13.3.2 Motion of two interacting charge systems in a
vacuum—an alternative electrodynamic model

We now consider the case when the charged point particle ¢ moves in
space-time with velocity vector u € E? and interacts with another external
charged point particle, moving with velocity vector uy € E? in a common
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reference system IC. As was shown in [321, 322], the corresponding dynam-
ical equation for the vacuum potential field function W : M*— R is

d. - -

%[—W(u —uf)]=—-VW. (13.44)
As the external charged particle moves in the space-time, it generates the
related magnetic field B := V x A, whose magnetic vector potential A :

M*— E? is defined, owing to the results of [321, 322, 351], as
qA == Wuy. (13.45)

Whence, it follows from (13.40) that the particle momentum p = —Wu,
equation (13.44) is equivalent to

d _

—(p+qd) = —VIW. (13.46)
To represent the dynamical equation (13.46) in the classical Lagrangian
formalism, we start from the following action functional, which naturally
generalizes the functional (13.39):

T2
S = —/W(1+ [ — €1)V/2 dr, (13.47)
T1
where we have denoted by € = uydt/dr, dr = dt(1 — (u — uys)?)'/2, which
takes into account the relative velocity of the charged point particle ¢ with
respect to the reference system K’, moving with velocity vector uy € E3 in
the reference system K. It is clear in this case the charged point particle ¢
moves with velocity vector u—uy € E* with respect to the reference system
K’ in which the external charged particle is at rest.
Now we compute the least action variational condition 5 = 0, taking
into account that, owing to (13.47), the corresponding Lagrangian function
is given as

L= -W(+ (@ —&>*HY2 (13.48)
Hence, the common momentum of the particles is
P :=0L)0i = —W (i — E)(1 + (7 — £)%) /2 (13.49)
= -Wil+ (F = &)+ WEL+ (r = €)%) 712
=mu+ qA :=p+ g4,

and the dynamical equation is given as

%(erqA) = VW (1 + | — >V (13.50)
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Asdr = dt(1— (u—wuy)®)"/? and (14 (7 —€)*)2 = (1 — (u—uy)?)~1/2, we
obtain finally from (13.50) precisely the dynamical equation (13.46), which
leads to the next proposition.

Proposition 13.4. The alternative classical relativistic electrodynamic
model (13.44) allows the least action formulation (13.47) with respect to the
“rest” reference system variables, where the Lagrangian function is given
by the expression (153.48).

13.3.3 A mowving charged point particle formulation dual to
the classical alternative electrodynamic model

It is easy to see that the action functional (13.47) is written utilizing the
classical Galilean transformations. If we now consider the action functional
(13.39) for a charged point particle moving with respect to the reference
system /C,., and take into account its interaction with an external magnetic
field generated by the vector potential A : M* — E3, it can be naturally
generalized as

12 T2
S = /(—Wdt+q < A,dr >)= /[—W(l +P2)Y2 g < A >)dr,

t1 T1

(13.51)
where dr = dt(1 — u?)/2.
Thus, the corresponding common particle-field momentum takes the
form

P:=0L)0F = —Wi(1+72)"Y2 4 ¢A (13.52)
=mu+ qA :=p+ g4,
and satisfies
P:=dP/dr = dL)r = —VW (1 +72)/? 4+ ¢V < A7 >  (13.53)
= - VW(I —u?)V2 4 ¢V < Aju>(1—u?)" 2
where
L:=-WQA+iHY? fq< A7> (13.54)

is the corresponding Lagrangian function. Since dr = dt(1 — u?)'/2, one
easily finds from (13.53) that

dP/dt = —VW + qV < A, u > . (13.55)
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Upon substituting (13.52) into (13.55) and making use of the well-known
[225] identity

V<ab>=<a,V>b+<bV>a+bx(Vxa)+ax(Vxb), (13.56)
where a,b € E? are arbitrary vector functions, we obtain the classical ex-
pression for the Lorentz force F), acting on the moving charged point particle
q:

dp/dt := F = qE + qu X B, (13.57)
where
E:=-VWq ' —-0A/0t (13.58)
is its associated electric field and

B:=VxA (13.59)

is the corresponding magnetic field. This result can be summarized as
follows:

Proposition 13.5. The classical relativistic Lorentz force (15.57) allows
the least action formulation (13.51) with respect to the rest reference sys-
tem variables, where the Lagrangian function is given by formula (138.54).
Its electrodynamics, described by the Lorentz force (13.57) is completely
equivalent to the classical relativistic moving point particle electrodynam-
ics, described by means of the Lorentz force (13.35) above.

As for the dynamical equation (13.50), it is easy to see that it is equiv-
alent to

dp/dt = (~VW — qdA/dt +qV < A,u >) —qV < Aju >, (13.60)

which, owing to (13.55) and (13.57), takes the following Lorentz type force
form

dp/dt =qE + qu x B—qV < A ju >, (13.61)

that can be found in [321, 322, 351].

Expressions (13.57) and (13.61) are equal up to the gradient term
F, := —¢V < A,u >, which reconciles the Lorentz forces acting on a
charged moving particle g with respect to different reference systems. This
fact is important for our vacuum field theory approach since it uses no spe-
cial geometry and makes it possible to analyze both electromagnetic and
gravitational fields simultaneously by employing the new definition of the
dynamical mass by means of expression (13.42).
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13.4 Vacuum field electrodynamics: Hamiltonian analysis

Any Lagrangian theory has an equivalent canonical Hamiltonian representa-
tion via the classical Legendre transformation [3, 14, 176, 177, 326, 387].
As we have already formulated our vacuum field theory of a moving charged
particle ¢ in Lagrangian form, we proceed now to its Hamiltonian analysis
making use of the action functionals (13.39), (13.48) and (13.51).

Take, first, the Lagrangian function (13.41) and the momentum expres-
sion (13.40) for defining the corresponding Hamiltonian function

H:=<p7r>-L
=—<pp> W_l(l _p2/V_V2)—1/2 + W(l _pQ/WQ)—1/2
= W1 = p2/W)TV2 L WP (1 = p2 /WA Y2 (13.62)
_ _(WQ _p2)(W2 _p2)—1/2 _ _(W2 _p2)1/2.
Consequently, it is easy to show [3, 14, 326, 387] that the Hamiltonian

function (13.62) is a conservation law of the dynamical field equation
(13.38); that is, for all 7,t € R

dH/dt = 0 = dH/dr, (13.63)

which naturally leads to an energy interpretation of H. Thus, we can
represent the particle energy as

E=W?2-pHt/2 (13.64)

Accordingly the Hamiltonian equivalent to the vacuum field equation
(13.38) can be written as

i = dr/dr = OH/dp = p(W? — p?)~1/2 (13.65)
p=dp/dr = —0H/dr = WYW (W? — p?)~1/2,
and we have the following result.

Proposition 13.6. The alternative freely moving point particle electrody-
namic model (13.38) allows the canonical Hamiltonian formulation (13.65)
with respect to the “rest” reference system variables, where the Hamiltonian
function is given by expression (13.62). Its electrodynamics is completely
equivalent to the classical relativistic freely moving point particle electrody-
namics described above.

In an analogous manner, one can now use the Lagrangian (13.48) to
construct the Hamiltonian function for the dynamical field equation (13.46),
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describing the motion of charged particle ¢ in an external electromagnetic
field in the canonical Hamiltonian form

7:=dr/dr = 0H/OP, P :=dP/dr = —0H/or, (13.66)
where
H:=<Pr7r>-L
=< P.&= PW7H (1= P2/W2)712 > WA (W2 — P21/
—< P§ > +PYW? — P2)~12 (2 - p2y-l/2
=—(W? = PH(W? = P?)"' 24 < P{> (13.67)
=-(W? = P2 —q< A, P> (W= P?)71/2
Here we took into account that, owing to definitions (13.45) and (13.49),
gA = Wuf = Wd¢/dt (13.68)
= Wé(l +(r— 5)2)71/2
= —WEW? — P21 = —§(W?2 — P?)1/2,
or
= —qA(W* - P*)7'/2, (13.69)

where A : M*— R? is the related magnetic vector potential generated by
the moving external charged particle. Equations (13.67) can be rewritten
with respect to the laboratory reference system K in the form

dr/dt =w, dp/dt=qE+quxB—qV <Au>, (13.70)

which coincides with the result (13.61).
Whence, we see that the Hamiltonian function (13.67) satisfies the en-
ergy conservation conditions

dH/dt =0 =dH/dr, (13.71)
for all 7,¢t € R, and that the suitable energy expression is
E=W?-P)HYV2 L g< A P> (W?- P12 (13.72)

where the generalized momentum P = p + gA. The result (13.72) differs
in an essential way from that obtained in [225], which makes use of the
Einsteinian Lagrangian for a moving charged point particle ¢ in an external
electromagnetic field. Thus, we obtain the following result.
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Proposition 13.7. The alternative classical relativistic electrodynamic
model (13.70), which is intrinsically compatible with the classical Mazwell
equations (13.7), allows the Hamiltonian formulation (13.66) with respect
to the rest reference system variables, where the Hamiltonian function is
given by expression (15.67).

The inference above is a natural candidate for experimental validation
of the theory. It is strongly motivated by the following remark.

Remark 13.1. It is necessary to mention here that the Lorentz force ex-
pression (13.70) uses the particle momentum p = mu, where the dynamical
“mass” m := —W satisfies condition (13.72). The latter gives rise to the
following crucial relationship between the particle energy & and its rest
mass mg (at the velocity w := 0 at the initial time moment ¢t =0 € R) :
2
o = mo(1 — ;—Ag)‘m, (13.73)

2
0

1 /
mo = 50(5 + % 1— 4(]2143), (1374)

where Ag := Ali—¢ € E3, which strongly differs from the classical formula-
tion (13.34).

or, equivalently,

To make this difference clearer, we now analyze the Lorentz force (13.57)
from the Hamiltonian point of view based on the Lagrangian function
(13.54). Thus, we obtain that the corresponding Hamiltonian function

H:=<Pji>—-L=<Pi>+W1+)Y2—g<Ai>  (13.75)
=< P —qA, i >+W(1+72)/?
=—<pp>W L= p*/W2 L WL —p?/ W)~/
— (W2 = p?)(W? _p2)71/2 — (W2 _p2)1/2_
Since p = P — ¢A, expression (13.75) assumes the final no interaction
222, 225, 302, 339] form
H = —[W?— (P —qA)?Y/?, (13.76)

which is conserved with respect to the evolution equations (13.52) and
(13.53), that is

dH/dt = 0 = dH/dr (13.77)
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for all 7,¢ € R. These equations are equivalent to the following Hamiltonian
system

i =0H/OP = (P — qA)[W? — (P — qA)?|7Y/2, (13.78)
P =—0H/dr = (WVYW —V < qA, (P — qA) >)[W? — (P — qA)?|7/2,
as one can readily check by direct calculations. Actually, the first equation

i= (P = qA)[W? — (P — qA)*| V2 = p(W? — p*) 7'/ (13.79)
= mu(W?2 — p?) Y2 = _Wu(W? — p?)~Y2 = y(1 — u2)~1/2,
holds, owing to the condition dr = dt(1 — u?)'/? and definitions p := mu,
m = —W, postulated from the start. Similarly, we find that
P=-VWA-p?/WH V24V <qAu>(1-p>/WHY2  (13.80)
= VW1 —u?) V24V <qgdu>(1—u?)"V2
coincides with equation (13.55) in the evolution parameter ¢t € R. This can
be formulated as the next result.

Proposition 13.8. The dual to the classical relativistic electrodynamic
model (13.57) allows the canonical Hamiltonian formulation (13.78) with
respect to the rest reference system variables, where the Hamiltonian func-
tion is given by expression (13.76). Moreover, this formulation circumuvents
the “mass-potential energy”controversy surrounding the classical electrody-
namical model (13.32).

The modified Lorentz force expression (13.57) and the related rest en-
ergy relationship are characterized by the following remark.

Remark 13.2. If we make use of the modified relativistic Lorentz force ex-
pression (13.57) as an alternative to the classical (13.35), the corresponding
particle energy expression (13.76) also gives rise to a different energy ex-
pression (at the velocity u := 0 € E? at the initial time moment ¢ = 0);
namely, & = mg instead of & = mg + gpo, where g := ¢|;=o, in the the
classical case (13.34).

13.5 Quantization of electrodynamics models in vacuum
field theory: No-geometry approach

13.5.1 The problem setting

Recently [321, 322], we devised a new regular no-geometry approach to
deriving the electrodynamics of a moving charged point particle ¢ in an
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external electromagnetic field from first principles. This approach has,
in part, reconciled the mass-energy controversy [75] in classical relativis-
tic electrodynamics. Using the vacuum field theory approach proposed
in [321, 322, 351], we reanalyzed this problem above both from the La-
grangian and Hamiltonian perspective and derived key expressions for the
corresponding energy functions and Lorentz type forces acting on a moving
charge point particle q.

Since all of our electrodynamics models have been represented here in
canonical Hamiltonian form, they are well suited to the application of
Dirac quantization [57, 58, 100] and the corresponding derivation of re-
lated Schrodinger type evolution equations. We describe these procedures
in this section.

13.5.2 Free point particle electrodynamics model and its
quantization

The charged point particle electrodynamics models discussed in detail
above, were also considered in [322] from the dynamical point of view,
where a Dirac quantization of the corresponding conserved energy expres-
sions was attempted. However, from the canonical point of view, the true
quantization procedure should be based on the relevant canonical Hamil-
tonian formulation of the models given in (13.65), (13.66) and (13.78).

In particular, consider a free charged point particle electrodynamics
model characterized by (13.65) and having the Hamiltonian equations

dr dr = OH/0p = —p(IV* — )2 (1381)
dp/dr = —0H/dr = —-WVW (W? —p2)’1/2,

where W : M* — R defined in the preceding sections is the corre-
sponding vacuum field potential characterizing the medium field structure,
(r,p) € T*(E3) ~ E? xE3? are the standard canonical coordinate-momentum
variables on the cotangent space T*(E?), 7 € R is the proper rest reference
system K, time parameter of the moving particle, and H : T*(E3) — R is
the Hamiltonian function

H:=—(W? - p?)l/2, (13.82)

expressed here and hereafter in light speed units. The rest reference system
K., parametrized by variables (,7) € E*, is related to any other reference
system K in which our charged point particle ¢ moves with velocity vector
u € E3. The frame K is parametrized by variables (t,7) € M* via the
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Euclidean infinitesimal relationship

dt* = dr?* + dr?, (13.83)
which is equivalent to the Minkowskian infinitesimal relationship

dr? = dt* — dr®. (13.84)
The Hamiltonian function (13.82) clearly satisfies the energy conservation
conditions

dH/dt =0=dH/dr (13.85)

for all t,7 € R. Thus, the relevant energy

E=(W? —p?)l/2 (13.86)
can be treated by the Dirac quantization scheme [100, 104, 215] to obtain,

as b — 0, (or the light speed ¢ — o0) the governing Schrodinger type
dynamical equation. To do this following the approach in [321, 322], we

need to make canonical operator replacements £ — £ := —?%, p—pi=
%V, as i — 0, in the energy expression

£ = (£, EY) = (v, %) = (v, HTHY), (13.87)

where (-, ) is the standard L? - inner product. It follows from (13.86) that

E2=W?—p*=H*H (13.88)

is a suitable operator factorization in the Hilbert space H := L?(R3; C) and
1 € H is the corresponding normalized quantum vector state. Since the
following elementary identity

W2 -2 = W(1— W2 H)V2(1 — W22 (13.89)
holds, we can use (13.88) and (13.89) to define the operator
H:=1-WpPw Ht/2w. (13.90)

Calculating the operator expression (13.90) as A — 0 up to accuracy O(h*),

it is easy see that
. ik _ h2 P
H = W= — Ve+ W 13.91
2m(u) + 2m(u) +W ( )
where we have taken into account the dynamical mass definition m(u) :=
—W (in the light speed units). Consequently, using (13.87) and (13.91),
we obtain up to operator accuracy O( h*) the following Schrédinger type
evolution equation
. . 2
., O o — Fl— — I
2m(u)

V23 + W (13.92)
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with respect to the rest reference system /C, evolution parameter 7 € R.
For a related evolution parameter ¢ € R parametrizing a reference system
KC, the equation (13.92) takes the form

@ _ h2m0
ot 2m(u)?

Here we used the fact that (13.86) implies that the classical mass relation-
ship

ih V2 — mo. (13.93)

m(u) = mo(1 — u?)~1/? (13.94)

holds, where my € R is the corresponding rest mass of the point particle
q.

The linear Schrédinger equation (13.93) for the case fi/c — 0 actu-
ally coincides with the well-known expression [100, 123, 225] from classical
quantum mechanics.

13.5.3 Classical charged point particle electrodynamics
model and its quantization

We start here from the first vacuum field theory reformulation of the classi-
cal charged point particle electrodynamics introduced above and based on
the conserved Hamiltonian function (13.76)

H:=—[W?— (P - qA)?'?, (13.95)

where ¢ € R is the particle charge, (W, A) € R x E? is the corresponding
representation of the electromagnetic field potentials and P € E? is the
common generalized particle-field momentum

P:=p+qA, p:=mu, (13.96)

which satisfies the classical Lorentz force equation. Here m := —W is the
observable dynamical mass of our charged particle, and u € E? is its velocity
vector with respect to a chosen reference system KC, all expressed in light
speed units.

The electrodynamics based on (14.4) is canonically Hamiltonian, so the
Dirac quantization scheme

A h
P—P:=-V, E—Ei=—-— (13.97)
i i 0T

should be applied to the energy expression
E:=[W?—(P—qA)*"?, (13.98)
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following from the conservation conditions
dH/dt = 0= dH/dr, (13.99)

satisfied for all 7,¢ € R.
Proceeding as above, we factorize the operator £2 as

W2 — (P —qA)? = W[l - W1 (P - qA)*W~ ]1/2
x[lfwfl(Pqu)W ]/W H*H
where (as h/c — 0, hic = const)
7 1 (EV —qA?+ W (13.100)
~2m(u) i e '

up to operator accuracy O(A*). Hence, the related Schrodinger type evolu-
tion equation in the Hilbert space H = L?(R3;C) is
8 1 h -
1/’ =&Y = Hw— - )(fquA)2w+W¢ (13.101)
m(u) i
with respect to the rest reference system I, evolution parameter 7 € R,
and corresponding Schrédinger type evolution equation with respect to the
evolution parameter ¢ € R takes the form
6’(/J mo h

5t = amz Y qA)*Y — moy, (13.102)

which coincides (as h/c — 0, he = const) with the classical quantum me-
chanics version [103, 226].

13.5.4 Modified charged point particle electrodynamics
model and its quantization

From the canonical viewpoint, we now turn to the true quantization pro-
cedure for the electrodynamics model, characterized by (13.50) and having
the Hamiltonian function (13.67)

H:=-W?-PHY2 _g< A P>W?-pP%)~1/2 (13.103)
Accordingly the suitable energy function is
E=W2-PHY2 4 g< A P> (W?-P?)~1/2 (13.104)
where, as before,

P:=p+qA, p:=mu, m:=-W, (13.105)
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is a conserved quantity for (13.50), which we will canonically quantize via
the Dirac procedure (13.97). Toward this end, we consider the quantum
condition

€= (Ev,€9) = (1,€%), () =1, (13.106)

where € := —%% and ¢ € H = L*(R?;C) is a normalized quantum state

vector. Now making use of the energy function (13.104), one readily com-
putes that

E2=W? - (P—qA? + < A A>+ <A P>W?- Pl <P A>]

(13.107)
which transforms via canonical Dirac quantization P — P .= %V into the
symmetrized operator expression

E2=W? - (P—qA’+@P <A A>+? <A P>(W?—P%) ' <P A>.

(13.108)

Factoring the operator (13.108) in the form £2 = H+ H, and retaining only
terms up to O(h?) (as h/c — 0, hc = const), we compute that

- 1 h q°

2m(u) (;V —ed) - 2m(u)

<AA> (13.109)

h h
- ——— <A -V -V, A
2m3(u) SATVISTVAS

where, as before, m(u) = —W in light speed units. Thus, owing to (13.106)
and (13.109), the resulting Schrodinger evolution equation is

e S | h 9 q>
2
q h h
2m3 () < A, iv >< Z_V,A>1/z

with respect to the rest reference system proper evolution parameter 7 € R.
This can be rewritten in the equivalent form

. Oy o, 1 I
h— = — Ve — —— < [=V,¢A]: > 13.111
or 2m(u) ¥ 2m(u) [z Al > ( )
2
q h h

— <A, -V ><-=V,A>1,

2m3(u) i i v
where [-, -]+ is the formal anti-commutator of operators. Similarly, one ob-

tains the related Schrodinger equation with respect to the time parameter
t € R, which we shall not dwell upon here. The result (13.110) only slightly
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differs from the classical Schrédinger evolution equation (13.101). Simul-
taneously, its form (13.111) almost completely coincides with the classical
ones from [103, 226, 302] modulo the evolution considered with respect to
the rest reference time parameter 7 € R. This suggests that we must more
thoroughly reexamine the physical motivation of the principles underlying
the classical electrodynamic models, described by the Hamiltonian func-
tions (14.4) and (13.103), giving rise to different Lorentz type force expres-
sions.

13.6 Some relevant observations

All of dynamical field equations discussed above are canonical Hamiltonian
systems with respect to the corresponding proper rest reference systems K.,
parametrized by suitable time parameters 7 € R. Upon passing to the basic
laboratory reference system K with the time parameter ¢t € R, naturally the
related Hamiltonian structure is lost, giving rise to a new interpretation of
the real particle motion. Namely, one that has an absolute sense only with
respect to the proper rest reference system, and otherwise being completely
relative with respect to all other reference systems. As for the Hamiltonian
expressions (13.62), (13.67) and (13.76), one observes that they all depend
strongly on the vacuum potential field function W : M*— R, thereby avoid-
ing the mass problem of the classical energy expression pointed out by L.
Brillouin [75]. It should be noted that the canonical Dirac quantization pro-
cedure can be applied only to the corresponding dynamical field systems
considered with respect to their proper rest reference systems.

Remark 13.3. Some comments are in order concerning the classical rel-
ativity principle. We have obtained our results without using the Lorentz
transformations - relying only on the natural notion of the rest reference
system and its suitable parametrization with respect to any other moving
reference systems. It seems reasonable then that the true state changes of
a moving charged particle g are exactly realized only with respect to its
proper rest reference system. Then the only remaining question would be
about the physical justification of the corresponding relationship between
time parameters of moving and rest reference systems.

The relationship between reference frames that we have used is ex-
pressed as

dr = dt(1 — u?)V/?, (13.112)
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where u := dr/dt € E? is the velocity vector with which the rest reference
system /C,. moves with respect to another arbitrarily chosen reference system
K. Expression (13.112) implies, in particular, that

dt* — dr? = dr?, (13.113)

which is identical to the classical infinitesimal Lorentz invariant. This is not
a coincidence, since all our dynamical vacuum field equations were derived
in turn [321, 322] from the governing equations of the vacuum potential
field function W : M*— R in the form

O*W /ot —V*W = p, OW/t+V (vW) =0, dp/0t+V (vp) =0, (13.114)

which is a priori Lorentz invariant. Here p € R is the charge density and
v := dr/dt the associated local velocity of the vacuum field potential evolu-
tion. Consequently, the dynamical infinitesimal Lorentz invariant (13.113)
reflects this intrinsic structure of equations (13.114). If it is rewritten in
the following nonstandard Euclidean form

dt* = dr?* + dr? (13.115)

it gives rise to a completely different relationship between the reference
systems IC and ., namely

dt = dr(1 4 72)Y/2, (13.116)

where 7 := dr/dr is the related particle velocity with respect to the
rest reference system. Thus, we observe that all our Lagrangian analysis
above is based on the corresponding functional expressions written in these
“Euclidean” space-time coordinates and with respect to which the least ac-
tion principle was applied. So there are two alternatives - the first is to
apply the least action principle to the corresponding Lagrangian functions
expressed in the Minkowski space-time variables with respect to an arbitrar-
ily chosen reference system K, and the second is to apply the least action
principle to the corresponding Lagrangian functions expressed in Euclidean
space-time variables with respect to the rest reference system /C,..

This leads us to a slightly amusing but thought-provoking observation:
It follows from our analysis that all of the results of classical special rel-
ativity related with the electrodynamics of charged point particles can be
obtained (in a one-to-one correspondence) using our new definitions of the
dynamical particle mass and the least action principle with respect to the
associated Euclidean space-time variables in the rest reference system.

An additional remark concerning the quantization procedure of the
proposed electrodynamics models is in order: If the dynamical vacuum
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field equations are expressed in canonical Hamiltonian form, as we have
done here, only straightforward technical details are required to quantize
the equations and obtain the corresponding Schrédinger evolution equa-
tions in suitable Hilbert spaces of quantum states. There is another strik-
ing implication from our approach: the Einsteinian equivalence principle
[123, 124, 225, 302, 196] is rendered superfluous for our vacuum field the-
ory of electromagnetism and gravity.

Using the canonical Hamiltonian formalism devised here for the alter-
native charged point particle electrodynamics models, we found it rather
easy to treat the Dirac quantization. The results obtained compared fa-
vorably with classical quantization, but it must be admitted that we still
have not given a compelling physical motivation for our new models. This
is something that needs to be revisited in future investigations. Another
important aspect of our vacuum field theory no-geometry (geometry-free)
approach to combining the electrodynamics with the gravity, is the manner
in which it singles out the decisive role of the rest reference system ... More
precisely, all of our electrodynamics models allow both the Lagrangian and
Hamiltonian formulations with respect to the rest reference system evolu-
tion parameter 7 € R, which are well suited to canonical quantization. The
physical nature of this fact is as yet not quite clear. In fact, it appears
[168, 196, 225, 234, 236, 302] that there is no physically reasonable ex-
planation of this decisive role of the rest reference system, except for that
given by R. Feynman who argued in [123] that the relativistic expression
for the classical Lorentz force (13.35) has physical sense only with respect
to the rest reference system variables (7,7) € E*.

13.7 Introduction to further analysis

We shall next delve more deeply into an analysis of the results above in
order to better understand the significance of the approach as well as to
perceive possible additional applications.

13.7.1 The classical relativistic electrodynamics back-
grounds: A charged point particle analysis

It is well known [24, 123, 225, 302] that the relativistic least action prin-
ciple for a point charged particle ¢ in Minkowski space-time M* ~ E3 x R
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can be formulated on a time interval [t1,t2] C R (in light speed units) as
7(t2)
650 =0, SO .= / (—modr — q < A,dx >p1)
7(t1)
s(t2)
= / (—mo < &,& >33 —q < A, i >ppa)ds. (13.117)
s(t1)
Here 0z(s(t1)) = 0 = dz(s(t2)) are the boundary constraints, mg € Ry is
the so-called particle rest mass, the 4-vector o := (r,t) € M* is the particle
location in M*, and i := dx/ds € T(M*) is the particle 4-vector velocity
with respect to a laboratory reference system X parametrized by means of
the Minkowski space-time parameters (r,s(t)) € M* and related to each
other by means of the infinitesimal Lorentz interval relationship
dr :=<dz,dx >}\ﬁ:: ds < z,& >}\//Ii . (13.118)
In addition, A € T*(M*) is an external electromagnetic 4-vector poten-
tial satisfying the classical Maxwell equations [126, 225, 302], the sym-
bol < -, >4 is, in general, the corresponding scalar product in a finite-
dimensional vector space H and T'(M*), T*(M?*) are, respectively, the tan-
gent and cotangent spaces [3, 14, 112, 173, 387] of M*. In particular,
< x,1 >pai=t2— < r,r >ps for any z:= (r,t) € M*.
The subintegral expression in (13.117)

LY = —mg < i, >0 —q < A i > (13.119)
is the related Lagrangian function, whose first part is proportional to the
particle world line length with respect to the proper rest reference sys-
tem IC, and the second part is proportional to the pure electromagnetic
particle-field interaction with respect to the Minkowski laboratory refer-
ence system . Moreover, the positive rest mass parameter mg € Ry is
introduced into (13.119) as an external physical ingredient, also describ-
ing the point particle with respect to the proper rest reference system K.
The electromagnetic 4-vector potential A € T*(M?) is at the same time
expressed as a 4-vector, constructed and measured with respect to K that
from physical point of view is somewhat controversial, since the action
functional (13.117) is forced to be extremal with respect to the labora-
tory reference system /C. This, in particular, means that the real physical
motion of our charged point particle, realized with respect to the proper
rest reference system /C,., somehow depends on external observation data
[75, 119, 122, 125, 234, 236, 235, 237] with respect to the occasionally
chosen laboratory reference system K. This aspect was never discussed
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in the physical literature except by Feynman in [126], who argued that
the relativistic expression for the classical Lorentz force has a physical
sense only with respect to the Fuclidean rest reference system /C,. vari-
ables (r,7) € E* related to the Minkowski laboratory reference system K
parameters (r,t) € M* by means of the infinitesimal relationship

dr =< dw,dz >Y2= di(1 —u?)"/?, (13.120)

where u := dr/dt € T(E?) is the point particle velocity with respect to K.

It is worth pointing out that to be correct, it would be necessary to
include into the action functional the part describing the electromagnetic
field itself. But this part is not taken into account, since it is generally as-
sumed [34, 79, 157, 195, 196, 256, 255, 280, 395, 399] that the charged
particle influence on the electromagnetic field is negligible. This is true if
the particle charge value ¢ is very small but the support supp.A C M* of
the electromagnetic 4-vector potential is compact. It is clear that in the
case of two interacting charged particles the above assumption cannot be
applied, as it is necessary to take into account the relative motion of two
particles and the varying interaction energy. This aspect of the action func-
tional choice for the problem appears to be very important when one tries
to analyze the related Lorentz forces exerted by charged particles on each
other. We will return to this problem in the next section.

Upon calculating the least action condition (13.117), we easily obtain
from (13.119) the classical relativistic dynamical equations

dP/ds :== —0LY |0z = —qV, < A, i >4, (13.121)
Pi=—0LW [0 = moi < i, 4 > +qA,

where P € T*(M*) denotes the common particle-field momentum of the
interacting system.

Now at s = t € R, using the standard infinitesimal change of vari-
ables (13.120) we readily obtain from (13.121) the classical Lorentz force
expression

dp/dt = qE + qu x B (13.122)
with the relativistic particle momentum and mass
pi=mu, m:=mo(l—u?)"? (13.123)
respectively, the electric field
E:=-0A/0t—Vy (13.124)
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and the magnetic field
B:=V x A, (13.125)

where we have expressed the electromagnetic 4-vector potential as A :=
(A,p) € T*(M?).

The Lorentz force (13.122), owing to our preceding assumption, is the
force exerted by the external electromagnetic field on the charged point
particle, whose charge ¢ is so small that it does not influence the field. This
fact becomes very important if we try to make use of the Lorentz force
expression (13.122) for the case of two interacting charged particles, since
then one cannot assume that the charge ¢ exerts a negligible influence on
other charged particle. Thus, the corresponding Lorentz force between two
charged particles should be suitably altered. Nonetheless, modern physics
[22, 57, 25, 58, 35, 74, 100, 98, 185, 186, 225] seems to have largely ig-
nored this needed Lorentz force modification and the classical expression
(13.122) seems to be used almost everywhere. This situation was observed
and analyzed in [351], where it is shown that the electromagnetic Lorentz
force between two moving charged particles can be modified in such a way
that it ceases to be dependent on their relative motion, contrary to the
classical relativistic case.

Unfortunately, the least action principle approach to analyzing the
Lorentz force structure was ignored in [351], which has led to some incorrect
and physically unmotivated statements concerning the role of mathematical
physics in modern electrodynamics. To make the problem more transparent
we analyze it in the next section using the vacuum field theory approach
recently devised in [60, 321, 322].

13.7.2 Least action principle analysis

Consider the least action principle (13.117) and observe that the extremal
condition

6SM =0,  bx(s(ty)) = 0 = dz(s(ta)), (13.126)

is calculated with respect to the laboratory reference system X, whose point
particle coordinates (r,t) € M* are parametrized by means of an arbitrary
parameter s € R owing to expression (13.118). Recalling the definition of
the invariant proper rest reference system K, time parameter (13.120), we
find that at the critical parameter value s = 7 € R the action functional
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(13.117) on the fixed interval [r,72] C R turns into
T2
S = /(—mo —q <A, >pp)dr (13.127)
T1
subject to the constraint
< i >i=1, (13.128)

where, & :=dx/dr, T € R.
The expressions (13.127) and (13.128) require comment since the La-
grangian function corresponding to (13.127) is

LB = —my—qg< A, >y (13.129)

and this depends only virtually on the unobservable rest mass parameter
mg € R and, evidently, it has no direct impact on the resulting particle dy-
namical equations following from the condition §S® = 0. Nonetheless, the
rest mass arises as a suitable Lagrangian multiplier owing to the imposed
constraint (13.128). To demonstrate this, consider the extended Lagrangian
function (13.129)

LV = —mg — g < A& >y =A< &8 >300 —1), (13.130)

where A € R is a suitable Lagrangian multiplier. The resulting Euler—
Lagrange equations are

Pri= 0L j0F = gA+ N, Pi= 0L J0f = —qp — M,
AL JON =< i, >17 —1=0, dP,/dr = qV, < A, >gs —qiV,p,
dP;/dr = q < OA/Ot, 7 >gs —qtdp/0t, (13.131)

and, owing to relationship (13.120), these give rise to the dynamical equa-
tions

%(Aui) =qE + qu x B, %(Af) =q < E,u >gs, (13.132)
where
E:=—0A/ot -V, B=VxA (13.133)

are the corresponding electric and magnetic fields. As a simple consequence
of (13.132), one obtains

d . d
—1 “log(1 —u?)'/? = 13.134
g og(At) + o og( u®) 0, (13.134)
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which, owing to the relationship (13.120), is equivalent for all ¢ € R, to
M1 —u?)Y? = X = my, (13.135)

where mg € R4 is a constant, which could be interpreted as the rest mass
of the charged point particle g. In fact, the first equation of (13.132) can
be rewritten as

dp/dt = qFE 4 qu x B, (13.136)
where
pi=mu, m:=\ =my(l —u?) V2 (13.137)

and so coincides exactly with that of (13.120).

Thus, we have retrieved all of the results obtained in the preceding sec-
tion, making use of the action functional (13.127), represented with respect
to the rest reference system I, under the constraint (13.128). During these
derivations, we faced a very delicate inconsistency property of the defini-
tion of the action functional S®): It is defined with respect to the rest
reference system /C,., but depends on the external electromagnetic poten-
tial function A : M* — T*(M*), constructed in an exceptional manner
with respect to the laboratory reference system . Namely, this poten-
tial function, as a physical observable quantity, is defined and, respectively,
measurable only with respect to the fixed laboratory reference system K.
This, in particular, means that a physically reasonable action functional
should be constructed by means of an expression primarily calculated in
the laboratory reference system K by means of coordinates (r,t) € M* and
later suitably transformed subject to the rest reference system X, coordi-
nates (r,7) € E*, depending on the charged point particle ¢ motion. Thus,
the corresponding action functional should from the beginning be written
as

t(‘l’z)
ST = / (—q < A, & >gs)d, (13.138)
t(11)
where @ := dz/dt, t € R, calculated on a time interval [t(7y),t(72)] C R,
suitably related with the proper motion of the charged point particle ¢ on
the true time interval [71, 5] C R with respect to the rest reference system
IC,- and whose charge is assumed so small that it exerts no influence on

the external electromagnetic field. The problem now arises: how does one
correctly compute the variation §S(™) = 0 of the action functional (13.138)?
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For an answer we turn to the Feynman, who argued in [126] that when
deriving the relativistic Lorentz force expression, that the real charged par-
ticle dynamics can only be unambiguously determined with respect to the

“...we cal-

rest reference system time parameter. Namely, Feynman wrote:
culate a growth Az for a small time interval At. But in the other reference
system the interval At may correspond to changing both ¢’ and z’, thereby
at the change of the only ¢’ the suitable change of x will be other... Making
use of the quantity dr one can determine a good differential operator d/dr,
as it is invariant with respect to the Lorentz reference systems transforma-
tions”. This means that if the charged particle ¢ moves in the Minkowski
space M* during the time interval [t;,ts] C R with respect to the labora-
tory reference system K, its proper real and invariant duration of motion
with respect to the rest reference system K, will be [r1, 2] C R.

As a corollary of Feynman’s reasoning, we conclude that it is necessary
to rewrite the action functional (13.138) as

T2
50 = /(—q < Aé >ap)dr, ba(m) =0=6e(r),  (13.130)
T1
where & := dx/dr, T € R, subject to the constraint

<dE>MA=1, (13.140)

as it is equivalent to the infinitesimal transformation (13.120). Simultane-
ously, the proper time interval [r1, 73] C R is mapped on the time interval
[t1,t2] C R by means of the infinitesimal transformation

dt = dr(1 4 72)Y/2, (13.141)

where 7 := dr/dr, T € R. Thus, we can now postulate what appears to be
the true least action problem equivalent to (13.139) as

68 =0,  or(n) =0=06r(r), (13.142)

where the functional
T2
S = /[—W(l + )2 4 g < A7 >ps)dr (13.143)

T1

is characterized by the Lagrangian function

L= WA+ 4 g < A7 >gs . (13.144)
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Here we have denoted, for convenience, W := ¢, as a suitable vacuum field

[321-323, 351] potential function. The resulting Euler-Lagrange equation
yields the relationships

P = 0L or = —Wi(14+72) "2 4 ¢A, (13.145)

dP/dr == 0L Jor = —VW (1 +72)Y2 4+ ¢V < A, i >gs .

Once again using the infinitesimal transformation (13.141) and the crucial

dynamical particle mass definition [321, 323, 351] (in the light speed units)

m =W, (13.146)

we can easily rewrite equations (13.145) with respect to the parameter t € R
as the classical relativistic Lorentz force

dp/dt = qFE + qu x B, (13.147)
where
p = mu, u = dr/dt, (13.148)
B:=VxA, E:=—¢'VIW-0A/0t.
Thus, once again we have obtained the relativistic Lorentz force expression
(13.147), but in a form slightly different from (13.122), since the classical

relativistic momentum expression of (13.123) does not completely coincide
with our modified relativistic momentum expression

p=—Wu, (13.149)

which depends strongly on the scalar vacuum field potential function W :
M* — R. However, recalling here that our action functional (13.139) was
derived under the assumption that the particle charge ¢ is negligible and
does not exert an essential influence on the electromagnetic field source, we
can make use of a prior result [60, 321, 351] that the vacuum field potential
function W : M* — R, owing to (13.147)-(13.149), satisfies as ¢ — 0 the
dynamical equation

d(—Wu)/dt ~ —=VW, (13.150)

with solution
W =mo(1 —u®)"Y2 mog=—W| _,. (13.151)
Consequently, owing to (13.151) and (13.149), we see that our result
(13.147) for the relativistic Lorentz force coincides almost completely with

that of (13.122) as ¢ — 0.
The results obtained so far prove the following statement.
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Proposition 13.9. Under the assumption of mnegligible influence of a
charged point particle g on an external electromagnetic field source, a phys-
ically reasonable action functional is given by expression (13.138), which
is equivalently defined with respect to the rest reference system IC,. in the
form (18.139),(13.140). The resulting relativistic Lorentz force (13.147)
coincides almost exactly with that of (138.122) obtained from the classi-
cal Einstein type action functional (13.117), but the momentum expression
(13.149) differs from the classical expression (13.123), as it takes into ac-
count the related vacuum field potential interaction energy impact.

An obvious but important consequence of the above is the following.

Corollary 13.1. The Lorentz force expression (13.147) should be corrected
when the weak charge q influence assumption made above does not hold.

Remark 13.4. Concerning the infinitesimal relationship (13.141), one ob-
serves that it reflects the Euclidean nature of transformations R> ¢t = 7 €
R.

In spite of the results obtained above by means of two different least
action principles (13.117) and (13.139), we must admit that the first is
based to an extent on what might be considered controversial logic, which
may give rise to unpredictable, unexplainable and even nonphysical effects.
Amongst these controversies we mention: ¢) the definition of the Lagrangian
function (13.119) as an expression depending on the external and undefined
rest mass parameter with respect to the rest reference system /C,. time
T € R, but serving as a variational integrand with respect to the laboratory
reference system K time ¢ € R; i7) the least action condition (13.117) is
calculated with respect to fixed boundary conditions at the ends of a time
interval [t1,t2] C R, so the resulting dynamics is strongly dependent on
the chosen laboratory reference system K which, according to Feynman
[126, 125], is physically unreasonable; 4ii) the resulting relativistic particle
mass and its energy depend only on the particle velocity in the laboratory
reference system K, and do not take into account the vacuum field potential
energy, which exerts a significant action on the particle motion; and iv) the
assumption concerning the negligible influence of a charged point particle
on the external electromagnetic field source is also physically inconsistent.
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13.8 The charged point particle least action principle revis-
ited: Vacuum field theory approach

13.8.1 A free charged point particle in a vacuum

Here we start from the following action functional for a charged point par-
ticle ¢ moving with velocity u := dr/dt € E3 with respect to a laboratory
reference system K :
t(71)
S = — Wat, (13.152)
t(r2)
defined on the time interval [t(71),#(72)] C R by means of a vacuum field
potential function W : M* — R characterizing the intrinsic properties of
the vacuum medium and its interaction with a charged point particle ¢,
subject to the constraint
<& E>iP=1, (13.153)
where ¢ := (r,7) € E* is a charged point particle position 4-vector with
respect to the proper rest reference system K, € := d¢ /dt, t € R. As the
dynamics of the charged point particle ¢ depends strongly only on the time
interval [11, 2] C R of its own motion in the rest reference system K., we
need to calculate the extremal condition

68 =0,  dr(m) =0=6r(mn). (13.154)

It follows from (13.153) or (13.141) that the action functional (13.152) is
equivalent to

T1
S = 7/ W1+ 7)Y 2dr, (13.155)
T2
where 7 := dr/dr, 7? :=< 7,7 >gs, 7 € R. Hence, from (13.155) and
(13.154) one readily concludes that
pi= Wil +i?)7V2, dp/dr = ~VW(1+ )"/ (13.156)

Taking into account once more relationship (13.141), we can rewrite
(13.156) as

dp/dt = -VW, p:=-Wu. (13.157)

Recalling the dynamic mass definition (13.146), it is clear that equation
(13.157) turns into the Newtonian dynamical expression

dp/dt = —VW, p = mu. (13.158)
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Since equation (13.158) is completely equivalent to equation (13.150), we
obtain right away from (13.151) that the particle mass is

m = mo(1 —u?)"/2 (13.159)
where
mo :=—W|, _, (13.160)

is the so-called particle rest mass. Moreover, since the Lagrangian function
corresponding to (13.155) and given as

L) = W (1 4 72)1/2 (13.161)

is not degenerate, we can easily construct [3, 14, 112, 173, 323] the related
conservative Hamiltonian function

H = (W2 - p?)V/2, (13.162)
where p? :=< p, p >gs, satisfying the canonical Hamiltonian equations
dr/dr = oH") Jdp, dp/dr = —OHT) Jor (13.163)
and conservation conditions
dH'™) Jdt = 0 = dH) Jdr (13.164)
for all 7,¢t € R. Whence, the quantity
£:= (W2 —p*)'/? (13.165)

can be naturally interpreted as the total energy of the particle.

It is important to note here that energy expression (13.165) takes into
account both kinetic and potential energies, but the particle dynamic mass
(13.159) depends only on its velocity, reflecting its free motion in a vac-
uum. Moreover, since the vacuum potential function W : M* — R is not,
in general, constant, the motion of the particle ¢ with respect to the lab-
oratory reference system /C is not typically linear with constant velocity.
This situation was discussed by Feynman in [125]. Thus, we obtained the
classical relativistic mass dependence on the freely moving particle veloc-
ity (13.159), taking into account both the nonconstant vacuum potential
function W : M* — R and the particle velocity u € E3.

We also mention that the vacuum potential function W : M* — R
itself should be simultaneously found via a suitable solution to the Maxwell
equation 92W/0t2— AW = p, where p € R is an ambient charge density and
W (r(t)) := lim,_,.;) W(r,t)|, with (t) € E* the position of the charged
point particle at time ¢ € R. A more detail description [321] of the vacuum
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field potential W : M* — R, characterizing the vacuum medium structure
is provided in the next section.
Now we rewrite expression (13.152) in the invariant form

s(12) _ ..

S = —/ W < &€ >3 ds, (13.166)
s(71)

where s € R parametrizes the particle world line related with the labora-

tory reference system I time parameter ¢ € R by means of the Euclidean

infinitesimal relationship

dt =< &€ >17 ds. (13.167)

Clearly, at s =t € R functional (13.166) turns into (13.152) and (13.153).
The action functional (13.166) is to be supplemented with the boundary
conditions

0§(s(m1)) = 0 = 6¢(s(72)), (13.168)
which are, obviously, completely equivalent to those of (13.154), since the
map R 3 s = ¢ € R is injective by virtue of its definition (13.167).

Calculating the least action condition 6S(™) = 0 subject to the con-
straints (13.168), one easily obtains the same equation (13.157) and rela-
tionships (13.159), (13.165) for the particle dynamical mass and its con-
served energy.

13.8.2 Charged point particle electrodynamics

Next we generalize the results obtained above for a free point particle in
the vacuum medium on the case of a charged point particle ¢ interacting
with external charged point particle gf, both moving with respect to a lab-
oratory reference system C. In the vacuum field theory approach devised
in [60, 321, 322], it is natural to reduce the problem to that considered
above by introducing the reference system Ky moving with respect to the
reference system /C with the same velocity as that of the external charged
point particle g¢. Thus, if considered with respect to the laboratory ref-
erence Ky, the external charged particle gy will be at rest, but the test
charged point particle ¢ will be moving with the velocity u — uy € T(E?),
where u := dr/dt, uy = dry/dt, t € R, are the corresponding velocities of
these charged point particles ¢ and ¢y with respect to IC. Accordingly, we
have the action functional expression

o) _ 1/2
S = —/ W <,y >gh ds, (13.169)
s(T1)
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where 0y := (17,7 —1f) € E* represents the charged point particle ¢ position
coordinates with respect to the rest reference system /C,., calculated subject
to the introduced laboratory reference system K¢, where s € R parametrizes
the corresponding point particle world line, which is infinitesimally related
to the time parameter t € R according to

dt =< 5y, ;>0 ds. (13.170)

The boundary conditions for the functional (13.169) assume the natural
form

6&(s(m1)) = 0 = 6&(s(2), (13.171)

where ¢ = (1,7) € E*. The least action condition §S(") = 0 together with
(13.171) gives rise to the equations

P = 0L" 0 = Wiy < ijpyiy >5il°
dP/ds := OL™) 0t = =V W < iy 1y >202, (13.172)
where the Lagrangian function is
L0 = W < gy >l (13.173)
Defining the charged point particle ¢ momentum p € T*(E3) as
pi= WP <np iy >z = —Wu (13.174)
and the induced external magnetic vector potential A € T*(E3) as
gA == Wiy < ijp,0p >pa!>= Wy, (13.175)
we obtain, owing to relationship (13.170), the relativistic Lorentz type force
expression
dp/dt = qE + qu X B — ¢V < u, A >3, (13.176)
where
E:=—q 'VW —0A/0t, B=V x A, (13.177)
are, respectively, the external electric and magnetic fields acting on the
charged point particle q.
The result (13.176) includes the additional Lorentz force component
F.:=—qV < u, A >gs, (13.178)

not present in the classical relativistic Lorentz force expressions (13.122)
and (13.147). Moreover, from (13.174) one finds that the point particle g
momentum is

p=—Wu :=mu, (13.179)
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where the particle mass
m:=—-W (13.180)

already does not coincide with the corresponding classical relativistic rela-
tionship of (13.123).

Now consider the least action condition for functional (13.169) at the
critical parameter value s =7 € R:

68 =0,  dr(n) =0=6r(r), (13.181)
5™ = —/ WL+ |7 — 7 |2s)" 2dr.

The resulting Lagrangian function
LT = WA+ |7 —rp|2a) 2 (13.182)
gives rise to the generalized momentum expression
P:= 0L 05 = —W (i —ip) (14 | —7f2s) Y2 :=p+qA, (13.183)

which makes it possible to construct [3, 14, 112, 173, 326] the correspond-
ing Hamiltonian function as

H =< P,i >gs —L7) = —(W? — |p+ qA|%:)/?

— <p+aAqA >es (W2 = [p+qAlfa) 7', (13.184)
satisfying the canonical Hamiltonian equations
dP/dr .= OH/Or, dr/dr:=—0H/0r, (13.185)

evolving with respect to the proper rest reference system time parameter
7 € R. In deriving (13.184) we made use of the relationship (13.170) at
s = 7 € R together with definitions (13.174) and (13.175). Since the
Hamiltonian function (13.184) is conserved with respect to the evolution
parameter 7 € R, owing to relationship (13.170) at s = 7 € R, one computes
that

dH/dr =0 = dH/dt (13.186)

for all ¢,7 € R. These results can be formulated as follows.

Proposition 13.10. The charged point particle electrodynamics deter-
mined by the least action principle (13.169) and (13.171), reduces to the
modified Lorentz force equation (13.176), and is equivalent to the canonical
Hamilton system (13.185) with respect to the proper rest reference system
time parameter T € R. The corresponding Hamiltonian function (13.184)
is a conservation law for the Lorentz dynamics (13.176) satisfying the con-
ditions (13.186) with respect to both reference systems parameters t,7 € R.
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As a corollary, the corresponding energy expression for electrodynamical
model (13.176) can be defined as

E:=(W? = |p+qA|2:) 2+ < p+qA, qA >gs (W? — |p + qA|2) Y2
(13.187)
This formula is a necessary ingredient for quantizing the relativistic elec-
trodynamics (13.176) of the charged point particle ¢ under the influence of
the external electromagnetic field.

13.9 A new hadronic string model: Least action principle
and relativistic electrodynamics analysis in the vac-
uum field theory approach

13.9.1 A new hadronic string model: Least action formu-
lation

A classical relativistic hadronic string model was first proposed in
[23, 154, 275] and studied in [24] using the principle of least action and
the related Lagrangian and Hamiltonian formalisms. We shall not discuss
this classical string model and not comment on the physical problems ac-
companying it, especially those related to its diverse quantization versions.
Instead, we formulate a new relativistic hadronic string model, constructed
by means of the vacuum field theory approach, as devised in [60, 321, 322].
The corresponding least action principle is [24] expressed as

s(72) .
55T — 0, S . —/ ds/ 525’2 <&¢ >]§4)1/2da/\ds,
(11) o1(s)

(13.188)
where W : M* — R is a vacuum field potential function characterizing
the interaction of the vacuum medium with the btring The differential 2-
form dX? = (£2¢?2— < &, 3 >]E4)1/2d0 Nds = ¥Yg(€)do Nds, g(&) =
det(gi;(§)]; j=12) €2 = < £,€ >pa, €2 = < f’ f' >pa is related
to the Euclidean infinitesimal metrics dz? =< d¢,d¢ >gpa= g11(€)do? +
g12(&)dods + g21(€)dsdo +gae(€)ds? on the string world surface. Thus, in
view of [3, 24, 112, 387] the infinitesimal two-dimensional world surface
element is parametrized by variables (o,s) € E? and embedded in the 4-
dimensional Euclidean space-time with coordinates ¢ := (r,7(o,s)) € E*
subject to the proper rest reference system K, and € := 0¢/0s, £ == 9E/do
are the corresponding partial derivatives. The related boundary conditions
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are chosen as
0¢(o(s),s) =0 (13.189)

at string parameter o(s) € R for all s € R. The action functional expres-
sion is strongly motivated by that constructed for the point particle action
functional (13.152):

(o,72) _
S = / di(o / Wdt(r,0), (13.190)
a

o,T1)

where the laboratory reference time parameter ¢(7,0) € R is related to the
proper rest string reference system time parameter 7 € R by means of the
standard Euclidean infinitesimal relationship

dt(r,0) :== (1472 (1,0))Y%dr, 1 :==<7y,7) >gs, (13.191)

with o € [o1,02] C R a spatial variable parametrizing the string length
measure dl(c) on the real axis R, 7, (r,0) := N, and 7(r,0) € E? are
components orthogonal to the string velocity. In addition,

N = Q=72 @), =<y >£31, (13.192)

is the corresponding projector operator in E? orthogonal to the string direc-
tion, expressed for brevity by means of the standard tensor product “®”in
the Euclidean space E3. A simple calculation of (13.190) yields

S = / dT/ 2147 — < 7' >ps]Y?d o, (13.193)
o1(7)

where we made use of the infinitesimal measure representation dl(c) =<
>E3 do, o € 01, 09]. If we introduce on the string world surface local
coordmates (0,8(1,0)) € E? and the related Euclidean string position vec-
tor & := (r(o,s),7) € E*, the string action functional reduces equivalently
to that of (13.188).
Next we proceed to a Lagrangian and Hamiltonian analysis of the least
action conditions for expressions (13.188) and (13.193).

13.9.2 Lagrangian and Hamiltonian analysis

First we will obtain the Euler-Lagrange equations corresponding to (13.188)
with respect to the special [24, 112] internal conformal variables (o, s) € E?
on the world string surface, for which the metrics on it become equal to

2 — 202 + £2ds2?, where < €, >pa= 0 = €2 — €2, and the cor-
responding infinitesimal world surface measure d¥(?) becomes d¥X(?) =
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(5’7252)1/2d0 Ads. As a result of simple calculations, one obtains the linear
second order partial differential equation

O(WE) /s +d(WeE') oo = (£7262)Y20W oo (13.194)
subject to the suitably chosen boundary conditions
£ —€E6=0 (13.195)

for all s € R. Note that the equation (13.194) is elliptic in contradistinction
to the case considered in [24]. Evidently, this results from the fact that
the metric on the string world surface is Euclidean. This follows because
we took into account that the string motion is realized with respect to its
proper rest reference system XC,., which is not dependent on string motion
observation data measured with respect to any external laboratory reference
system C.

The differential equation (13.194) depends on the vacuum field potential
function W : M* — R, which, as a function of the Minkowski 4-vector
variable x := (r,t(0,s)) € M* of the laboratory reference system K, should
be expressed using the infinitesimal relationship (13.191) as

dt =< NO¢/dr, NOE/or >1/? (%ds + g—;da), (13.196)
defined on the string world surface. The function W : M* — R should be
simultaneously determined as a suitable solution to the Maxwell equation
0*W/ot> — AW = p, where p € R is an ambient charge density and by
definition, W(r(t)) := lim,_,) W(r,t)|, with (t) € E® the position of
the string element with coordinates (o,7) € E? at time t = t(o,7) € R.

We now construct the dynamical Euler equations for our string model,
making use of the action functional (13.193). It is easy to calculate that
the generalized momentum

W (r%r — 1" </ >gs)
[r2(r2 4+ 1)— <7/,7 >I2E3]1/2
—W (r”2N7)

p:=0L" /or =

- 13.197
[r2(12 4+ 1)— < 1/ 7 >2,]1/2 ( )
satisfies the dynamical equation
dpfdr = 6L [br = ["2(7 + 1) = <o’ i SL]VPVW
0 = .
= o AW+ |72, (13.198)

where

LT = W[ 2 (1 + 72— < 7,1 >gs]/? (13.199)
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is the corresponding Lagrangian and
T:=1-7"2r@F 7 2:=<ii >, (13.200)
represent the related dynamic projector operator in E3. The Lagrangian
function is degenerate [24, 112], and it satisfies the obvious identity
<p, 7 >p=0 (13.201)

for all 7 € R. For the Hamiltonian formulation of the dynamics (13.198),
we construct the corresponding Hamiltonian functional as

o2
H = (< p, 7 >ps —L)do

o1

o2
= (Wi 2[r"2(2 +1)— < v, 7 >2,]7Y%do

o1

= / [(Wr")? — p?|Y2do, (13.202)
o1
which satisfy the canonical equations
dr/dr = dH/ép, dp/dr = —H/or, (13.203)
where
dH/dr =0, (13.204)

holds only with respect to the proper rest reference system IC,. time param-
eter 7 € R. The identity (13.201) can be used to show that the Hamiltonian
functional (13.202) is equivalently represented in symbolic form as

o2
H= / |Wr' % ip|gsdo, (13.205)
o1

where ¢ := /—1. It should be noted here that one cannot construct a
suitable Hamiltonian function expression and relationship of type (13.204)
with respect to the laboratory reference system /C, since the expression
(13.205) is not completely defined for a separate laboratory time parameter
t € R that is locally dependent both on the spatial parameter ¢ € R and
the proper rest reference system time parameter 7 € R.

Accordingly we have the following result.

Proposition 13.11. The hadronic string model (13.188) allows on the re-
lated world surface the conformal local coordinates, with respect to which the
resulting dynamics is described by means of the linear second order elliptic
equation (13.194). Subject to the proper rest reference system Fuclidean co-
ordinates, the corresponding dynamics is equivalent to the canonical Hamil-
tonian equations (13.203) with Hamiltonian functional (13.202).
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Let us now construct the action functional expression for a charged
string under an external magnetic field generated by a point velocity
charged particle ¢y, moving with velocity uy := dry/dt € E? with respect
to a laboratory reference system /C. To solve this problem, we make use
of the trick above by passing to the proper rest reference system /C, with
respect to the relative reference system Ky, moving with velocity uy € E3.
As a result of this reasoning, we can write down the action functional as

027')
SO = [Car [ W0 i) < i =g B

1(7)
(13.206)
which gives rise to the dynamical equation

dP/dr := 6L [or = —[r"2 (14 (7 = 7p)*)— <7 =7y, 1" >F]/2VW
) WL+ (7 — 77)2Ty)r"
il 13.207
+80 {[T’)2(1+(f—7;f)2)— <P =71y, >]%3]1/2 ’ ( )
where the generalized momentum

—W /QN O
Pi= NG )] (13.208)
[P2(1+ (P —7p)2)— <7 — 7,0 >Z]1/2
and the projection operator in E? is

Tpi=1—(F —7p)72 (F — 1) ® (7 — 7). (13.209)

If we define R
~W(r”2Nv)
(214 (F = 7p)2)— <7 — 7,0 >E]1/2
to be the local string momentum and
W(T/QN’ff)
(214 (7 —7f)2)— <7 — g, 0 >2]1/2
to be the external vector magnetic potential, equation (13.207) reduces to
dp/dr = qr x B —qV < A7 >gs —q%
—[2( 4 (7 = 7p)?) = < F =g, SEVEVW

W [14(7—7 )2 T¢]r"
[P/ 21+ (r—rp)2) = <i—7p,r' >2]1/2 (0

pi= (13.210)

qA =

(13.211)

(13.212)
+35

where ¢ € R is a charge density distributed along the string length, and
B :=V x A is the external magnetic field acting on the string. The expres-
sion

0A
Tor

0 WL+ (7 — i) *Ty)r’
+ do { [7‘/,2(1 + (T‘ — f’f)2)* <7 — ’ff; 7! >]}2§3]1/2 ; (13213)

Ei=—qa — [+ (F —ip)?) = < — i, S2])Y2VW
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in a manner similar to that for the charged point particle case, models a
related electric field, exerted on the string by the external electric charge
qr. Making use of the standard scheme, one can also derive, as above, the
Hamiltonian interpretation of the dynamical equations (13.207).

13.9.3 Some conclusions

Based on the vacuum field theory approach devised recently in
[60, 321, 322], we revisited the alternative charged point particle and
hadronic string electrodynamics models, and succeeded in treating their
Lagrangian and Hamiltonian properties. The results were compared with
those obtained classically. An important aspect of the vacuum field theory
approach consists in singling out the decisive role of the related rest ref-
erence system K., with respect to which the relativistic object motion is
realized. Namely, with respect to the proper rest reference system evolu-
tion parameter 7 € R all of our electrodynamics models allow both (physi-
cally reasonable) Lagrangian and Hamiltonian formulations suitable for the
canonical procedure. The deeper physical nature of this fact appears to still
be elusive, but it is related to some observations of Feynman who argued
in [125, 126] that the relativistic expressions have physical sense only with
respect to the proper rest reference systems.

13.9.4 Mazxwell’s electromagnetism theory from the wvac-
uum field theory perspective

We start from the following field theoretical model [60] of the microscopic
vacuum medium structure: It is considered as physical reality embedded in
the standard three-dimensional Euclidean space reference system marked
by three spatial coordinates » € E3, endowed, as usual, with the standard
scalar product < -,- >ps, and parametrized by means of the scalar temporal
parameter t € R. We first describe the physical vacuum medium, endowing
it with an everywhere sufficiently smooth four-vector potential function
(W, A) : M* — R x E3, defined in the Minkowski space M* and naturally
related to light propagation properties. The material objects embedded
in the vacuum medium, will be model (classically here) by means of the
scalar charge density function p: M* — R and the vector current density
J : M* — E3, also assumed to sufficiently smooth and globally defined
functions.
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(1) The first field theory principle regarding the vacuum is formulated as
follows: the four-vector function (W, A) : M* — R x E? satisfies the
standard Lorentz continuity equation

O <V, A>m=0, (13.214)
where V := 0/0r is the usual gradient operator.
(2) The second field theory principle is a dynamical relationship on the
scalar potential component W : M* — R :
1 9*°W
2 ot
assuming the linear law of the small vacuum uniform and isotropic

— VW = p, (13.215)

perturbation propagations in space-time, understood here as a first
(linear) approximation in the case of sufficiently weak fields.

(3) The third principle is similar to the first one and simply establishes the
continuity condition for the density and current density functions as

dp/dt+ < V,J >gs=0. (13.216)

We need to note here that the vacuum field perturbation velocity pa-
rameter ¢ > 0, used above, coincides with the vacuum light velocity, as we
are trying to derive our results from first principles. For example, Maxwell’s
electromagnetic field equations shall be employed to analyze the Lorentz
forces and special relativity relationships. To do this, we first combine
equations (13.214) and (13.215):

1 9*°W 10A
C*QW =—-< V7 EE Sps=< V,VW >gs +p,
from which we deduce
10A
—— VW =p. 13.217
< vv c ot \Y >E3 P ( )
Whence, recalling the definition
10A
E=———-VW, 13.218
c Ot vw, ( )
we obtain the first material Maxwell equation
<V,E >ps=p (13.219)

for the electric field £ : M* — 2. Upon applying Vx to expression
(13.218) we obtain the first Maxwell field equation

1B
195 gy E= 13.22
oy ~VXE=0 (13.220)
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for the magnetic field vector function B : M* — E3, defined as
B:=V x A. (13.221)

To derive the second Maxwell field equation, we make use of (13.221),
(13.214) and (13.218):

VxB=Vx(VxA)=V<V,A> -VA

B 10W 2, 10 10A 10A 9
VL) TV AS GtV S o) VA
10F 1 0%A 9
= T (Gam ~ V). (13.222)
We have from (13.218), (13.219) and (13.216) that
10E 19p 1
< V,EE >Es= Ea = —E < V,J >gs,
or
1 024 10W 1
<VimGam V) + o >e=0. (13.223)

Now making use of (13.214), from (13.223)7 we ﬁnd that

1 0%4 10W 1 1 0%4

<V,——2W— (- 8t)+ —J >ps=<V, — paTey +V<VA>E3+J

1 0%A 9

82A 9
=< V.~ gz + VAt - J>E3_ : (13.224)
Whence, equation (13.224) ylelds

1 924
TW — VA = (J +V x9) (13.225)

for a smooth vector function S : M* — IEB. Here we need to note that con-
tinuity equation (13.216) is defined, concerning the current density vector
J : M* — R3, up to a vorticity expression: that is, J ~ J + V x S and
equation (13.225) can finally be rewritten as
1 9%A 9

?W —V2A = E (13.226)
Then upon substitution of (13.226) in (13.222), we obtain the second
Maxwell field equation

10E 1
B--"" =2 13.22
V x S = (13.227)
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In addition, from (13.221) one also finds the magnetic no-charge relationship
< V,B >g=0. (13.228)

Thus, we have derived all the Maxwell electromagnetic field equations
from our three main principles (13.214), (13.215) and (13.216). The suc-
cess of our undertaking will be more impressive if we adapt our results to
those following from relativity theory in the case of point charges or masses.
We shall demonstrate these corresponding derivations based on some com-
pletely new physical conceptions of the vacuum medium first discussed in
[60, 351].

Remark 13.5. It is interesting to analyze a partial case of the first field
theory vacuum principle (13.214) when the following local conservation law
for the scalar potential field function W : M+ — R holds:

d

— | Wdr=0 13.229
at Jo r=0, ( )

where Q; C E3 is any open domain in space E? with a smooth boundary 0,
for all t € R and d3r is the standard volume measure in E? in a vicinity of
the point r € ;. A simple calculation using the expression (13.229) yields
the following equivalent continuity equation

%%Vﬂ <900 >0, (13.230)
where V := V, is, as above, the gradient operator and v := dr/dt is the
velocity vector of a vacuum medium perturbation at point » € E3 carrying
the field potential quantity . Comparing equations (13.214), (13.230) and

using equation (13.216), we can make the very important identifications
A=W,  J=po, (13.231)
c

which are well known from classical electrodynamics [225] and supercon-
ductivity theory [126, 195]. Thus, we have a new physical interpretation
of the conservative electromagnetic field theory when the vector potential
A . M* — E? is completely determined via expression (13.231) by the
scalar field potential function W : M* — R. It is also evident that all of
Maxwell’s field equations derived above hold as well in the case (13.231),
as was first demonstrated in [60].

We now consider the conservation equation (13.229) together with the
related integral vacuum momentum conservation condition

d Ww
@/ (CT)d37“ =0, Qfe=0 = o, (13.232)
Q4
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where, as above, €, C E? is for every time ¢t € R an open domain with
smooth boundary 9€2;, whose evolution is governed by the equation

dr/dt = v(r,t) (13.233)

for all z € Q; and t € R, as well as by the initial state of the boundary
0. Tt then follows from relation (13.232) that one has the new continuity
equation

d(vW
(Zt ) oW < V.0 Spa 0. (13.234)
Then, making use of (13.230) in the equivalent form
aw
W—’—W < V,v >ps= 0,
we finally obtain the very interesting local conservation relationship
dv/dt =0 (13.235)

for the vacuum matter perturbation velocity v = dr/d¢t, which holds for all
values of the time parameter ¢ € R. It is easy to see that the relationship
thus obtained coincides with the well-known hydrodynamic equation [8§]
for an ideal compressible liquid without external exertion (that is, there
are no external forces and the field pressure is zero). The above analysis
produces a very natural result when the propagation velocity of the vacuum
field matter is constant and equals v = ¢. In particular, the wave equation
(13.215) shows that small vacuum field matter perturbations propagate
with the speed of light.



Chapter 14

SUPPLEMENT: Basics of Differential
Geometry for Dynamical Systems

Our intention here is to provide a fairly complete treatment of the basics
of differential geometry that are employed throughout the book, so as to
render the overall exposition essentially complete.

14.1 General setting

We first introduce some of the fundamentals of linear algebra, differential
geometry and topology.

Definition 14.1. Let A be an algebra with unit over a field K. A grading
of Ais a countable sum {4,}, p € Z, of subspaces of A, such that

1) A = Z A[) = EBPZOAI” 2) ApAq C Ap+q
p=>0

with p,q € Z.

It is evident that K ~ K -1 C Ag. The algebra A is called a graded
algebra and {A,} is the family of homogeneous elements of A of degree
p. Let B = @p>0Bp, p € Z4 be another graded algebra. We say that
a homomorphism h: B — A preserves the grading, if h(B,) C A,, for all
pE Z+.

Definition 14.2. A graded algebra A = ®p,>04, is called non-commutative

or a Grassmann algebra if xp,x, = (—1)Pz4x, for all z, € A,, z, € A,.

Definition 14.3. Let p = 2n, n € Z. A differentiation (derivation) of a
graded algebra A of degree p is an endomorphism (of modules) d: A — A
such that

1) dA; CAgp; 2) Va,ye A d(zy) = (da)y + x(dy),

467
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where g € Z,..

Definition 14.4. Let p = 2n + 1, n € Zy. An anti-differentiation (anti-
derivation) of a graded algebra A of degree p is an endomorphism d’': A — A
such that

1) dAy CAprgs 2) VoeA,VyeA:r d(ay) = (dz)y+(—1)%(dy),
where g € Z,..

As a general result describing differentiations (derivations) and anti-
differentiations (anti-derivations), we have the following:

Remark 14.1. If d; and d are differentiations of degree p; and ps, respec-
tively, and a1 and ao are anti-differentiations of degree ¢; and g¢o, respec-
tively, then 1) ajas+agay is a differentiation of degree g1 +¢2; 2) [d1, da] is
a differentiation of degree p; + pa; and 3) [a1,d;] is an anti-differentiation
of degree ¢; + p1-

Let A(E) =3_ 5, AP(E) be a Grassmann algebra on the space of exte-
rior forms on a linear space E and AP(E) be a module on A = A°(E). Then
the structure of an algebra is provided by the wedge product: if « € AP(E),
B € A1(E), then

a N\ ﬁ = (p!q!)_l Z E(U)a(ea(l), cey eg(p))ﬁ<ea(p+1), ceey ea(erq)),

0E€Sptq

where Sj,y, is the symmetric group of permutations of a set of (p + ¢)
elements and (o) is the permutation parity (defined as a € AY(F) &
a(Xo(1)7 ce ,Xg(q)) = E(O‘)Oé(Xl, ce ,Xq)).

We now introduce a contraction operation: i(z) : AP — AP~L:

i(x)aler,...,ep—1) =z, €1,...,€p_1)

for all « € AP. It is easy to check that this operation is an anti-
differentiation of degree —1. Let H be a subspace of E. Then a €
AP(E/H) < aler,...,ep) =0, if there exists at least one e; € H, 1< j <
.

Definition 14.5. A submodule J in A(E) is called an ideal in a Grassmann
algebra A, if JAa C J for all o € A(E).

Definition 14.6. An ideal J is homogeneous if J =3 J N AP(E).
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Lemma 14.1. Let J be a homogeneous ideal in a Grassmann algebra A(E)
and H C E. The ideal J is generated by forms from A(E/H) if and only
if i(x)J C J for all x € H.

The ideal J is generated by forms /) from A(E) if every form a €
J can be written as o = >, al) A B;, for some 3; € A(E). Since the
generators a?) of the ideal J lie in A(E/H), it follows from the definitions
that i(r)al) = 0forall z € H. ThenVa: a=> aWAB; andi(z)a € J.

We now prove the converse: the space J N AP(E) is generated by el-
ements of A(E/H). According to the convention i(z)J C J, if every
Bl e Jn AYE), then i(z)3M) = 0 for z € H. So every 3V € AYE/H).
Let {e1,...,ep} be a basis in H, {e1,...,€p,...,e,} a basis in E, and
{e1,...,en} be the dual basis in E* = A'(F). Then {ep41,...,&,} is the
dual basis in AYE/H). If 3 € J NnA%(E); i(e;)8? € J,1<j <p,
the element ﬁf) = B2 — g1 Ni(e1)? does not include &;: z'(ej)agz) =0.

Furthermore, the element ﬂém = 6;2) — e A 7;(62)/8§2) does not include
g1 and 2. Then 51(,2) = 51(,2_)1 —ep A i(ep)ﬁl(f_)l € A*(E/H) N J. Hence,
51(,2) +w® = B3 where 61(72) € A%2(E/H) and w® € J N A%(E), and w®
is a sum of elements all proportional to elements from J N A'(E). More-
over, by induction, all subspaces J N A9~!(E) are generated by elements
of A"Y(E/H). For all 3@ ¢ AY(E)N J the element 5@ is in the form
ﬁ;,q) +w@ = 3@ where ,8,(,[1) € AY(E/H) and w(? is generated by elements
of A971(E) N J. Whence, by induction, B is generated by elements of
AYE/H)NJ. O

Lemma 14.2 (Cartan’s Lemma). Let 3;,a; € AY(E), 1 <j <p, and
p
D a;nB =0, (14.1)
j=1

where «; are linearly independent forms. Then 3; = > h_, Ajgou, where
Aij = A]z

Let apt1, . .., @y, be 1-forms, chosen so that {a;, 1 < j < n} is a basis of
the space A'(E). ThenV 8; = > 1 _, Ajpau + ZZ:pH Bjrag,j=1,...,n.
Substituting this in (14.1), we obtain

Z (AZJ — Aji)ai A Oéj + Z(BUO[Z A Oéj) =0.
i<j<p 1<k
J>p

Since the products a; A a; € A%(E) are linearly independent, A;; =

Aji) Bij =0.0
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Definition 14.7. Let J be a homogeneous ideal in the Grassmann algebra
of exterior forms on F, dim F = n. A subspace A(J) C E is associated to
the ideal J, if A(J) = max H, where the ideal J is generated by forms from
A(E/H).

It is easy to check that the maximum exists since
A(E/(Hy + Hy)) = A(E/Hy) N A(E/H3),
or which is the same A(J) = max H, where H :={z € E: i(z)J C J}.

Definition 14.8. Let J be an ideal. The subspace A*(J) := A(J)t C
AL(E) is called the system of 1-forms, associated to the ideal J.

Definition 14.9. The rank of an ideal J is dim A*(J).

Lemma 14.3. Let an ideal J be generated by a form o®). Then:
1) A(J) = {x €eE: i(z)a® =0, a® e AP(E)};

2) A*(J) = Z i(x1)i(2g) .. i(zp_1)alP).

z;€E, 1<j<p—1

1) Since a® € J, from the definition of A(J) it follows that i(z)a® €
J = i(x)a®) =0, s0 z € A(J).
2) If x € A(J), then i(x1) . ..i(xp_1)i(z)a® =0, for all x; € E. Hence

> i(x1) .. i(zp_1)aP = A*(J) C A*(J).

z; €E;1<j<p-—1

Now, we prove that A* = A*. Let {ey,...,e,} be a basis of E such that
the dual basis {e1,...,&,} has the following properties:

1) €1,...,&, is a basis of A*(J);

2) €1,.-+,Epy...,Es 18 a basis of A*(J).
If e, € A*(J), one can write @ = o) Ae, 4 3, where the forms o), 3 are
generated by €1,...,65-1.

Let an element (z1,...,7,-1) € EP~! be such that oM (zy,...,2,_1) =
a # 0. Since i(x)aV) = i(z — e4(x)es )V we can assume that ,(z;) = 0,
i=1,...,p—1. Whence, i(x1)...i(zp_1)a = i(x1) - (vp_1) (@™ A e +
B) = aes + >, ., aig;, which is impossible because of e, ¢ A*(J). O

Exercise. Verify that if dimE = n, a € A" 1(E), then dim A*(I(«a)) =
n—1. If a € A" %(E), then dim A*(I(a)) =n — 2 or n.
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14.2 Differential-geometric structures related to dynamical
systems on manifolds

Next we briefly treat some topics in differential geometry that are funda-
mental in dynamical systems theory.

14.2.1 Exterior forms of degree 2 and their canonical rep-
resentation

n and a basis
1, 1 <<

Theorem 14.1. If a € A%(E), there exists a number 2s
{e:}} of E, such that 1) a(egi_1,e2) = —a(ez,e2i-1)
s; 2) ale;,e;) =0 for all other vectors e;.

A

7

This can be readily proved by induction. For n = 1 it is obvious. Let
a # 0 and ej,es € E be such that a(ej,es) = 1; e; and es generate the
subspace F' C E, with dim F' = 2. Consider the following hypersurfaces in
E: Hy:i(er)a =0 and Hy: i(ez)a = 0. Their intersection Hy N Hy is the
subspace G, such that GNF =0and G@® F = E. So G is the complement
of Fin E. From induction we deduce that there exists a basis {e;}} of G
such that the statements of theorem are true. Proceeding from G to E, we
obtain the desired result. [J

If « € A%(E) then there exists a number 2s < n and 2s independent
forms {e; %S on F such that « =1 Aes+e3Neg+ -+ €951 AEgs, where
the form e; can be chosen from A*(a) = A*(I(«)).

Let v € A*(I(«)). There exist ej,es such that i(ex)a = — v €
A*(I(a))v(e1) = 1. By Theorem 14.1, there exists a basis {e;}} satisfying
conditions 1 and 2. Since < e,y >=1, < ¢;,y >=0for all 2 <i < mny
hence, the vector 7 is from the dual basis {;}T of the space E* to the basis
{e;}T. For this basis we obtain @« =e; Aeg+e3Neg+ -+ +e25-1 Negs. O

We note the following consequences of the above theorem: The rank of
an ideal I (o) € A?(E) is always even and equal to 2s. An ideal I(«) has the
rank 2s iff a® # 0, a1 =0, a € A%(E). All ideals I(«), I(a?),...,I(a®)
possess the same associated system A*(I(a)).

Since I(a*) is generated (Lemma 14.13) by (2k — 1) anti-differentiations
i(zj),j=1,...,2k—1, it follows that every A*(I(a*)) is likewise generated
from A*(I(«)) by 1-forms e1,...,€25. O

Definition 14.10. A symplectic structure on E is an exterior 2-form w()
of the maximal rank dimI(w®) = n = dimE on E. A pair (E,w®) is
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called a symplectic vector space (and obviously dim E = 2s).

Exercise. Let F be a vector space of dimension 2s and w® be an exterior
2-form on E. Verify that the following conditions are equivalent:

1) (E,w®) is a symplectic vector space;

2) the mapping z — i(z)w® is an isomorphism of F on E* = A'(E).

Definition 14.11. Let (E,«) and (F, () be symplectic vector spaces. A
symplectic isomorphism or symplectomorphism of E on F is a linear map-
ping h: E — F such that h*(0 = «.

Exercise. Let (E,w(®)) be a symplectic vector space. Verify that the set
Sp(E,w®) of all symplectic automorphisms of (E,w®)) is a subgroup of
SL(E;R)- the group of all automorphisms of E with determinants equal
to 1.

Exercise. Let (E, w(2)) be a symplectic vector space and w® be w?) = ;A
eat+ezNes+- - Feas_1AE2s. Let {e;} be the dual basis to {e;}: ¢j(e;) = d;5
and J = w?(e;,e;). Show that the matrix of the form w(® with respect
to the basis {e;} is

01
-10 0
J = .
0 01
-10

Verify that an endomorphism h: F — FE is a symplectic automorphism of
(B,w®), iff MTJM = J, where M " is the transpose of the matrix of the
map h with respect to the basis {e;}.

Definition 14.12. An orientation of a vector space E is an equivalence
class in A™(E)\{0} of the equivalence relation w ~ v: w = Av, A > 0.

Thus, there are two different orientations.

Definition 14.13. An automorphism h: F — E is compatible with an
orientation or orientation preserving, if for all v € A™(E)\{0} the n-forms
v and h*v determine the same orientation (dim E = n).

It is obvious that an automorphism h is orientation preserving iff
det h > 0.
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Let (E,w®) be a symplectic vector space. The canonical orientation
of a symplectic vector space (E,w?)) is determined by the form (w(®)* €
A?%(E). We note that a symplectic automorphism is compatible with the
canonical orientation if and only if det h =1 > 0.

14.2.2 Locally trivial fiber bundles and their structures

Definition 14.14. Let E be a topological space. A locally trivial fiber
bundle with a fiber F' is the quadruple n = (E,p, B; F'), where E and B
are topological spaces, p: E — B is a continuous surjection, and for all
b € B there exists U 3 b and a homeomorphism ®: p~}(U) 2 U x F such
that p; o ® = p (p; is the projection on the first set of the product U x F).
The space E is called the total space of the fiber bundle; B is the base
space; p is the projection and F, = p~*(b) is the fiber over b € B. A pair
(U, @) is called a chart of the fiber bundle 7.

Let G be the family of all charts (U, ®). If (V,¥) and (U, ®) are charts
such that U NV # 0, then

\IJO(I)fl(b’f):(bhg(b)f), (b,f)G(UﬂV)XF,

g: B — Aut F := {the group of homeomorphisms on F}.

If A C B, then n|a = {p~'(A),p, 4; F} is a locally trivial fiber bundle
with the base space A called the restriction of n to A.

It is easy to check that :

1) the fiber F}, over b in E' is homeomorphic to F' ;

2) the projection p is an open mapping;

3) the base space B is the quotient space of E with respect to the
equivalence relation with equivalence classes equal to the fibers of 7.

Exercise. Verify that if B and F' are paracompact (i.e. are locally compact
with countable bases) topological spaces, then so is F.

Definition 14.15. Let n = (E,p, B) be a locally trivial fiber bundle and
A C B. A cross-section 1 over A is a continuous mapping s: A — E such
that pos =14 (so that s is a homeomorphism of A onto s(A)).

Definition 14.16. Let n = (E,p, B) and nf = (E’,p’, B’) be fiber bundles
with different fiber structures. A homeomorphism of the fiber bundle 7 into
7’ is a pair (H,h) of continuous mappings H: E — E’, h: B — B’, such
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that p’ o H = h o p; i.e. the diagram

EL
pl Lo
B I B

Figure 14.1
commutes (and A is uniquely determined by H).

Definition 14.17. If (U, ®) and (U’,®’) are charts of n and %/, h(U) N
U # 0, then ® o H o ®~1(b, f) = (h(b),1(b)f), (b,f) e UNh™Y(U') x F
1:UNKY(U") — B(F;F') := {the family of continuous mappings of F
into F'}.

Definition 14.18. An isomorphism of n and 7’ is a pair (H, h), such that
H and h are homeomorphisms. Isomorphic fiber bundles are also called
equivalent.

Definition 14.19. Let ¥ = (Bx F,p, B). A fiber bundle 7 is trivial if there
exists an isomorphism H: 1 — 9 over B. The isomorphism H is called a
trivialization of 7.

Example. The cylinder [[ = S! x [~1, 1] is a trivial fiber bundle with the
base space S! and fiber [—1,1].

Let (E',p’, B’; F') be a locally trivial fiber bundle and h: B — B’ be
a continuous mapping. Let E be the family of pairs (b,e’) € B x E’ such
that h(b) = p'(e’) and p(b,e¢’) = b be the projection E on B. Let b € B;
®': (p~1(V)) — V x F be the trivialization 7’|y, where V > h(b).

The set U = h™ (V) is an open in B, and the map ®: (b,e/) —
(b, p2 ®'(e)) is a homeomorphism of p~*(U) onto U x F. Then, (U, ®) is a
chart in the fibre bundle (E, p, B; F'). A continuous mapping H: (b,e’) — ¢’
from E to E’ is a homomorphism 7 into 1’ over h.

The fiber bundle 7 is said to be induced from the fiber bundle 7’ by
means of the (pullback) map h: B — B’ and is denoted by h*(n’) = 7.

Definition 14.20. Let n := (E,p, B; F') be a locally trivial fiber bundle,
where F' is a vector space. A wvector bundle structure on 7 is defined by a
family of charts A = {(Uy, ®4)} of the fiber bundle 5 such that the following
properties hold : 1) {U,} is a covering of B; 2) V o, 8 : (U, NUg # 0) =
Pgo® (b, f) = (b,98a(b)f), gsa: B — GL(F),be U, NUg; 3) if BD A
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is a family of charts of n which satisfies conditions 1 and 2, then B = A,
that is A is the maximal set of charts. The family A is called an atlas of
the vector bundle n and elements of A are called charts. The functions
9pa 1 Ua NUg — GL(F) are called the transition functions of the atlas A,
or cocycles.

Exercise. Verify that g,3(b)gsa(b) = gya(b) hold for all b € U, NUzNU,.

It is easy to check that if there exists an atlas satisfying relations 1
and 2, then there is a maximal atlas. Different atlases can determine
different vector bundle structures. Let s be a cross-section of 7. Then
s(b) = @ 1(b,54(b)), for all b€ Uy, sq: Uy — F and s5(b) = gga(b)sa(b),
beU,NU;s .

Definition 14.21. A pair (H, h) is called a homomorphism from a vector
bundle n into 7/, if for all (Us,®.) C A and (Uy,®,) C A, such that
h(Us) NU., # 0, the following conditions hold:

@0 Hodz (b, f) = (h(b), hra (b)),
(b, f) € Us Nh=1(U}) x F, (14.2)
hya: W UL) N Uy — Hom(F, F").

Exercise. Verify that the following:

h’yﬁ(b)gﬁa (b) = h'ya(b)a be h_l(Ué) NU N Uﬁa

95, (R(b))hya(b) = hsa (D), b€ A=Y U;NU,) NU,. (14.3)

The proofs of the next two results follow readily from the definitions,

Theorem 14.2. Let n and 1’ are vector fibre bundles with fibres F, F’
and with atlases A, A’, respectively, h: B — B’ be a continuous mapping
and hyo : K= (UL) NUy — Hom(F; F') be a family satisfying relationships
(14.3). Then there exists the homomorphism H : n — 1’ over h which
satisfies the first relationship in (14.2).

Theorem 14.3. Let U = {U,} be an open covering of the space B and F
be a vector space (dimF < 00). Let gga(Us NUg) — GL(F) ~ Aut(F)
satisfy conditions

gyﬁ(I)g@a(SC) = g'ya(x)a VeeU,N Ug N U’Y'

Then there exists a unique (up to equivalence) wvector bundle n =
(E,p, B; A) with the fiber F', such that gs.(b) are the transition functions
of the atlas A.
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The family of pairs (Ua, gga) is called a cocycle on B taking values in
Aut F, corresponding to the covering {U,} of the atlas A. Let ¥ be the
topological sum of sets U, x F, and p be the equivalence relation on ¥,
defined as follows: (z,e) € U, x F is in relation p with (y, f) € Ug x F' if
=y and f = gga(z)e.

Then p is really an equivalence relationship and it is open. Let m: ¥ —
Y./ p, the continuous mapping from ¥ onto B, determined by the projection
on the first set in U, x F' is compatible with p. Thus, it determines the
continuous surjection p: E — B. The quadruple (E,p, B; F) is a locally
trivial fiber bundle with the fiber F. If 7, is a cross-section of 7 on U, X F,
then 7, is a homeomorphism of U, x F onto p~*(U, ) such that por, (x, f) =
z, 80 p(Uy, ') is a chart of n. Since for all b € U, N U # @,

ng o '/Toz(baf) = (bvgﬁa(b)f)v (ba f) S (Ua N Uﬁ) X Fv
the family A = {(U,,7;')} is an atlas on . Thus, 7 is a vector bundle. >

Let n = (E,p, B; F') be a vector bundle with a fiber F' and (Uy, gsa) be
a cocycle on B corresponding to a maximal atlas A. Let A be a continuous
homomorphism from GL(F) onto GL(F’) (the groups of automorphisms
on F' and F” respectively). The continuous maps gj, = Ao gga from
intersections U, N Up into GL(F") satisty the following:

g;ﬁogéa:gfya, VbeU,NUgNU,.
Thus, (Ua, g4) is a cocycle on B.

Definition 14.22. A vector bundle 1 with a base B and a fiber F’ deter-
mined by cocycle (Ug, A 0 gga), is called a vector bundle associated to n by
means of a homomorphism .

Example 14.1. Vector bundles of exterior forms AP(n): Let AP(F) be the
vector space of exterior p-forms on F. Let a € GL(F'). Then the mapping
a — (a*)™! € GL(AP(F)) defines the associated vector bundle AP (n) = n,,,
called the bundle of exterior forms on 1. The vector bundle Al(n) = n* is
called the dual bundle to 7.

Definition 14.23. A vector bundle 7 of dimension n is oriented if the
bundle A™(n) is trivial.

Exercise. Verify that a vector bundle 7 is oriented iff there exists a non-
vanishing cross-section s of A™(n).

Definition 14.24. Let n = (E,p, B) be a vector bundle with fiber F,
dimF = n < oo, and T’y be a set of all non-vanishing cross-sections of
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A™(n). The orientation of n is an equivalence class in I'g with respect
to the relation s; ~ s9: 81 = Asp, where A > 0 is a continuous positive
function.

Definition 14.25. Let 1 and 7’ be two vector bundles of dimension n
which are oriented with respect to non-vanishing cross-sections of A™(n)
and A™(n'). An isomorphism (H, h) : n — ' is called compatible with these
orientations (or orientable), if the volume forms v and (H, h)*v’ give the
same orientation of 7.

Theorem 14.4. Let B be a paracompact, a locally connected topological
space, 1 be a vector bundle over B with fiber F', which is an oriented vector
space, dim F' = n < co. The bundle n is oriented if and only if there exists
an atlas A with a cocycle (Uy,gga) on B such that for all (o, 8) and for
allb € Uy, NUg the automorphisms gza(b) € GL(F') are compatible with an
orientation of F.

Proof. Let A= {(Uy, ®,)} be an atlas for n with a cocycle (Ua, gga) on
B. Since B is locally connected, every connected component of any U,, is
open in B. So we can assume that all open U, are connected. Let s be
a non-vanishing cross section A™(n) over B that is determined by a set of
continuous mappings s, : U, — A"(F). For every chart (U,, ®,) € A we
can write
(@21)" (v ) (0) = 54(b) = Aa(b)v,

where v is a volume form giving an orientation of F' and A,: U, — Risa
non-vanishing continuous function.

We can suppose that every A, > 0. Thus, so(b) = Ag(b)v =
det(gga(b))sa(b) = det(gpa(b))Aa(b)v, when det(gpa(b)) = Ag/ra > 0,
establishing necessity.

To prove sufficiency, we assume that A = {(U,, ®,)} is an atlas such
that all det (ggo) > 0. Since B is paracompact, we can assume that {U,}
is a locally finite open covering. Thus there exists a partition of unity (p,)
subordinate to the covering {Uy}.

For any chart (U,, ®,) of the bundle n the mapping o, = Px,v is a
cross-section of A™(n) over U, (with v a cross-section of the trivial bundle
Uag x A™(F)). A cross-section sq := (¢a|v., )0a is continuously prolonged by
zero on B\U, to a cross-section of A™(n) over B. Since the open covering
{Ua} is locally finite, the sum s = ) s, is well defined and is a cross-
section of A™(n) over B. We now show that this cross-section is non-
vanishing. Let b € B be an arbitrary point belonging to U,,,...,U,,.
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Then

and thus s(b) # 0 for all b € B. O

Definition 14.26. Let n = (E,p,B) and ' = (E’,p’, B) be two vector
bundles with a common base space B. The Whitney sum of  and 7’ is
the vector bundle n & 7/, induced from 1 x 1’ by the diagonal mapping
d: B — B x B (Fig. 14.2). Tt is denoted by n®n' := (E® E',p®p', B).

EaE 2  ExE
p@p | lp®p
B <4, BxB
Figure 14.2

The total space E @ E’ consists of triples (b,e,e’) € B x E x E’, such that
p(e) =p'(e') =b.

Theorem 14.5. Let n = (E,p, B) be a vector bundle with a fiber F and
Np = @pn be the p-multiple Whitney sum of n. Then the vector space
of cross-sections of the bundle AP(n) over B is isomorphic to the set of
continuous functions o: ©,E — R such that sections of every fiber (p~*(b) x
<+ x p~1(b)), b€ B, are exterior p-forms on p~1(b) = Fy.

Proof. Let {(Uqy,®o)} = A be a maximal atlas and (U,, gga) its cocycle.
A cross-section s of a bundle A™(n) over B is given by a set of continuous
mappings s, : U, — A™(F), such that

$3(b) = (gfa)” "sa(b), b€ Ua NUp.

For an arbitrary chart (U, ®,) of the bundle 7, one can determine contin-
uous mappings o, of the open set (BPF), = Uper, (Fy) C ®PE into R so
that

Ua(elu vy em) = Sa(b)(p2¢a(el)7 s 7p2(ba(em))'

It is evident that the set {0} := o defines a continuous function on @,F,
whose restrictions o, on (F}p)P are exterior forms on F}, of degree p. O
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14.2.3 Subbundles and factor bundles

Theorem 14.6. Let F' be a finite-dimensional vector space and F' be a
subspace of F. Letn := (E,p, B; F) be a vector bundle with the fiber F' and
n = (E',p', B, F’) be a vector bundle with the base space B and fiber F’.
Let H be an injective homomorphism n' into n over B. Then there exists
an atlas A = {(Uqy, ®o)} of n such that for all a the following properties
hold: 1) there exists a homeomorphism ®',: p = (Uy) — Us x F' such that
(Uq, @) is a chart of n'; 2) @aoHo® 1 (b, f) = (b, f) V (b, f) € Uy x F';
3) {(Uq, @)} is an atlas A" of 0f'; 4) transition functions gga(b) of the atlas
A transform F' into F'; 5) functions gj,, of the atlas A’ are restrictions of
gpa(b) on F. The bundle n' is called a fiber subbundle of .

Proof. Let A = {(Uy,¥4)} be an atlas of n such that for every «
there exists a trivialization ®/, of the fiber bundle 7'|y,. Then ¥, 0 H o
Db, f) = (b,ha(D)f); (b, f) € Uy x F', where ho: Uy — Hom(F, F').
Taking, if it is necessary a partition of {U,}, we can find for every « a
continuous function g: U, — GL(F) such that V b € U, ga(b)ha(d) is a
canonical embedding of F” into F.

The function ®,: e — (p(e), go(p(e))p2¥s(e)) determines the vector
bundle chart (Uy, ®,) of the fiber bundle 7, and the set of these charts
(Uq, @) provides the atlas A such, that properties 1-3 hold. Properties
4-5 are also easy to verify. O

The following result, which is essentially the converse of this theorem,
can be readily verified using the rather obvious elements of the above proof.

Theorem 14.7. Let (Uy, gga) be a cocycle on B with values in GL(F') such
that F' C F is invariant with respect to ggo. Let n = (E,p,B) and ' =
(E',p', B’) be vector fiber bundles with fibers F' and F', respectively. Then
there exists an injective homomorphism H: n' — n (constructed above),
such that

hao(b)f = f, beU,, feF.

In this vein, we also have the following related factor (quotient) con-
struction and its converse, which we state without proof.

Theorem 14.8. Let F be a vector space dimF < oo, F' be a factor
space for F and q be the projection F onto F'. Let (E,p,B) = n and
(E',p',B) =1’ be vector bundles with fibers F' and F', respectively. Let K
be a surjective homomorphism n onto 1)’ over B. Then there exists an atlas
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A ={(Uy, ®a)} of the bundle n, such that the following properties hold: 1)
there exists a homeomorphism ®! : p/’l(Ua) =2 U, X F' such that a pair
(Ug, @) is a chart inn'; 2) ®, 0o Ko®_ 1 (b, f) = (b,q(f)), b, f €Uy x F;
3) {(Uq, @)} is an atlas A" of the bundle n'; 4) functions gsa of the atlas
A are compatible and commute with q; 5) functions gj,, of the atlas A" are
factor functions of gga .

The bundle 0 is called a factor bundle or quotient bundle of 1.

Theorem 14.9. Let (Uy, gga) be a cocycle of B with values in GL(F'), such
that the transition functions gg, commute with the projection q: F — F'.
Let n = (E,p,B; F) and v = (E,p, B; F') be two fiber bundles with given
cocycles. Then there exists a unique surjective homomorphism K: n — n/
over B, such that

haaB)f =q(f) YbeU,, feF.

14.2.4 Manifolds. Tangent and cotangent bundles

Let M™ be a smooth manifold of dimension m with a maximal atlas A =
{(Ui,¢i)}. The functions gji: © — D(;%; ")|p,(x) (Where D denotes the
derivative) satisfy

1) g;: UsNU; — GL(m;R) YV xe M™;

2) 9rj9js = gks YV x € U N UL NUj,
and these functions give rise to the differential cocycle (U;, g;5) on M™ with
values in GL(m;R).

Definition 14.27. Let M™ be an m-dimensional smooth manifold with
a maximal atlas {(U;, v;)} = A and cocycle (U;, gxi). The tangent bundle
to manifold M™ is a differentiable vector bundle with base space M™ and
fiber R™, which is determined by the cocycle (U;, g;). It is denoted by
(M) = (T(M), p, M™; R™).

The fiber T, (M) over x € M™ is called the tangent space at a point
r € M, and T(M) is the tangent space over M: T (M) = U, cp; Tu(M).
The associated bundle AP(7(M)) of forms on 7(M) is also a differentiable
vector bundle, and

AN (r(M)) = (M) = (T*(M), q,,, M™)
is called the cotangent bundle. T*(M) is the cotangent space to M™.

Let h: M™ — N™ be a smooth map. For every (U,p) on M™ and
(V,4) on N™, such that h(U)NV # () there is the function g: * — D(¢oho
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© ™) p(2), which is a smooth mapping from ~h~!(V)NU into Hom(R™,R™)
and satisfies

h’yﬁg,@a = hwav g:ﬁfyh“/a = h6a7

where {gng} is a cocycle on M™ and {g; 5} is a cocycle on N™, determining
a homomorphism (h, h): 7(M) — 7(N), called the tangent map of h. We
note that if h: M — N, k: N — V, then (ko h), = ki, o h,.

If c: R — M™ is a smooth curve, then the vector c.(t,1) € T (M)
is called a tangent vector to the curve ¢ at the point c(t). Let M be a
manifold, and D(M) be the set of all differentiable functions on M. Let
df € D(T(M)) be the second component of the tangent map f.: T(M) —
TR) =~ R x R: pyo f, =df. We say that df is the differential of f.

Definition 14.28. A manifold M™ is oriented if the bundle A™(7(M)) is
trivial.

The next result follows directly from the above theorems on oriented
bundles.

Theorem 14.10. A manifold M™ s oriented if: 1) there exists a non-
vanishing cross-section A™(t(M)) over M™; 2) there exists an atlas
A = {(Ui, i)} on M™ such that for all functions @; o p;': U NU; —
R™, det(p; o ;') is positive.

Example 14.2. Let N = T(M) be the tangent space to M. It is easy to
see that T'(M) is an oriented manifold. Indeed if A = {(U;, ¢;)} is an atlas
of M, then B = {(py; (Ui), i)} is an atlas of T(M), and det[D(p;,. o
@5 i @] = (det[D(pj 0 o, 1)])? > 0.

Theorem 14.11. If M™ is an oriented manifold with boundary OM, then

OM is also oriented and orientation of M determines the orientation of
oM.

Proof. An orientation of M™ makes it possible to choose an atlas
A = {(Ui, )} having the property det[D(p; o ;") ei()] > 0. Let
B be the set of all charts (V,4) of the manifold OM™ for which there
exists a chart (U,¢) € A such that V. = UNIM and ¥ = o|y.
Let (Ui,gﬁi), (Uj,goj) € A and U;nU; N oM +# 0. Denoting ¢, o
gai_l(rl, cons ) = (hi(z1, oy @m)s s b (21, .., T)), we find that

Ohm,
81‘2‘

(1, -, Tm-1,0)=0, 0<i<m-—1;
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Ohy,
Oy,

(since hy, >0, Shm £ ().

0T m,

Hence forall z € V;NV; =U; NU; N OM

(1, -, Tm-1,0) = a(z1,...,Tm-1) >0

det[D(¢; 0 p; ")

1 -
ol = Gty P 0 ol > 0

Thus, the atlas B of 9M™ has property 2) of Theorem 14.10. O

14.2.5 The rank theorem for a differential map and its
corollaries

Theorem 14.12. Let M™, N™ be differentiable manifolds without bound-
aries, h: M — N be a differentiable map of constant rank p = rank h,,
he: To(M) — Thpey(N) (if p =mn Y x € M:h is a submersion, if
p=m Yz € M: h is an immersion and rank h, = rank D[ty o ho p~}]
and the rank of h is a semi-continuous function with nonnegative integer
values). Then for all x € M there exists a system of differentiable local co-
ordinates (Y1, ..., Ym) in an open neighborhood of the point x and a system
of local coordinates (z1,...,zn) in an open neighborhood of the point h(x),
such that in these coordinates the map h has the form

Ry, - ym) = (21 =v1,22 = Y2, .-, 2p = Yp,0...0).

This can be proved by a straightforward application of the inverse map-
ping theorem (as in [144]).

Definition 14.29. Differentiable functions fi,..., f, on a manifold M™
are called independent at y € M™, if the mapping f : Yy —
(1Y), foly), £ M™ I, R? has the rank p at y € M™ (that is
dfi,...,dfm are linearly independent forms on Ty (M)).

Definition 14.30. Let M™ be an m-dimensional differentiable manifold
without boundary. A submanifold of M™, of n < m dimension is a
subspace N C M™ which has the following property: V x € M™
3 (y1(x),...,ym(x)) on U > x, such that U N N is determined by the
equalities yp1+1(z) =+ = ym(x) =0, OF Ypt1 = Ynt2 =+ = Ym = 0.

Definition 14.31. When an immersion h: N® — M™ is injective, then it
is called an embedding if h(N™) C M™ is a submanifold.
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Definition 14.32. If h: M™ — N™, apoint ¢ € N" is called a reqular value
of h if the rank of h is equal to n at every point A~1(c) (in particular, if
the set h=1(c) is empty).

As a consequence of Theorem 14.10, we have the following results.

Theorem 14.13. If h: M™ — N™ is a differentiable map of manifolds
without boundaries and ¢ € N™ is a regular value of h, then h='(c) is
(m — n)-dimensional submanifold of M™.

Theorem 14.14. If f: M™ — R is a differentiable function on M™, then
for a regular value ¢ € h(M™) the set h=1((—o0,c]) is a submanifold of
M™ having a boundary that is a submanifold of h=*(c).

14.2.6 Vector fields

Definition 14.33. Let M™ be a differentiable manifold. A wvector field on
M™ is a differentiable cross-section of the tangent bundle 7(M).

A vector field X on M for an atlas A = {(U;, ¢;)} determines a family
of differentiable maps X;: U; — R™, such that

Xj(y) = [D(p; 00 g, Xi(y) ¥V y € Ui N,
The set T (M) of vector fields on M™ is a module over the ring D(M) of

differentiable functions on M™, and one can readily verify the following
result.

Theorem 14.15. If h: M™ — N™ is a diffeomorphism, then h,X oh™ ! =
Y is a vector field on N™ for every X € T(M).

Let f € D(M),X € T(M). We can define an operation f — Xf €
D(M) as X f(y) = df (X (y)); X f, which is sometimes called the directional
derivative of f in the direction X.

Theorem 14.16. For every differentiation D of the ring D(M), there is a
unique X € T(M) such that X f = Df for all f € D(M).

Proof. For all f € D(M) we have

y) + Z(in — ;) /0 of(tx Bil —9) 4

+Z —y3)gi(z,y).
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Let D be differentiation of the ring D(M), then

K3

Df(@) =D _(Dei)gi(x,y) + D _(wi = y) Dgi(w,y). (14.4)

Now we find functions a; = Dz; and construct a vector field X , that

has coordinates a; = X (2;) in a chart (U, ¢). Hence Xf =3, a; - g{i. We

note in (14.4), with y — z, that the left-hand side is independent of y:
Df =%, aigi(z,x), but if g;(x,z) = agif), we find X = D. O

As a direct corollary of the rank theorem, we have the following result.

Theorem 14.17. Let h: N* — M™ be an embedding (injective immer-
sion) N™ into M™, and X € T(M) be such that ¥V y € N™ we have
X o h(y) C hT,(N). Then there exists a unique vector field Y on N™
such that h,Y = X o h.

Definition 14.34. Let ¢: N* — M™ be including into M™. The vector
field X € T (M) is tangent to N, if X oi(y) € i, Ty(N)Vy e N, Yy e M.

Let N be a submanifold of M™, where M™ is without boundary, and
suppose that X,Y are two vector fields on M that are tangent to N. Then
the commutator (Lie) bracket [X, Y] is also tangent to N, and we have the
following two results that follow easily from the above definitions and the
rank theorem.

Theorem 14.18. Let M™be a differentiable manifold without boundary,
and h = (hi,...,hy) a differentiable mapping M™ — R™. Let ¢ be a
reqular value of h such that N = h=1(c) # 0. Then the vector field X on
M is tangent to N if and only if Xhy = Xho=---=Xh, =0 on N.

Theorem 14.19. If X;,Xy € T(M), then [X1,Xs] = X1 0Xs — Xy 0
X1: D(M) — D(M) is also a differentiation of the ring D(M) of functions
on M™.

14.2.7 Differential forms

Definition 14.35. A differential form of degree p on a differentiable man-
ifold M™ is a cross-section of the bundle AP(7(M)) of exterior differential
p-forms on 7(M).
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The set AP(M) of differential forms of degree p on M™ is a module over
the ring D(M), and we have the following direct consequence of our more
general theorem for vector bundles.

Theorem 14.20. Let M™ be a (differentiable) manifold and e, = (TP, w,
M™) = @7(M) the Whitney sum of p copies of the tangent fibre bundle
T(M). The module AP(M) of differentiable forms of degree p on M™ is
isomorphic to the module of differentiable functions o: TP — R having re-
strictions on every (T,(M))P, y € M™, that are exterior p-form on T, (M).

Accordingly we use the same symbol for such a function on 7?7 and a dif-
ferential p-form on M™.

Let Xq,...,X, € T(M). Then Vz € M™ o«o(X1,...,X,):z —
a(Xi(x),...,Xp(z)) determine a function on M. Hence, o may be assigned
to a form on D(M) — a module 7 (M) of vector fields. This assignment is
evidently an isomorphism. Hence, AP(M) ~ AP(T (M)).

Let oo € AP(M). Then every h: N — M induces a mapping

h*: AP(M) — AP(N): (M o) (Xq,...,Xp) = a(hXq, ..., X)),
and (h*«) is called the pullback of the form « by h.
For aw € AP(M) the map defined as

p+1
(do) (X1, ..., Xpi1) ZXaXl,..., Xiyo ooy Xpi1) (1)1

+Z H_]Oé XzaX]X17---aXi7--~7Xja---7Xp+1)7
1<J

where a circumflex (hat) over a variable means that it is excluded. This is
obviously a differential form of degree p + 1, so

d: AP(M) — APTY(DM).

Since d(aAB) = daAB+(—1)*9%aAd}3, d is an anti-derivation of degree +1
in the Grassmann algebra of differential forms A(M) on M™. If f € A°(M),
then d - f = df. It is obvious that ddao = 0V o € A(M) and it suffices to
define d on the elements of D(M) and their derivatives df:

1) d-f = df;

2) d(df) = ddf =0 ¥ f € D(M).

Definition 14.36. d« is called the exterior derivative of the form «.
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With these definitions, the next result follows easily from the classical
theory of differential equations.

Theorem 14.21. If X € T(M) then there exists an open set U D {0} x
M™ in R™ x M™ and a differentiable mapping ®: (t,y) — i(y) in a
neighborhood U in M™, such that V y € M™ we have: 1) R x {y} NU is
connected; 2) t — @i(y) is the integral curve of X throughy, so d/dte.(y) =
X(pe(y): and @o(y) = y; 3) (t',y), (' +t,y) and (t, v (y)) C U, then
wir(y) = e (y)); 4) 1 is unique and defines the local one-parameter
group of X.

Every vector field X on a compact manifold M is complete, that is ¢; is
a global one-parameter group generated by X. The next three lemmas are
easily proved from the definitions.

Lemma 14.4. For all X € T(M) and V f € D(M)

floely) — fly)  d

(X)) = lim TP~ (or(5)) oo

Lemma 14.5. The Lie deriative of a form satisfies
d
Lxa= % gialio
for ¥V X € T(M), o € AP(M).

Lemma 14.6. The Lie bracket of vector fields can be computed as

d
(X, Y] = %(‘P—t*y ° ¢¢)]i=0

Definition 14.37. Let a € A'(M) and da = 0. Such an « is called a first
integral of X if ixa = a(X)=0.

If a = df, then f = const on the trajectories (orbits) of the field X.
Moreover, if ¢; and 1; are one-parameter groups of the fields X and Y, then
[X,Y]=0< @0t =1, 0, t,7 € R. We also note that X, Y € T(M)
and h: M — N imply that h.[X,Y] = [h.X, h,Y]. The next result is very
useful and easy to prove.

Lemma 14.7. (Poincaré) Let M™ be a manifold and U C M™ an open set
such that any point of U can be connected with a point xy € U by an integral
curve of a Liowville field expressed in local coordinates as V. =3, xia%i'
Then for any form a € AP(M) we have a = i, da + d(i, &), where & =

fooo pradt, [pr«X =X opy).
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Definition 14.38. If da = 0, then the form « is closed, and if a = dg,
then the form « is exact.

Definition 14.39. For all X € T(M) and V o € A(M) one defines
(ix ) (y) = a(y)(X(y))-

Definition 14.40. Let X € 7(M). As shown by Cartan, the operation
defined as L, =1i,d+ di, represents the Lie derivative of degree 0 of the
relevant Grassmann algebra.

It is evident that
)L d=dL, VX eT(M);

XY

[LX7LY]'

2) X+Y _LX+Ly7

3) L, a—fLXa—l—df/\iXa;
4) [ [L Z]

) L

Ut

[X,v]

Theorem 14.22. Let X € T(M) and suppose X(y) # 0. Then there
exists a system of local coordinates (z1,...,zm) fory, such that in an open
neighborhood of this point the field X is 0/0z.

Proof. Let X be a field in R™ that is not zero at the origin. It is clear
that we can choose the coordinate system so that X (0) = 9/0z1. Let (U, @)
be a local one-parameter group of diffeomorphisms of R™, determined by
the field X:

D(t,x1, ..y Zm) = (Rt 21, oy Tm),y oy B (G 1,y Tm))-

Let K(k1,...,km) denote a differentiable mapping, determined in a neigh-
borhood of 0 by the following condition:

Ki(xh s 7Im) = hi(xlvoax27 s 7xm)-

Since X (0) = 9/0x1, the Jacobi matrix (8 (0, 0)) is invertible. Hence,
K has inverse mapping ¢ = (¢1,...,4,), in any neighborhood of the origin

that determines the local coordinates y; = ¢;(z1,...,2m), i =1,....,m
In these coordinates the curves t — (t 4+ y1, 92, ..., Ym) are trajectories of
the field X, so locally 9/dy;. |

The following result is useful, and its proof follows directly from the
definitions.

Theorem 14.23. Let X € T(M) be tangent to N C M. Then the integral
curve passing through y € N belongs to M ¥V t € R: ¢'(y) € N Vye N.
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14.2.8 Differential systems

Definition 14.41. A differential system of degree p (or a p-dimensional
distribution) on a manifold M™ is a submodule X of the module 7 (M) sat-
isfying the following: 1) the module X is stable with respect to locally finite
sums; 2) Vy e M™, X, ={X(y): X € X} C T,(M) is p-dimensional.

Example 14.3. A non-vanishing vector field X on M, determines a differ-
ential system X 2 X, and dim & = 1.

The localization of the system concept is expressed in the following
easily proved result.

Lemma 14.8. The submodule X|y is a p-dimensional differential system
onU.

Definition 14.42. Let X be a p-dimensional differential system on a man-
ifold U. An integral manifold of the system X is a pair (VP h), where VP
is a p-dimensional manifold and A is an injective immersion of V? into M™
such that h. T, (V) = X)) for all y € VP.

Definition 14.43. A differential system X on a manifold M is integrable,
if for all y € M there exists an integral manifold of the system X such that
its image includes y, y € h(V?P).

Theorem 14.24. A differential system X on a p-dimensional manifold
M™ s integrable if and only if X is closed with respect to the Lie bracket
[X,Y](i.e X,Y € X implies that [X,Y] € X).

Proof. Necessity. Let there exist a pair (h, V?) such that h,Ty(V) =
Xp(y), Where h is an injective immersion V? into M™. It follows from the
rank Theorem 14.12 for h, V x € X’ on the manifold VP that there exists a
vector field Y such that h,.Y(y) = X oh(y), y € VP, Y € T(V). Now, let
[Y1, Y3] be a vector field on V7.

On 7 (M), the vector field

hi[Y1,Ya] = [h Y1, hoYa] = [X1 0 h, X3 0 ]

corresponds to [Y7,Y2]. Since [Y1,Y3](y) € Ty(V), we have [X;0h, Xo0h] €
X (y), which we need to prove. Let h(VP) = NP C M™ be p-dimensional
submanifold of M™. If X € X, then Y on N is locally determined by:
{Y = {a;},a; = Yz, where z; are local coordinates about the point = € N?
like those for a submanifold of M™, j = 1,...,p}. Let h=1: NP — VP be
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the inverse map of the image NP, which exists owing to the injectivity.
Thus, Y on NP can be constructed as follows:

Yoh ' (h(y) = (b)Y (h(y) Yy € V7.
Sufficiency. To prove this, we use the following lemma.

Lemma 14.9. (Frobenius) Let X be p-dimensional differential system on
M™. If the system X is closed with respect to the Lie bracket, then ¥V y €
M™ and there exist local coordinates z1, ..., zmy, in any neighborhood U € y
such that the module X|y is generated by the fields 8/0z1,...,0/0zp.

Let Xy,...,X, be p vector fields of X such that X;(y),...,X,(y) gen-
erate X|,. Then there exists an open set V € y and local coordinates
(Y1,.-.,Ym) on V such that the following conditions hold:

1) X1,...,X, generate Xy;

2) y1(y) = 0;

3) a local expression of X; in V is 9/0y;.

Whence, Frobenius’ lemma for p = 1 is obvious. Next, we use the
mathematical induction on p. We determine new vector fields Y7,...,Y), €
Xy, such that Y7 = Xy, and

Yo = Xo — (Xi, 1) X1, ..., Y = X — (X4, 1) X

These fields have the following properties:

1) Y1,...,Y, generate Xy;

2) V., ;] € Xy

3) Yiyr =0 Vi >2 Let N ! be the submanifold of V defined by
y1 = 0. Then the vector fields Y;,i > 2, are tangent to NPT and generate
on N™ ! a (p — 1)-dimensional differential system X that is closed with
respect to the Lie bracket. Hence, there exist coordinates (&3,...,&y,) in a
neighborhood W 3 y in N™~! such that Aj}, is generated (inductively) by
0/0&s,...,0/0¢,. Let us consider the following differentiable functions in
in a neighborhood of a point y € M™:

2=y, zi=%&W2 - Um) 1<i<m.

Since these functions are independent at y € M, they form a system of
local coordinates. Moreover, we have

0 0 & .
Y1 = 872:1’ 3721(3/12]) = [Yl,Y;]Zj = Zk:aijykzj’ j=>2,

fj is a set of structural constants of the Lie algebra X'. Thus, for

all j > p the functions (Y;z;) are solutions of a system of ordinary linear

where a



490 NONLINEAR DYNAMICAL SYSTEMS OF MATHEMATICAL PHYSICS

equations. Since these functions vanish when z; = 0 (because they are
generated by 9/0¢;), they are equal to zero in a neighborhood of the point
z1, 21 € U.

Thus, on U the equalities Y; = 7, ;;(9/0z;) hold, and this means
that X is generated by 8/0z1,...,0/0z, from Xy .

Now, the remainder of the proof follows directly: Let VP be submani-
folds of U such that z; = const, j =p+1,...,m. It is obvious that they
are integrable manifolds given by the image of h = i, where i : V? — U are
embeddings, so the whole system Xy is integrable. U

We note that it follows from the above theorem that the Pfaffian system
Xt = {a € AY(M): a(X) = 0 for all X € X} is of constant dimension
m —p.

14.2.9 The class of an ideal. Darboux’s theorem

Let M™ be an m-dimensional differentiable manifold. We define on M™
a homogeneous ideal of differential forms in the Grassmann algebra A(M).
Let d: A(M) — A(M) be an anti-derivation of degree +1.

Definition 14.44. A characteristic subspace of a homogeneous ideal I in
a neighborhood U > y € M™ is a subspace Cy(I) C 7 (y) that is the
intersection of associated subspaces A(I(y)) and ApA(I(y)), where

A(I(y) ={X(y) € T(y): i(X () (y) C I(y)},
Ar(I(y)) = {X(y) € T(y): i(X(y)dI(y) + di(X(y)) LxI(y) C I(y)},
Cy(I) = A(I(y)) N AL(I(y)).

Definition 14.45. A characteristic system of an ideal I at a point y € M™
is a subspace C;(I) = C;-(I) C A(y) that is orthogonal to Cy(I).

Definition 14.46. The class of an ideal I at y € M™ is dim Cj (I).

Definition 14.47. A characteristic vector field of an ideal I is a vector
field X € 7(M) such that X (y) € Cy(I) for all y € M™. The set L(I) of
all characteristic vector fields is a submodule of 7 (M) that is stable with
respect to locally finite sums.

The next result follows right from the definitions.

Lemma 14.10. A vector field X € T(M) is characteristic if and only if
ixI CI, LxI CI.
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Vector fields X € L(I) generate a Lie algebra over the ring D(M) via
VX, Yel(l) fXecl£(), fXeLl() VfeDM),
as is evident from the following identities :
ix,y) = [Lx,iy], Lixy) = [Lx, Ly].

Definition 14.48. A characteristic Pfaffian form of a homogeneous ideal
I'is a form w € A*(M) such that

w(y) e Cy(I) Yye M™.

Observe that the set £*(I) of all characteristic Pfaffian forms is a sub-
module of A'(M) that is stable with respect to locally finite sums.

Definition 14.49. A homogeneous ideal is called regular, if V y €
M, Co(I) = Ly (1).

Remark 14.2. It is evident that C; (1) D £*(I).

Theorem 14.25. Let « be a differential form in AP(M) and I(«) be an
ideal generated by a form o I(a) =3 - aANAP(M). Then the ideal I(c)
is regular.

Proof. We need to show that C;(I(a)) = L;(I(a)) Vy € M™. To this
end, we first construct the following subspace in T} (M) :

Ly = {ay)} + {i(X(y)da(y))}, X(y) € A(I(a)(y)).

It is obvious that I'y, = Cj (I(«)); thus, dim C (I(«)) is continuous from
below and takes integer values. This shows that V w, € Cj(I(a)) there
exists a 1-form w € A'(U) in a neighborhood U 3 y such that: w(y) = wy,
VzeU w(z) € CHI(a)). Whence, using the partition of unity {1, J2}
for Voy, V.CU and M\U, it follows that the form 7w can be extended
to 1-form (zero on M\U) on M, where thw € L*(I(«)). Therefore, since
(V1w)(y) = wy € Cy(I()), we infer that Cy(I(a)) = L*(I()). O

Remark 14.3. For a form o € AP(M), p > 2, an analogous proof of
regularity fails.

Definition 14.50. An integral manifold of a regular ideal I of constant
class (m — p), m = dim M™, is a pair (VP, f), where f is an injective
immersion of the manifold V? such that f*I = 0.
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Definition 14.51. An ideal I is called integrable if for all y € M there
exists an integral manifold (VP f) such that f(V?) > y.

Theorem 14.26. Let an ideal I be regular of constant class m—p. Then the
characteristic system L(I) of vector fields defines a p-dimensional integrable
differential system. Moreover, the ideal I is integrable.

Proof. Owing to the regularity of the ideal £*(I) = L£+(I), the desired
result is a direct consequence of the following lemma.

Lemma 14.11. If X be p-dimensional differential system on M™, X+ =
{a e AY(M): a(X) =0 V X € X} generates a (n—p)-dimensional system
of Pfaffian forms on M™ and conversely.

Let {9;}7° be a partition of unity on M™, subordinate to the atlas
{(Ui,pi)}. Then ), XV; generates differential systems on every U; C
M™(supp 9; C U;), where there exists a basis of vectors that generate
> XVi|y,. Owing to the local finiteness of {¥J;}7° and the constant dimen-
sion of X|y, on M™, this basis exists. Thus, on M™ there exists a basis
{X1,...,X,,} of vector fields in 7 (M) such that {X;,...,X,} generate X
at every y € M™.

Let {a;}7 C AY(M) be a dual basis of the vector fields {X1,..., X, }.
Then, the Pfaffian forms {api1,...,amn} generate X+, and X ={X €
T(M) : a(r) =0 VY a € Xt} It remains only to note that X'+ is a
Pfaffian system of constant dimension (m — p).

Finally for the converse, if dim £}(I) = m — p, then dim £,(I) = p for
all y € M™. Thus, £(I) is a Lie algebra of vector fields on M™. By the
Frobenius theorem, the differential system L(I) of constant dimension p is
integrable on M™, so there exists an integral manifold (V?, f), such that
[Ty(VP) = L) (I) ¥V y € VP. Whence, from the assumptions i, [ C I,
L, ICIV X eL(I)wefind that f*I =0 on VP. Thus, (V?, f), f: VP —
M™ is an integrable manifold for the ideal I, so [ is integrable on M. [

Then as a straightforward corollary we also obtain the following classical
result.

Theorem 14.27. (Cartan) Let the ideal I be homogeneous, regular and
closed (dI C 1) and of constant class (m — p). Then I is integrable.

Definition 14.52. Let I(a) be an ideal generated by a form o € A*(M).
The factor space def(a(y)) = {X(y) € A()(y)): i(X(y))da(y) =
fWa(y)}/A(I(da(y)), f € D(M) is called the defect of the form o at y.
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The indez of the defect of a form a € AP(M) at y € M™ is the number
dimdef(a(y)), and we note that this must equal 0 or 1.

Theorem 14.28. (Darboux) Let a € AY(M) be a Pfaffian form on M™
without singularities (i.e. is non-vanishing), and suppose the class of the
ideal I() is constant on M. If the class of the ideal is equal to 2s + 1,
then in an open neighborhood U > y there exist differentiable functions
(Y15 Y2s+1) (Y1, y25)) such that y1(y) = y2(y) =+ = yast1(y) =0
(W1(y) = y2(y) = - = y25(y) = 0) and afy = dyr1 +y2dys +- - -+ y2sdyasi1,
if dimdef (a(y)) = 0 (aly = (1 + y1)dys + ysdys + -+ + Y2s—1dy2s, if
dimdef(a(y)) =1).

Proof. We shall use the following pair of lemmas:

Lemma 14.12. Let o € A*(M) generate an ideal I(c) of constant class
2s + 1 on M™ and suppose that the index of the defect of the form « is
zeroV y € M™. ThenV y € M™ 3f € D(V), f(y) = 0, defined in a
neighborhood V' 3 y such that the form a1 = a|y — df has no singularities,
dimdef(a1(y)) =1 and the ideal I(a1)|v is of constant class 2s —1 on V.

Lemma 14.13. Let o € A*(M™) be a form without singularities and with
ideal I(a) of constant class 2s — 1 and with index of defect unity. Then
for all y € M™ there exists a differentiable function g € D(W), where W
is an open neighborhood of y € M™, such that g(y) = 0 and there exists
a non-degenerate form as = (1 + g)a|lw having class 2s — 1 on W and
dimdef(az(y)) = 0.

Proof of Lemma 14.12. Since the index of the defect of the form « is
equal to zero, L*(I(a A (da)®)) = L*(I(«)) (and L*(I(da)®) = L*(I(da))),
and the system £*(I(da)) has dimension 2s + 1. It follows that in a neigh-
borhood V' 3 y 3 coordinates y1,...,y2s+1 (W1(y) = -+ = yas+1(y) = 0),
such that:

1) (da)lv =dya A -+ A dyasyi;

2) aA(da)’ly = dyi Adya A -+ - Adyas+1 (because the index of the defect
of a Vye M™is zero);

3) aly =dy + Zf:;l a;0y1, where Zfi;l a?(z) # 0 (then daly =0
and the class of the ideal I(«) is not 2s+ 1). The form a1 = aly — dy; has
no singularities on V' and satisfies:

a) (dar)® = (d)® #0;

b) (dai)® Aoy = 0, thus «; generates the ideal I(a) of class 2s —1 and
dimdef(a(y)) =0. O
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Proof of Lemma 14.13. The submodule of characteristic forms
L*(I(da)®) = L*(I(da))
has constant dimension 2s, and the characteristic system
L(I(da)*) = LI(da) = L*(I(da))*

is an (m — 2s)-dimensional integrable differential system. Denote by R*
a family of Pfaffian forms on M™ such that V¥ w € R*: w(y) € A+(I(a A
(da)*~1(y))) Vy € M™. The set R* is a submodule of A'(M) that is
stable with respect to locally finite sums. Since the form a A (da)*~1(y)
generates the ideal I(d A (da)*~1(y)) of constant rank 2s — 1, it is easy
to verify that the weak regularity condition I(a A (da)*™') in y € M™:
A (I(a A (da)*=1))(y) = R holds. Moreover, R* C L*(I(d)®). Now we
construct a differential system of constant dimension m—2s+1: R = {X €
T(M): i, (aA (da)*~1) = 0} that is orthogonal to R*: R* = R*. Since
this system is integrable and £((d«)®) C R (because the index of the defect
of the form « is equal to one), R is a Lie algebra, and V X, Y € R

iy (@A (da)* ™) = =iy diy (aA(da) ") —iyiy (do)® = —iyiy (da)® = 0.
Therefore, we can find a system of local coordinates (z1, ..., 2y, ) in a neigh-
borhood W 3 y, such that z;(y) =+ = 2 (y) =0, and

1) (da)®|,, =dz1 A -+ ANdzag;

2) a A (da)*7t|,, = bdza A -+ A dzas, where b(z) #0 V z € W. (since
R; has a basis dz1, ..., dzas of 25 — 1 elements and the form a A (da)*~1 s
of degree 2s — 1. The form a A (da)*~1 € A271(M) is uniquely determined
by the basis dz1,...,dzs and a function b(z) of the form a A (da)*~! =
b(z)dzg A -+ AN dzas, b # 0). If his a differentiable function on W and
ag = hal,,, then

az A (dao)*™' = h¥(a A (da)s_l)|w,

(dog)® = h* s dh A a A (da)* 1, + h(da)®|,].

If h =1+g, g = (exp(—B/s)) — 1, and B = [;'(dz1/b), then ap =
(14 g)a|,, has class equal to 2s — 1 if g(y) = 0 (since dimdef(az2(y)) =0,
the class is equal to 2s —2+1). O

Proof of Darboux’s theorem. We use induction on the class of the
ideal I() of a Pfaffian form o € A'(M). It is obvious that if a form is
of constant class equal to zero, then it is equal to zero. Let us assume
that I(a) has dimdef(a(y)) = 0 and is of constant class 2s + 1. Then
in a neighborhood V' > y there exists a function f, f(y) = 0, such that
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the form oy = «|, — df has no singularities if s > 0 and has a constant
class 2s — 1 on V. Then in a neighborhood U C V of a point y there
exist 2s functions ¢1,...,92s, g1(y) = -+ = g25(y) = 0 such that a;|, =
(14 g1)dg2 + g3dgs + - -+ + gas—1dgas. Now set y1 = f + g2 (y1 = f1s =
0), ¥i = gi—1, @ = 2s + 1. These functions are equal to zero at y and
al, = dy1 + yadys + - -+ + Y2sdyas+1. Next, we assume that I(a) is of
constant class 2s+ 1, dimdef(a(y)) = 1, and « has no singularities. Then,
in a neighborhood W 3> y there exists a differentiable function g with
g(y) = 0 such that oy = (1 + g)(«/,, ) is of constant class 2s+1 on W and
dimdef(a(y)) =0V y € W. Therefore, in a neighborhood U € W of y there
exist differentiable functions fi,..., fas+1 (fiy) = -+ = fas+1(y) = 0)
such that as|, = dfi + fodfs + -+ + fasdfas+1. Now, assume that y; =
—(9/(0+9)), yi = fier/(1 +g) where i = 3,5,...,2s + 1, y; = fi_1,
1=2,4,...,2s 4+ 2. These functions are equal to zero at y and

al, = (1 4+y1)dyz + yzdys + - + Yosr1dy2sy2- O

Remark 14.4. 1) The functions y;, i = 1,2,...,2s + 2 introduced in the
above proof are independent at y; 2) If a Pfaffian form « is of constant class
2s 4+ 1 and has index of defect equal to zero, then o has no singularities on
M™. If o has index of defect equal to one, then « can have singularities
and it is not possible to formulate a general local model.

Theorem 14.29. Let w® be a closed differential form of degree 2 and
of constant class 2s on M™. Then for any point y € M™, there exist
2s differentiable functions y1,...,y2s in a neighborhood U > y such that
yi(y) = =y2(y) =0 and

WP, =dys Ndys + - + dyss—1 A dyss.

Proof. It follows from the Poincaré lemma that there exists a Pfaffian
form « in a neighborhood V' > y such that da = w?|,. The class of the
ideal I(«) at y is equal to 2s — 1 or 2s + 1. Let 2s < m and f € D(M) be
such that the class of the form a + df is also equal to 2s + 1 and the index
of the defect of the form is zero in a neighborhood W C V' 3 y. Then, in a
neighborhood U C W there exist smooth functions y1, ..., y2s41 such that
yi(y) =0,j=1,...,2s+1and a|, = y1dy2+yadys+- - -+ y2s+1dY2s +Y2s+1-
Whence, da|,, = w® |, = dyi Adya+ - -+ dyas+1 Adyas. If 2s = m, we can
assume that the index of the defect is one, so the form « has no singularities
in W’ C V and there exist 2s = m functions z1,...,29, in U’ C W’ > y,
21(y) = -+ = z2m(y) = 0, such that «of,, = (1 + z1)dzy + - - + 225_1d22s.
Thus, da = w(2)|U, =dz Ndzo + -+ + dzas—1 N dzas. O
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14.2.10 Dynamical systems on symplectic manifolds. Com-
plete integrability and ergodicity

Definition 14.53. A dynamical system on a symplectic manifold
(M?", W) is a vector field X € 7 (M) such that the Pfaffian form 7, w(®
is closed (a form w(® on M of maximal class 2n and index of defect unity).

Definition 14.54. If i, w® = —a and da = 0, the form a € A (M) is
said to be quasi-hamiltonian. If, in addition, o = dH, then the function
H € D(M) is called Hamiltonian.

Theorem 14.30. Let (N?"~1 h) be an integrable manifold of an ideal I ()
on M?". Then: 1) a vector field X is tangent to h(N*"~1) in M?"; 2)
h*w@ is a closed form of degree 2 and of a constant class 2s —2 on N?"~1;
3) a differential system L(I(h*w®))) is generated by a vector field Y induced
by a field X on N?»~1,

Proof. The theorem is obvious if a(X) and h*Ty,(N?"~1) 5 X (h(y)).
So let (e',...,e*) be a basis in T, (M) such that for a dual basis
(e1,...,€2n) one has a(h(y)) = ean; WP (W(y)) = 1 Aea+ -+ con_1 Aean;
X(h(y)) = 1.

The linear forms 7; = (hy-)*e;, 1 <4 < 2n—1, form a basis in T,j(N) =
AL (N) and (R*w@)(y) =1 Ang + -+ + Non_3 A fan_z. Hence, dh*w® =
h*dw® = 0; the class of the form h*w(® is constant and equal to 2n — 2
on N2"~1: and a characteristic subspace Cy,(I(h*w(?)) is generated by a
vector field Y induced by a field X on N2*~1. In fact, i(Y () (h*w®)(y) =
i(X (h(y))w@ (y) =0 and dim C,(I(h*w?)) =2n—1=dim N?"~!; and
the latter also follows from the condition dim Cy (I(h*w®))) =2n -2 =
dim N?"~! —dim C,(I(h*w®)). Hence, dim Cy(I(h*w®)) =2n -1 —
(2n —2) = 1. O

Theorem 14.31. There exists a differential form m € A>"~1(U) such that
(WP )" = aAr. For this form Lxm = a A p, p € A>"2(U). If ©' is
another form on U such that (W |,)* = aA7’, then ©' = T +a Ao, where
o€ A>"2(U).

Proof. Since a A (w®)" = 0, there exists a differential form 7 €
A?"~Y(U) such that (w®|,)* = a Ax. Thus, 0 = Lx(w®|,)" =
Lx(a A7) = a A (Lxm), and further Lxm = a A p, p € A*72(U). If
7 is another form on U, then a A (7 — ') = 0, and thus (7 —7’') = a Ao,
where o € A*=2(U), U € M. O
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Let (N?"71 h) be an integral manifold of an ideal I(«), and m €
A?"=2(U) a differential form such that (w|,)” = a A m. Then the form
II = h*7 has the following properties:

1) II is independent of a differential form = € A?"~1(U) satisfying
(W) =aAm;

2) 11 is a volume form on N2"~1 7 # 0;

3) for a vector field Y induced by a field X on N2"~! Ly II = 0.

A proof of the above reduces to the following identity:

Ly =Ly -h'r=h"Lxm=h"(aNp)=(h"aAh*p)=0.

Let X be a dynamical system on a symplectic manifold (M?",w(?))
and o = —iw®. Let 3 € AY(M) and v € AY(M), ixﬁw@) = 3,
ixww@) = v, where Xg,X, € 7(M). Then a Poisson bracket is de-
fined by (v,8) = i[XW;Xﬂ]w(Q). If « and 3 € AY(M) are closed, then
(, ) = —d(w? (X4, Xp)). If a = df,8 = dg, and f,g € D(M), then
{f.9} = v (Xay, Xag) = Xarg = —Xayf-

Definition 14.55. Two forms a, 3 € A'(M) are in involution if w? (X,,
X3) = 0. Two functions f, g € D(M) are in involution if w® (X4, Xag4) = 0.

Thus, if o and 8 € A' (M) are closed, then (a, 8) = —d(w® (X4, X;5)) =
0, because of w® (X, X3) = 0. A closed form 3 € A*(M) is a first integral
of a dynamical system, X (8(X)) = 0, if and only if w(X,, Xg) = 0, then «
and [ are in involution, where v = —i , w.

Theorem 14.32 (Galisot—Reeb). Let (31,..., 3,1 € AY(M) be first in-
tegrals of the dynamical system X on (Mzn,w@)) that have the following
properties: 1) 3,01, B2, - -, Bn_1 are independent on an open set U C M*",
where 3 = —ixw(Q); 2) forms 3, B;, 1 < i < n—1, are in involutions in pairs.
Then there exist n Pfaffian forms v,v1,%2, ..., Yn—1 on U C M?*" satisfy-
ing: 1) WP, = BAy -+, Bi Avi; 2) the differentials dy and dvy; belong
to the ideal in A(U) generated by the forms 3, B1, ..., Bn-1-

Proof. Let Xi,...,X,_1 be vector fields on M?" satisfying ixiw(z) =0,
n— 1. Hence, iyiy ...y (W) = +q(g—1)---(g—n+ DB A A
Brn1 ABA (WP)mta,

Assuming that ¢ = n + 1, we find: By A -+ A Bt A B A WP = 0.
Thus, w® belongs to an ideal in A(U) generated by forms 3, fi, ...,
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On—1. Hence, there exist n Pfaffian forms +,v1,...,v,—1 on U such that
W], =BAY+ Y7 (=) A B

Consequently, the forms «, ~, 51, ..., Bn-1, 71, .-+, Yn—1 are inde-
pendent on U (because dim Cj;(I(w®)) = 2n). Multiplying the equality
(dw@)|, = —andy—=3; BiAdy; = 0by BABIA - ABici ABis1 A ABn—1
(respectively on 1 ABaA- - -ABn—1), we obtain S ABaA- - ABn—1 ABAdy; =0
(respectively 51 A B -+ Bn—1 A dvy; = 0), Thus the proof is complete. O

Let the Pfaffian forms 3, 31, ..., B,—1 generate an integrable ideal I(3)
of class n on U. If (M}, h) is an integrable manifold of the ideal I(3), then
a field X is tangent to h(Mj) and it induces on M a vector field Z. Let
us assume 7™ = h*y, m; = h*y;, 1 <4 < n — 1. This leads to the following
result on integrating by quadratures and complete integrability.

Theorem 14.33 (Liouville-Arnold—Cartan—Jost). With the notation
and assumptions in the Galisot—Reeb theorem, the following obtain: 1) The
forms w,my, ..., M1 are independent on Mg ; 2) The forms my,...,Tp—1
are first integrals of the field defined by Z: 0m; =0 =1i,m;; 8) Or =0 and
m(Z) = 1.

Proof. We have m,m,...,m,_1, which are independent on Mg and dr =
dm = -+ =dmn,_1 = 0. Since 7(2Z) = v(X), m(Z) = v(X), it follows
from i, w?® = —y(X)a — 3, %(X)B = —a that y(X) = 1, %(X) = 0,
i=1...,n—1. O

Remark 14.5. It is easy to see that L(I[B]) = {X € T(M): i, I(B) C
1(8), LxI(8) C I(B)} = {1~ fiXi + fX}, where i w® = g, {X;, X}
are linearly independent because 31, ..., Bn_1,0 are independent on M3,
Now, the ideal is closed, so we have:

1(8):  dI(3)CI(B) (as df = dp; = 0).

A characteristic system of vector fields £(I(3)) orthogonal to L*(I(53))
is generated by the Pfaffian forms f34,...,3,-1,3. Moreover, the class of
the ideal I(f3) is constant on M?" and is equal to n. Now, we assume that
all §; = dF;, F; € D(M), are exact first integrals. We prove that if the
invariant integral manifold (M 5 h) is compact, then a dynamical system
X on M?" becomes linear on the torus T™, so the latter is diffeomorphic
to the integral submanifold M 5. In addition, the motion on the torus
T™ is ergodic if the frequencies w; € R are rationally independent, and a
trajectory of the flow X on T" is dense on T™ [3, 14, 205, 262]. O

We next prove the following lemma.
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Lemma 14.14. Suppose the vector fields { X, X; ?;11 are linearly indepen-
dent and commutative on the integral manifold (Mj3,h) of an ideal I(3).
Then [Xi,Xj] = [XZ,X] =0V Z,] = 1,...,’]7,— 1.

Proof. It follows from that ¢ X, w? = B, and the §; are conservation laws
for X: 8;(X)=0= inw(2)(X) =w®(X;, X) = —B(X;) = 0. Hence, the
system of forms {f3;, 3} is linearly independent on M?". O

Lemma 14.15. Let N™ be a compact and connected differential manifold,
on which there are n invariant vector fields, linearly independent at every
point on N™. Then N™ is diffeomorphic to the n-dimensional torus T™.

Proof. Denote by gfi, i = 1,...,n, l-parameter groups of diffeomor-
phisms on N”. Since these fields commute, the groups gfi , g;j commute too.
Hence, we can find an action g of a commutative (additive) group R™ = {t¢}
on a manifold N™, namely g*: N — N, where ¢! = gi' o gi> 0 --- 0 gl»
(t = (t1,t2,...,tn)T €R").

It is obvious that gt o g° = g° 0 g* V t,s € R"™. For a given point g € N,
we can define a mapping g: R" — N™, where g(t) = g'z (o).

This mapping g naturally yields a chart on N in some neighborhood U 3
2. Thus, U > x¢, that g: V 2 U, where V = g~ 1(U) is diffeomorphism,
as follows from the implicit function theorem and the linear independence
of vector fields {X, X;:1<5< n}. As a result, we also see that g: R" —
N™ is a mapping on the whole manifold N™, where the neighborhoods
UNU; #2Vi=1,...,n.

Thus V z: g*(x0) = [[;—; 9" (z0) = @, where the g" uniquely determine
a covering of the curve £(xg,x) by neighborhoods U;, 1 < i < n. Notice,
that the map g: R™ — N™ cannot be injective, since N" is compact but
R" is not. U

Definition 14.56. A stationary group of a point zg is a set I' C R™ such
that Vt € T g'(z0) = mo for the group action defined above. Obviously T
is a subgroup of R".

The group I' is discrete. Indeed, in a sufficiently small neighborhood
V' > t there exists only one element of the group I', the element ¢t = 0, as
follows from the diffeomorphism g: V = U, U > xy.

It is easy to prove, that there exist k € Z, linearly independent vectors
e; in R™ such that I" = {Zle lie;}, where ¢; € Z. To verify this, we first
consider the following construction: the product

TF x R"% = {(¢1,...,0r : (mod 27); y1,. ., Yn_r)}
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together with natural map p : R® — TF x R" % where p(p,y) =
(¢ mod 2m,y). Points f; € R™, where f; = (0,...,2m,...,0; 0),1 < j <k,
are sent to zero by this mapping. If the stationary subgroup I is generated
by elements e; € I', j = 1,...,k, , then the linear space R” = {(p,y)} can
be mapped on the space R™ = {t} so that the vectors f; are transformed
into ej, 1 < j < k. Denote this isomorphism by A: R® — R”. It is also evi-
dent that R™ = {(¢,y)} define charts on 7% x R"~* and R" = {t}— charts
on My. Owing to the commutativity of the diagram below (Fig. 14.3),
we find that the induced map A: TF x R*% — M 5 is a diffeomorphism.
Since the manifold Mj is compact, k = n and Mg is diffeomorphic with
the n-dimensional torus T". [J

R" = {(p,y) > R* = {t}

pl g
TF x R* 2 M}
Figure 14.3

From the above lemma it follows that the evolution of the Hamiltonian
system on the invariant torus My is quasiperiodic, since ¢ = A~ and
dp;/dt = w;(f), 1 <14 < n represent its frequencies. If they are rationally
independent, the trajectory on My is dense, and the evolution is ergodic.
If they are rationally dependent, the orbit will be periodic.

To introduce the standard action-angle variables we denote by o; €
Hl(Mg; Z),j =1,...,n, the set of cycles comprising a basis of the one-
dimensional integral cohomology group of the manifold Mj. Consider the
integrals I; = %ﬂj a, 1 < j < n, where da = w® € A?(M) is the
resulting symplectic structure on M?". Since the integrals I;, 1 < j <
n, are functionally independent, solving the equations I; = I;(f), with
respect to f € R™, one finds that the torus Mgj is to be mapped onto M.
Next, we introduce the multi-valued maps ®(I,Q) = fo(Q,Qo) «, where
I=(L,1I..,I,),Q=(Q1,Q2...,Qn), 0(Q,Qo) is some smooth curve
lying on the torus M} and starting (ending) at Qo (). Mapping (I, Q) we
construct a canonical mapping <f>([, ©) — (P,Q), where ¢ = (p1,...,0,) €
T, P = (P,Py,...,P,), and for all j = 1,...,n, P; = g%, 0 = g’,’%
which includes the invariance of the symplectic structure w® € A®) (M),
namely P*w@ = w3,
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Calculating the variation of functions ¢; € D(Mp), 1 < j < n, by
varying Q € M} along cycles oy € H'(M}; Z), we find that

0 I
?{d(pj—a—jj% d(I):Zwainj{ a=2wg—l’;:2w5jk.

Whence, we see that the values {¢; € T!':j = 1,...,n} are the angle
variables on the torus Mj.

As the maps ® are canonical, the transformed system has the following
form {I;,;: j=1,...,n}

dl; _,  de; _ 9H(D)

dt 7t ol;

for all j = 1,...,n. Consequently, I; = I;(f) and ¢; = w;(t —to) +gp§o)7

where w; = 0H; (I)/@Ij, 1 < j < n, are the frequencies of the motion on
the torus Mg. Accordingly the motion of the Hamiltonian system on the
invariant torus My is ergodic if frequencies are linearly independent over
the ring Z. Moreover, in variables (I, ¢) € M}, the Hamiltonian system on
M?", with Hamiltonian function H = f; € D(M), is clearly integrable by
quadratures. This approach to integrating Hamiltonian systems is called
the Hamiltonian—Jacobi method.

14.3 Integrability of Lie-invariant geometric objects gener-
ated by ideals in Grassmann algebras

14.3.1 General setting

It is well known [40, 41, 314] that motion planning, numerically controlled
machining, and robotics are just a few of many areas of manufacturing au-
tomation in which the analysis and representation of swept volumes plays
a crucial role. Swept volume modeling is also an important part of task -
oriented robot motion planning. A typical motion planning problem con-
sists in maneuvering a collection of solid objects around obstacles from an
initial to a final configuration. This may include, in particular, solving the
collision detection problem.

When a solid object undergoes a rigid motion, the totality of points
through which it passes constitutes a region in space called the swept vol-
ume. To describe the geometrical structure of the swept volume we pose
this problem as one of a geometric study of a manifold swept via its sur-
face points using powerful tools from both modern differential geometry
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and nonlinear dynamical systems theory [3, 14, 40, 173, 326] on mani-
folds. For some special cases of the Euclidean motion in the space R? one
can construct a very rich hydrodynamical system modeling a sweep flow,
which appears to be a completely integrable Hamiltonian system having a
special [227] Lax representation. To describe in detail these and other prop-
erties of nonlinear dynamical systems we develop the differential geometric
Cartan theory of Lie-invariant geometric objects generated by closed ideals
in the Grassmann algebra [157, 382] as well as investigating some special
examples of Euclidean motions in R3 leading to Lax integrable dynamical
systems on functional manifolds.

This theory also serves as a differential-geometric background of the
gradient holonomy algorithm developed in Chap. 5 to study the integra-
bility properties of infinite-dimensional dynamical systems on functional
manifolds.

Let a Lie group G act transitively on an analytic manifold Y, that is,
the action GxY %Y generates some nonlinear exact representation of the
Lie group G on the manifold Y. In the framework of Cartan’s differential
geometric theory, the representation G x Y 2, Y can be described by means
of a system of differential 1-forms

= dy’ + ngwi(a; da) € AY(Y x G) (14.5)
i=1

in the Grassmann algebra A(Y x G) on the product space Y x G, where
Wi (a;da) € THG), 1 < i <r = dimG is a basis of left invariant Cartan
forms of the Lie group G at apointa € G,y :={y/: 1<j<n=dimY} €
Y and fg : Y x G — R are smooth real-valued functions. The following
theorem of Cartan [3] is basic in describing a geometric object invariant
with respect to the above group action G x Y’ Ly

Theorem 14.34. (Cartan) The system of differential forms (14.5) is a
system of an invariant geometric objects iff the following conditions are
fulfilled: 1) the coefficients 53 e C®(Y;R) foralli=1,...,7,j=1,...,n,
are analytic functions on'Y ; 2) the differential system (14.5) is completely
Frobenius-Cartan integrable.

This theorem says that the differential system (14.5) can be written as

Fi=dy +> & (y)w'(a;da), (14.6)
=1
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where the one-forms {&%(a;da) : i = 1,...,r} satisfy the standard Maurer—
Cartan equations

_ T B
= dw7+§4;102kw A@" =0 (14.7)

s

on GG, with coefficients cfk e R, 1 < 4,5,k < r that are the structural
constants of the Lie algebra g of the Lie group G.

Let us consider a case where the set of canonical Maurer—Cartan one-
forms {@*(a;da) € T:(G) : i =1,...,r} is defined via the scheme:

TH(M x V) 5 T(8) &~ T*(G x Y)
! ! l (14.8)
MxY <& M ‘% aGxy

where M is a given smooth finite-dimensional manifold with an embedded
submanifold M ¢ M vias: M — M xY,and p: M — G xY is a smooth
mapping into G x Y. Under the scheme (14.8), 2-forms can be defined by

s Y| = Y, (14.9)
for all 1 < j < 7 on the integral submanifold M C M, where 2/ € A2(M)
is a given system of 2-forms on M.

Assume further that {o; € A2(M) : 1 < j < my,} is a basis of two-forms
{V € A2(M) : 1 < j <r}, generating the ideal Z(a) C A(M). The ideal is
Z(«) should be completely integrable within the Cartan integrable, owing
to the equations d € Z(2), 1 < j < r obtained from (14.7), implying
Z(©2) = 0 on M. Hence, it follows from the scheme (14.8) that dZ(«) C
Z(a), since s*Z(a) = u*Z(Q).

To define a criterion for a Lie group action G x Y 2 Y to generate a
representation of the Lie group G, we need to construct the ideal Z(«, 3) C
A(M xY), corresponding to (14.6) and (14.9), for some set of forms 37 €
A (M xY), 1< j<n,where s*3; := p*3; € A(M xY), and to insist that
it be closed in A(M x Y), that is dZ(«, 8) C Z(«, 3) or

dF’ = flab+> gl N (14.10)
k=1 =1

for all 1 < j < n and some f,z € AWM xY), 1 <k < mg, gg IS
AYM xY),i,j = 1,...,n. The condition (14.10) guarnatees that there
exist smooth submanifold M(Y) C M x Y on which a nonlinear Lie group

G representation acts exactly. Thus, we have proved the following result
[44, 173]:
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Theorem 14.35. The system {3} of Cartan one-forms 37 € A*(M x
Y), 1 < j <n, generated by the scheme (14.8), describes an exact nonlinear
Lie group G representation on a manifold Y if and only if the adjoint ideal
Z(«, B) generated by the system {B} and a basic system {a} of the curva-
ture 2-forms Q¥ € A2 (M), j =1,...,7, of (14.9), is closed together with the
corresponding ideal Z(a) = Z(v,0) in the Grassmann algebras A(M x Y)
and A(M), respectively.

In view of the above, it is natural to try to specialize Cartan’s ge-
ometric construction by means of the theory of principal fiber bundles
[197, 198, 384]. To proceed, let us interpret the Cartan differential system
{B} on M XY as generating a linear (r x r) matrix adjoint representation
[179, 273, 274] of the Lie algebra g, setting fg(y) = r czkyk, 1<4,5<
r, when dimY =n:=1r:

Fi=dy + > cyfbi(z) € AN(M xY), (14.11)
ik=1
where z € M, and the 1-forms b%(2) on M satisfy the necessary embedding
conditions s*b* = p*@’ upon M C M for all i,j = 1,...,r in accordance
with (14.9).

The Lie group G acts on the linear r-dimensional space Y by the usual
left translations as follows: Y xG 3> yxa 2 ay € Y for all a € G. Whence,
we can easily calculate the following infinitesimal translations in the Lie
group G:

dal, + > b (2)a), € AN (M x G). (14.12)
s=1

These expressions ultimately induce the following g-valued Ad-invariant
connection 1-form w on M x G via the isomorphic mapping p* : A1(M x
Y) =AM xG)®g:

{6} = aYda + Ad,-1T(z), (14.13)

where the one-forms matrix I'(z) := (I‘i(z)),l < j,k < r, belongs to the
(r X r)-matrix representation of the Lie algebra g owing to construction:
(Fi(z)) =, cjkbi(z)) € T*(M) ® g. The results above can natu-
rally be interpreted as defining [44, 173, 197, 198] a g-valued connection
I on a principal fiber space P(M;G), carrying the g-valued connection 1-

form (14.13). The corresponding Cartan 1-form determines the horizontal
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subspace for parallel transport of vectors of the fiber bundle P(M;G,Y)
associated with P(M; @) according to the general theory [173, 197, 198]
of fiber spaces with connections.

Thus, we have constructed the g-valued connection 1-form (14.13) at a
point (z,a) € P(M;G) as w := @(a) + Ad,-1T(z), where @(a) € T*(G)® ¢
is the standard Maurer—Cartan left-invariant g-valued 1-form on the Lie
group G. The connection 1-form (14.13) vanishes on the above-mentioned
horizontal subspace, consisting of vector fields on P(M;G) that generate
a G representation of the Lie group on the space Y. Thus, this horizontal
subspace necessarily defines a completely integrable differential system on
P(M; @), or equivalently, the corresponding curvature Q € A%2(M) ® g of
the connection I' vanishes on the integral submanifold M C M:

Qi=dw+wAw=Ad,~:(dl'(z) + T'(2) AT(2))

1 m )
= S Ad,— Zﬁjkd;ﬂ AdZF| =0, (14.14)
j=1 M
whence we obtain
I T,
Q”(Z) = 9 ](Z) _ 9 1(Z)

Bzi 8Zj

+ [[i(2),T(2)], (14.15)

I'(z) := ij(z)dzj = Z Z I‘?(z)dszk.
j=1

j=1k=1
The vanishing curvature Q (14.14) on the submanifold M C M is easily
explained by means of the following commuting diagram:

T*(GYS T*(P(M;G))<=T* (P(M; G))£=T* (P(M; G, Y))
! ! ! ! (14.16)
G &£ pwMm;G) = PWM:;G) & PWM;G)Y)
We can now derive from (14.16) that, owing to (14.15),

pBY=w, $TL=) cpe, sQ=pQ=0, (14.17)
i=1
which implies (14.9) on M.
Thus, if an integrable ideal Z(a) C A(M) is given on the manifold M,
we can use the equation corresponding to (14.14) in A(M):

> Qrded Ad2F CT(a) @ g (14.18)
g, k=1
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both for determining the g-valued 1-forms I';(z) € T*(M) ® g, 1 < j < m,
and a Lie algebra structure of g, taking into account the QTR holonomy Lie
group reduction theorem of Ambrose, Singer and Loos [12, 238]. Namely,
the holonomy Lie algebra g(h) C g generated by the covariant derivative
compositions of the g-valued curvature form Q € T*(M) ® g represented as

a(h) == spang {VI'VP .. .VirQ €g: ju€Zy, s,i,k=1,...,n}
(14.19)
where the covariant derivative V; : A(M) — A(M), 1 < j < n, is defined
as

V= 0/02 +T(z). (14.20)

If the identity g(h) = spanc{Qgq € g : 1 < s, < n} holds, that is, the
embedding [g(h), g(h)] C g(h) is satisfied, the holonomy Lie algebra g(h) is
said to be perfect. Thus we have proved the following equivalence theorem.

Theorem 14.36. Given a closed ideal I(a) on a manifold M, dI(«) C
I(«), its 1-form augmentation (o, 8) on M xY by means of a special set

{B} of 1-forms

(B} :={F =dy’ +>_ L") : ¥ (2) e T*(M), 1 < j <n}, (14.21)
k=1

compatible with the scheme (14.16), is Frobenius—Cartan integrable if and
only if there exists a Lie group G action on'Y such that the adjoint connec-
tion (14.13) on a fiber space P(M;G) with structure group G vanishes on
the integral submanifold M C M of the ideal Z(ct) C A(M). The latter can
serve as an algorithm for determining the structure of the Lie group G based
on the holonomy Lie algebra reduction theorem of Ambrose—Singer—Loos.

If the conditions of Theorem 14.35 are satisfied, the set of 1-forms {3}
(14.21) generates a representation of the Lie group G on the analytic man-
ifold Y according to Cartan’s theorem 14.35. The Lie algebra g of the Lie
group G can be reduced to the holonomy Lie algebra g(h), generated via
(14.21) by the curvature 2-form  of the connection I" on the principal fiber
bundle P(M;G,Y) constructed above.

14.3.2 The Maurer—Cartan one-form construction

To continue the study of the integrability of Lie invariant geometric objects
generated by the scheme (14.16) with a mapping s : M — G, one often
needs to have an effective way of constructing the Maurer—Cartan forms
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W (a;da) € THG)®g, 1 < j < r, corresponding to the Lie algebra g ~
T*(G). Next, we shall describe a direct procedure for constructing these
forms on G.

Let G be a Lie group with the Lie algebra g ~ T.(G), having the basis
{A; €g:1<i<r}, where r = dim G = dim g. Also let Uy C {a’ € R :
1 <4 < r} be an open neighborhood of zero in R". The exponential map
exp : Uy — Gy defined as

R" DU > (a',...,a") —>epoaA =a€ Gy CQG, (14.22)

i=1

is an analytic mapping of Uy onto an open neighborhood G of the unit
element e € G. Tt is easy to show that T,(G) = T.(Go) ~ g, where e :=
exp(0) € G. Now define the following left-invariant g-valued differential
one-form on Gy C G:

T
o(a;da) == a 'da = ij(a,da)Aj €y, (14.23)
j=1

where @/ (a;da) € TH(G),a € Go, j=1,...,r
To construct the unknown forms {@’(a;da) : 1 < j < r}, consider
the analytic one-parameter one-form @;(a;da) := @(as; dat) on Gp, where
ar = exp(td.._, a'A;), t € [0,1], and differentiate this form with respect

to the parameter ¢ € [0, 1], thereby obtaining

dog/dt = — Z a? Aja; tday + Z a; tarda’ A; (14.24)

j=1 j=1

+Za;1datajAj =— Zaj[Aj,a)t] + ZAjdaj.
j=1 j=1 j=1

Using the Lie identity [A;, Ax] = Yi_; cékAi7 j,k=1,...,7r, and the
right-hand side of (14.23) in the form

(a; da) Z (14.25)

we ultimately obtain

;t(tw ZAth (ta) + &7, (14.26)
k=1
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where the matrix A¥, 1 < i, k < r, is defined as follows:
T

Af =) cal. (14.27)

j=1

Thus, the matrix W/ (t) := t@! (ta), 1 < i,j < r, satisfies the differential

K2

equation that follows from (14.26) [87]
dW/dt = AW + E, W|,_, =0, (14.28)

where E = (67) is the identity matrix. The solution of (14.28) is repre-
sentable as

(14.29)

-2

for all ¢ € [0,1]. Whence, recalling the definition of W (t), we readily
compute that

Sha) = Win)] =Yy tant 14.30

(o) = Wi, = () (14.30)
Thus, the task of finding the Maurer—Cartan one-form for a given Lie al-
gebra g is solved in an effective and constructive way that is completely
algebraic. This is expressed in the following theorem for the left invariant
one-form w(a;da) € T (G) ® g corresponding to a Lie algebra g at any
a€G:

Theorem 14.37. Let g be a Lie algebra with the structural constants cfj €
R, i,j,k=1,...,r =dim g, related to a basis {A; € g: 1 <j <r}. Then
the adjoint to g of left-invariant Maurer—Cartan one-form @(a;da) may be
constructed as follows:

(a;da) Z Al (a (14.31)

k,j=1

where the matriz W := (wk( N, 1<45,k<r, s
W= Z(n!)*lAnfl, A= cld. (14.32)
n=1 i=1

In the sequel, we shall use the above approach to solve an analogous
problem in the theory of connections over a principal fiber space P(M;G)
as well as the associated fiber bundle P(M;Y, G).
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14.3.3 Cartan—Frobenius integrability of ideals in a Grass-
mann algebra

Given two-forms generating a closed ideal Z(«) in the Grassmann algebra
A(M), we denote as above by Z(«,3) an augmented ideal in A(M;Y),
where the manifold Y will be called the representation space of an adjoint
Lie group G action: G x Y 2. Y. Whence, we can determine relationships
for the set of one-forms {8} and 2-forms {«a}

{a}: = {? € A2 (M):1<j<ma}, (14.33)

{BY: = {FeA (MxY):j=1,...,n=dim Y},

satisfying the equations

> aj(a) AaF, (14.34)
k=1

Ma n
D_fiak+} wlng,
k=1

s=1

where al(a) € AY (M), f} € A%M xY) and w! € AY(M x Y) for all
1<i,k<mg, 1<j,s<n.

Since the identity d?37 = 0 holds for all 1 < j < n, from (14.34) we
deduce that

zn: (dwk + Zwﬂ A wk> A BF (14.35)

k=1

+> (dfg +) Wil + Zfljals(a)) Aa® =0.
s=1 k=1 =1

Hence, from (14.35) we obtain

dwol + 3wl Awj € I(a, B), (14.36)
s=1
de+Zwkfk+Z o) € I(a, B)

forall 1 <j,k<n,1<s<mg.
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Owing to the second embedding in (14.36), we can define the 1-forms
07 := SO flal(a) satisfying

6]+ winoh e T(a,B) &Y [l (), (14.37)
k=1 =1

which have been obtained from the identities d?a’ = 0, 1 < j < my, in the
form > d(a) A a® = 0, where

d(a) = dal (o) + Z al (a (14.38)

which follows from (14.34). We further assume that at s = s¢ the 2-forms
cgo () =0foralll <j < mg,. Then at s = sp, we can define a set of 1-forms
G = 920 € AY(M xY), 1< j<n, satisfying the exact embeddings

407+ 3wl A0 = & € T(a, ) (14.39)
k=1

together with a set of embeddings for 1-forms w) € AY(M x Y)

dwi + ng Awyp = Qi € I(a, B). (14.40)
s=1

It follows from the general theory [173, 197, 198, 396] of connections
on the fibered frame space P(M; GL(n)) over a manifold M that we can in-
terpret (14.40) as the equations defining the curvature 2-forms ch € A%(P)
and the equations (14.39) as defining the torsion 2-forms ©7 € A%(P).
Since Z(a) = 0 = Z(a, 3) on the integral submanifold M C M, the reduced
fibered frame space P(M;GL(n)) will be flat and be torsion free, so it is

trivial over M C M. Consequently, we have proved the following result.

Theorem 14.38. Let the condition above on the ideals T(a) and I(«, 3) be
satisfied. Then the set of 1-forms {8} generates the integrable augmented
ideal (o, ) C A(M x Y) if and only if there exists a connection 1-form
w € AY(P) ® gl(n) and torsion 1-form 0 € A'(P) @ R™ on the adjoint fiber
bundle frame space P(M;GL(n)), satisfying the embeddings

do+wAhweZ(a,B)® gl(n), (14.41)

dd+wAnbel(a,f)RR™

On the reduced fiber bundle frame space P(M,GL(n)) the corresponding
curvature and torsion vanish, where M C M is the integral submanifold of
the ideal T(a) C A(M).
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We can see from Theorem 14.38 that some of its conditions coincide
with those of Theorem 14.35 concerning the properties of adjoint curva-
ture forms w € A'(P) ® g. Accordingly it follows that the existence of a
connection 1-form w € A'(P) ® g, whose curvature form Q € A?(P) ® g
necessarily vanishes on the integral submanifold of the ideal Z(«) C A(M).
The nature of the second embedding of (14.41) is at present not completely
understood; namely, concerning the existence of the integrable augmented
ideal Z(a, 8) € A(M x Y). In what follows, we shall present a detailed
analysis of some special examples of the construction suggested above, con-
cerning integrable dynamical systems on an invariant jet submanifold.

14.3.4 The differential-geometric structure of a class of in-
tegrable ideals in a Grassmann algebra

Consider a set {8} defining Cartan’s Lie group G invariant object on a
manifold M x Y:

F=dy + &bk (2), (14.42)
k=1

where 1 < ¢ <n =dim Y, r = dim G, satisfying the mapping scheme (14.8)
for a chosen integral submanifold M C M. Thus, the set (14.42) defines
on the manifold Y a set {¢} of vector fields inducing a representation P

g — {&} of a given Lie algebra ®; that is, vector fields &, := Z &y )8y1 €
{¢}, 1 < s < r, satisfying the Lie algebra g relationships
€, &) = ki (14.43)

k=1
for all s,l,k=1,...,r
We can now compute the differentials d3? € A2(M xY), 1 < j < n,
using (14.42) and (14.43) as follows:

Zzagk (ﬂl Zgl )/\bk +ZZ§k )db* (=

=1 k=1 =1 k=1
(14.44)

b*(2) A B*(2)

BEADR(2

T n T

+ )l (y)db* (= ZZ Bl/\b()
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* EZ %y(ly ) i(y)—%y(ly >£2(y) xdb* (z)Adb* (2 +Z§] )b (2)

2 =
n J r
= Mﬁl/\bk(z)-F% > G Gl bt (2) Adb (2 +Z€k )b (2

=1 k=1 k,s=1

ﬁl/\b Z Z ch & db* (2) A db®(2)

=1 k=1 llkal

+3 € (y)d* (= ZZ‘%’“ B Abi(2)
=1 k=1

+Z§l db' (= Z  dbF(z) Adb*(2) | € Z(a, B) € A(M x Y),
k s=1
where {a} C A%(M) is a given integrable system of 2-forms on M, vanishing
on the integral submanifold M C M. It is obvious that the embeddings
(14.44) hold if and only if the following conditions hold for all 1 < j <r

v (z) + % > dbF(z) Adb(2) € Z(a). (14.45)
k,s=1
The embeddings (14.45) mean, in particular, that on the integral subman-
ifold M C M of the ideal Z(a) C A(M) the equalities
ol = s (14.46)
hold, where @/ € T*(G), 1 < j < r, are the left-invariant Maurer—Cartan
forms on the Lie group G. Thus, by the embeddings (14.45) all the condi-
tions of Cartan’s are satisfied. Consequently, we can obtain the set of forms
W (z) € AL (M).
To do this, we define a g-valued connection 1-form w € A*(P(M;G))®g
as

wi=Adg—r [ DAV | + o, (14.47)
j=1
where @ € g is the standard Maurer—Cartan 1-form on G, as above. It
follows from (14.45) that this 1-form satisfies the canonical structure em-
bedding (14.14) for T := 25:1 A e AM(M)® G:
d'+T AT eZ()® G, (14.48)

serving as a main relationships for determining the form (14.47) in accor-
dance with results of subsection 14.3.3. To proceed further, we would need
to express the set of 2-forms {a} C A%2(M) in explicit form.
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14.3.5 Exzample: Burgers’ dynamical system and its inte-
grability
Consider Burgers dynamical system on a functional manifold M C
C*(R;R) given as
Ut = Uy + Ugg, (14.49)
where u € M and ¢t € R is an evolution parameter. The flow (14.49) on M

can be recast into a set of 2-forms {a} C A%(J(>)(R?;R)) on the adjoint
jet manifold J(*)(R?;R) as follows:

{a} = {du(o) Adt —uWdr A dt = o , dul® Adz+ uOdu© A dt
(14.50)

+du(1) Adt = Oz2 : (x»t;u(O)au(l))T € M4 C Jl(R2’R)} ’

where M* is a finite-dimensional submanifold in J!(R?; R) with coordinates
(z,t, u® = u, uM) = uy,).
The set of 2-forms (14.50) generates the closed ideal Z(«) since

da' =de Ao —uOdz A ot,  do? =0, (14.51)

whose integral submanifold M = {z,t € R} C M* is defined by the condi-
tion Z(a) = 0. We now look for a reduced connection 1-form I' € A1 (M*)®g
belonging to a not yet determined Lie algebra g. This 1-form can be rep-
resented using (14.50) as

L= b (u® uM)dz + 5O (0 uM)dt, (14.52)

where the elements b*), b(*) € g satisfy determining equations (14.48) tak-
ing the form

b(=)
4 du® A dz + i

b
= WO 8u(1)du Adzx +

0] du(o A dt (14.53)
u

ab>

oy du u® A dt + b 0D )da A dt
u

g1 (du'® A dt —uDda A dt) + go(du'® A da

+uDdu® A dt + du™ A dt) € T(a) @ g

for g-valued functions g1, g2 on M.
From (14.53) one finds that

ob(@) ob(@) obp® ©)

= _— P — 0
0@ ~ 92 Hom =Y gu@ T 9T o (14.54)
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op® .
m = 92, [b( )7b(t)} = _u(l)gh
which has the following unique solution
NOE
b@ = Ag+ Au®, b =M A + S At [A1, Aglu'® + Ay, (14.55)

where A; € g, j = 0,1,2, are constant elements on M of the Lie algebra g
under investigation that satisfy the structural equations

[AOa AQ] =0, [AOa [Alv AOH + [Alv AQ] =0, (1456)

[Ah [Ala AOH + %[A(LAl] =0.

From  (14.54) one sees that the curvature 2-form
Q € spanp{A1,[4o,A1] : A; € &,j = 0,1}. Therefore, using reducing
via the Ambrose-Singer reduction of the associated principal fiber bundle
frame space P(M, GL(n)) to the principal fiber bundle P(M;G(h)), where
G(h) C G is the corresponding holonomy Lie group of the connection I' on
P, we need to verify the following conditions for the set g(h) C g to be a
Lie subalgebra in g : VI"V2Q € g(h) for all m,n € Z.

Let us complete the transfinite procedure requiring that

g(h) = g(h)o := spang{Vy'ViQ € g : m+n = 0}. (14.57)
This means that
g(h)o = spang{A1, A3 = [Ao, A1]}. (14.58)

To satisfy the set of relations (14.56), we need to use expansions over the
basis (14.58) of the external elements Ay, Ay € g(h):

Ao = qo1 41 + qi34s, (14.59)

Az = g1 A1 + q234s3.

Substituting the expansions (14.59) into (14.56), we obtain that ¢g; =
@3 = A\, @21 = —A2/2 and qp3 = —2 for some arbitrary real parameter
A € R; that is, g(h) = spang{A4;, Az}, where

[A1, A3] = A3/2;  Ag = AA; — 243, (14.60)

Ay = —N2A1/2 + \As.
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It follows from (14.60) that the holonomy Lie algebra g(h) is real and two-
dimensional, with the (2 x 2) matrix representation

A1:<lé4 _3/4), A3:<8(1)>, (14.61)

(A4 =2 [ =A%/8 A
AU_( 0 )\/4)’ AQ_( 0 A2/8)°
Therefore, from (14.52), (14.55) and (14.61) we obtain the reduced connec-
tion 1-form I' € AY(M) ® g
I = (Ag + uAy)dr + ((uy +u?/2) Ay — uds + As)dt, (14.62)

characterizing parallel transport of vectors from the representation space
Y of the holonomy Lie algebra g(h)

dy+Ty=0 (14.63)

on the integral submanifold M C M* of the ideal Z(a) generated by the set
of 2-forms (14.50). This also means that the dynamical system (14.49) is en-
dowed with the standard Lax representation [12, 227, 262, 278, 326, 406],
having the spectral parameter A € R necessary for its integrability in

quadratures.
If

a(h) = g(h)1 = spang (VI'VIQ € g m+n=0,1}
is satisfied, one can compute that

g(h)1 :=spanp{Vy'Vig; €g: j=1,2, m+n=0,1} (14.64)
= spang{g; € g; 09;/0x + [g;, Ao + A1uV],
99, /0t + (g5, uM Ay +u D Ay /2 + [Ay, AgJu® + Ay € g1 j=1,2}
= spang {41, [A1, Ag], [[A1, Ao, Aol, [[A1, Ao, A], [A1, As], [[A1, Ao, As] € g}

=spang{A;z €g: 1<j < T},
where, by definition,
[A1, Aol = Ag, - [Ag, Ao] = As, - [As, 4] = A, (14.65)

[A3aA1] = A57 [AlaAQ] = A6’
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Consequently, we have the following expansions for the undetermined hid-
den elements Ag, As € g
7 7
AO = Z quAj, A2 = Z quAj7 (1466)
J=1,#2 J=1,5#2

where qoj,¢2; € R are real numbers to be found from conditions (14.64)
and (14.65) as well as from the standard Jacobi identities. Having found
a finite-dimensional representation of the Lie algebra G(h) = g(h); (14.64)
and substituted it into (14.62), we will be able to write down the parallel
transport equation (14.63) in a new Lax form useful for the study of exact
solutions to the Burgers dynamical system (14.49). Analogous calculations
can be carried out for other Lax integrable nonlinear dynamical systems.
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